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Introduction

This manuscript educational, entitled ”Course and exercises on the theory of linear op-
erators” is the result of several years of teaching Topology of metric spaces, normed
vector spaces and Hilbert analysis. This booklet is a collection courses to familiarize
the student with the basic notions of linear operators theory to provide a foundation
for potential future studies in PDEs, spectral theory, and abstract differential equations.
It is intended for third-year bachelor’s degree in mathematics students, and was taught
at Djilali Bounaama University in Khemis Miliana. I have followed the official program
published in the ministerial decision in the semester course organization sheet for the
academic year: 2025-2026.

This manuscript is divided into three chapters. The goal of the first Chapter is
to present the basic results in topology such as infinite-dimensional Banach and finite-
dimensional normed vector spaces, the L(E,F) space of linear operators, dense domain
operators and continuity extension with Point convergence, Uniform bound principle and
invertibility of linear operators.

In the second chapter, we turn to the Hahn-Banach theorem in its analytic form and
its consequences, as well as the first and second geometric forms of this theorem. Adjoint
operator, Hilbert spaces with the properties of the adjoint of a linear operator and we
study the Spectrum of an operator.

The last chapter introduces a very important concept in analysis: compact operators,
including the Fredholm alternative, the spectrum of a compact operator and the finite-
rank operators.

At the end of each chapter, we provide a series of diverse and rich exercises to ensure

a better understanding of the material. Some of these exercises have been addressed in
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tutorial sessions.
Finally, T hope that the student and mathematics teacher find their needs in this
manuscript and I believe that this work is always in need of revision, so I welcome all

constructive and useful criticism.




Chapter 1

Linear Operators

1.1 Reminders on Banach spaces

1.1.1 Definitions and preliminary results

Definition 1.1. Let E be a vector space over the field K (where K=R or C). A norm

on E s an application N : E — R, satisfying the following axioms:

Nz)=0&2=0 Vexek (N1)
N(Ax) = |A|N(z) VAeKVzekFE (N2)
Nz +y) < N(z)+ N(y) Vz,yeFE (N3)

The pair (E,N) is called a normed vector space.

Example 1.1. The standard norms on R™:

n

Ni(z) :Z’%‘ (1)
n 1/2

Na) = (Z w) )

Nyo(x) = max |z;] (3)

1<i<n

Example 1.2. The norm defined on ¢*(C), the space of sequences:

?(C) = {(mn) cC: Z |z, P < oo} , where p € [1,00)

n=0



CHAPTER 1. LINEAR OPERATORS

The norm is given by:

0 1/p
], = (Z |$n|p>

n=0
Definition 1.2. Let E be a normed vector space. A sequence (x,) in E is called a

Cauchy sequence if and only if:

lim ||z, — 2| =0
m,n— 00

i.e., Ye > 0,3ng € N,Vm,n > ng, ||z, — zn| <e.

Definition 1.3. A sequence (x,) in E converges to x € F if and only if:
lim ||z, —z|| =0
n—oo

Definition 1.4. A function f : E — F (where F' is another normed space) is said to be

continuous at xo € F if and only if:

Ve > 0,da >0, ||z — x| < a=||f(z) — f(zo)]| <€

1.1.2 Banach Space

Definition 1.5. Let E be a metric space. E is called Banach Space if and only if every

Cauchy sequence in E converges (in E).

Definition 1.6. A normed space E is called a Banach space if it is complete as a metric

space with the distance induced by the norm, i.e., if every Cauchy sequence converges.

1.1.3 Examples of infinite-dimensional Banach spaces

Example 1.3. Recall that RN or CV for N € N*, equipped with a norm, is a Banach

space.

Example 1.4. Moreover, the space of bounded sequences I°°, endowed with the norm
|z][iee given for x € 1 by

[[@][10e = sup |z,| < oo,
neN

1s a Banach space.
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Example 1.5. More generally, the spaces [P for every 1 < p < oo, i.e., x € [P when

T = (Tp)nen with

1/p
[E41fm (Z !xnl”) < 00,

neN

are Banach spaces.

Example 1.6. R" with any of the following norms (p € N*) is a Banach space:

n 1/p
el = max feil. el = (Z w)
1=

Example 1.7. For p € [1,00), the space

W@Dz{@@CC:Z}%P<u}

n=0

0 1/p
], = (Z Ixn|p>
n=0

with the norm

18 a Banach space.

Example 1.8. The space of bounded sequences on C:

fﬂQ:{@wCC$wMA<m}

n>0
with the norm
[|2]|oc = sup |,
n>0

1s a Banach space.

Proposition 1.1. Let (Ey, || - ||l1) and (Es, | - ||2) be Banach spaces over K. Then the

product space Ey X Eo with the norm

(@, y)l| ey x g, = max([[z(1, [|y]l2)
1s a Banach space.

Proof. Let ((x,,y,)) be a Cauchy sequence in E; X Ey. Then for n,m € N with n, m > ny,

we have:

||<mn7yn) - (mmvym)||E1><E2 = maX(Hmn - meEm ||yn - ymHEz) <e

8
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This implies that (x,) is Cauchy in F; and (y,) is Cauchy in E,. Since F; and E, are

complete, x,, = x in E; and y,, — y in F5. Then:

10 yn) = (@, Y| i<, = max({|lzn = 2|y, [lyn = ylle,) = 0

Hence, (2, yn) — (z,y) in Ey X Es. O

1.1.4 Finite-dimensional normed vector spaces

For n > 1, let E be a K-vector space of dimension n and {ej,...,e,} a basis of E.

Consider on F the norm || - || defined by

n
H Z%’Gi
i=1

Proposition 1.2. (i) Let F be a normed vector space and T : K" — F a linear map.

= max{|zi|,..., |T.|}.
o0

Then T' is continuous.
(i) All norms on E are equivalent.

(iii) E is complete for any norm || - ||.

Proof. (i) For every x = >"""  x;e; € K", we have Tx = )" | x;Te; and therefore

n n
1Tz <D lzllTesll < ) NI Tesllllz] oo
i=1 i=1

This shows that 7' is continuous and that |T|| < Y7, || Te]|.
(ii) It suffices to show that every norm || - || is equivalent to the norm || - |-

For every z = )", z;¢; € K", we have

n
lzll < lzallledl] < Cllzlls,
i=1

with C'= 3", |le;]|. Let

S={zeE:|z]s =1}

Every sequence (x,), of elements of S contains a convergent subsequence; thus S' is

compact.
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Consider the map

f:8 =040, x|z

Then f is continuous on the compact set S and f(z) > 0 for every x € S. Therefore
there exists € > 0 such that f(z) > ¢, i.e. ||z|| > ¢, for every x € S.

Let x € E with x # 0. Then, since mx € S, we have

ie. [Jole < Lzl
(iii) It is clear that E, equipped with the norm ||+ ||, is complete. By (ii), F equipped

with any norm is complete.

1.2 The space L(E,F) of linear operators

Definition 1.7. 1. An operator is a mapping between two vector spaces.

2. Let E and F be two K-vector spaces; T : E — F is a linear operator if it is linear,
1.€.,

Ve,ye E, VAeK

Tx+y)=T(x)+T(y) and T(Ax)=IT(x)

3. Let E and F be two normed K-vector spaces. T : E — F is a continuous linear

operator on E if T is linear and continuous on E, i.e.,

Veg € E: Y(xp)neny € E : xy — g = || Tan|| — ||T20]|.

4. Let E and F' be two normed K-vector spaces. T : E — F is a bounded linear
operator if:

30 > 0,Vz € E - |Tz||r < Oz 5.

Definition 1.8. o L(E,F) is the set of linear operators.

10
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o L(E,F) is the set of continuous linear operators.
o I[fE=F, wewrite L(E,F)=L(F) and L(E, F)=L(E).

Theorem 1.1. Let L(E, F). Then, the following statements are equivalent:
A) T is continuous on E.
B) T is continuous at O.
C) T is bounded on B(0,1).
D) T is bounded on S(0,1).
E) There exists M € R* such that Vo € E, ||Tz||p < M||z||g.

(F) T is uniformly continuous on E.

Proof. A) = B), is obvious. B) = C), if A is continuous at Og, then there exists § > 0,

such that

if v € B(0,6) : T(x) € B(0,1).

Let 2 € B(0,1), then 6z € B(0,6), so T(dz) € B(0,1), and since A € L(E, F), then

_ — 1
Ve e B(0,1), T(z)e B <O, 5) ,
therefore T is bounded on B(0, 1).
C) = D), is obvious. D) = E), if T is bounded on S(0, 1), then there exists M > 0,

such that

Vo€ S(0,1), ||T(@)]| < M.

Let x € E, with = # 0, we have == € 5(0,1), so

llzl

I Gea)l =

VeeE, |T(z)] < M|z

hence

E) = F) Let 2,y € E, we have

IT(x) = Tl = 1T(z = y)| < Mljz = yl|.

Then T is M-Lipschitz, hence T is uniformly continuous on F.

F) = A), is obvious. O

11
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Theorem 1.2. Let T € L(FE, F) and suppose that:

T
N, — | Q?HF'
zer\o} |1Z]lE

Ny = sup |[[Tz|p.
z€S5(0,1)

N3 = sup ||Tz|F.
x€B(0,1)

Ny =inf{M e R" : | Tz||r < M||z||s}
Then, we have:
Ny = Ny = N3 = Ny.
Proof. Let x € E, then

|Tx||r < Ny, for z € 5(0,1).

If z # 0, then % € S(0,1), so

lll

T
WSNQ, for x € F'\ {0},
[Edip
therefore
T
N1 = Ssup m < NQ.

zernfoy 1zl —

Let x € B(0,1), then || Tz||r < Ns, so
||TZL‘||F < Ng, for x € S(O, 1),
hence

Ny < sup |[Talle < Ny,
z€S5(0,1)

By the definition of Ny, for all ¢ > 0, there exists M, € R", such that

0<M.<e+ Ny and |Tz|p < M|z||p, forallzeE.

Then,
ITz||r < M||z||g < (6 + Ny)||z||g, forall x € E.

Consequently

Ny = sup ||Tz||r <e+ Ny
z€B(0,1)

When ¢ — 0, we obtain N3 < N,.

12
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By the definition of Ny, we have
[Tz < Nif|z|p, forallze E.

Then
N, € {M € RT : | Tz||r < M||z||£}-

So
Ny =inf{M € R* : |Tz||p < M|z|z} < N:.

Finally, we have found the following relation
N; < Ny < N3 < Ny < Ny

This means

N1:N2:N3:N4.

Definition 1.9. If T is a continuous linear map from E to F, we set:
HTHﬁ(E7F) — N1 == N2 == Ng == N4.

|T'||z(k,ry is called the operator norm or the norm subordinated to the norms of E and

F. We have in particular:
| Tz||p < || T cemlzl|e, foralxe E.

Proposition 1.3. i) L(E, F) is a vector subspace of L(E, F).
i) The map L(E, F) = RY, T'— ||T| z(g,r) is a norm on L(E,F).

Proof. Let a, B € K, T, S € L(E, F), there exist M; > 0 and M, > 0 such that
|Tz||r < Mi||z||p and ||Sz||r < Ms||z||p, forall z € E.
Then:
|(aT+5S)z||F = ||oTx+5Sz||r < ||| Tx|| r+|8]||Sz||r < (|| My+|B| M) ||x||p, for all x € E.

Therefore, the map o7 + BB is continuous, meaning o1 + B € L(E, F), hence
L(E, F) is a vector subspace of L(E, F'). [ O

13
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Proposition 1.4. If F' is a complete normed K-vector space, then L(E,F) is also a

complete normed vector space.

Proof. Let (T,,)nen be a Cauchy sequence in L(E, F), for all € > 0,
dng €N, n,m>ng: HTn_TmHE(E,F) <e

For all x € E, we have

HTnx - meHF = H(Tn - TM)"E“F
< |1 = Tl epllzl &
< ellz| 5.

This means, for all x € E, (T,,x),en is a Cauchy sequence in F'. The completeness of
F allows us to assert that T,z converges in F to a certain limit which we denote Az.

We will show that the map T': E — F'is linear. Let o, 5 € K and z,y € E, we have

T(ax +fy) = lim T,(az + Fy)

=aoTx+ BTy.

Let us show that T is continuous. Let 2 € Bg(0, 1), then

1Tz = lm |[Tozllp < lm [Tl ce,mll2]e
n—oo n—oo
< Ml g,

with M = sup{||T,||ze,r) : n € N} < oo, because (T}, )nen is a bounded sequence
(since it is Cauchy), hence the continuity of 7.

Let us show that (T},)nen converges to T in L(E, F). Let x € Bg(0, 1), we have

dng €N, n,m >ng: ||Thx — Thx|lr <e.

When m — +o0, we find

14
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IngeN, n>ng:||Thr—Tx||p <e
Then

Ing €N, n>ng: ||T, =T ger = sup |[The —Txl|r <e
lzllz<1

This establishes the convergence of the sequence (7},), to T in the space L(FE,F).
0J ]

Proposition 1.5. Let E, F and G, be three normed vector spaces, T € L(E,F) and
S € L(F,G). Then, SoT € L(E,G) and

1S o T\lee <NTcEmllSlcrae-

Proof. Let x € Bg(0,1), we have

1(S o T)(x)lle = 1S(T(x))lla
< Sl T (@)]r

< |SleralTleem izl e
< ISlleEe) T leee.r-

hence

1S o T zec) =sup {||[(SoT)(z)|:x € Be(0,1)}
< SNl T Lz, F)-

]

Proposition 1.6. Let E and F', be two normed vector spaces, with E finite-dimensional.
Then L(E, F) = L(E, F), in other words, every linear map on a finite-dimensional space

E 1s continuous.

15
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Proof. Let {ey,eq,...,e,} be a basis of E. For all x € Bg(0,1), we have z = > | z;e;,

()

< Z ||| T (ea) || 7
=1
< . .
< (Z ||T(€z)||F> oA |i]

and

1T ()l F =

F

-----

= (Z IIT(ei)IIF> [#lloo (where [[z]|o = max |z;]).
=1

Since dim ¥ = n < oo, all norms are equivalent, so there exists a > 0 such that
Vo € B, o]l < allzlle.

Therefore

1T (@)][F < (ZHT ¢ HF> al|z]|p-

Hence the continuity of A. [J m

Lemma 1.1. If the operator T is bounded, with bound M, then |T| < M.
Indeed:
T bounded on E = 3IAM > 0, ||T(z)||r < M||z||g,

and moreover,

1T ()| e < 1Tl 2-

Since ||T|| is the smallest constant M such that this holds.

Proposition 1.7. If the space E is finite-dimensional (dim E = n), then every linear

operator T' : E — F' is continuous, i.e.,

L(E,F) = L(E,F).

16
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Proof. Let dim E = n. Let {vy,...,v,} be a basis of E, such that:

VZL‘EEIZL':Z/\Z-M, A € K

i=1

Since E is finite-dimensional, all norms are equivalent. Consider the norm ||z|. =

=1,...

ITelle = T (Z A) o< 3N 7@ < (max ) (Z \|T<vi>u> < Ol

=1

This is sufficient to show that T is continuous on .

Remark 1.1. [fdimFE =oco: T € L(E,F)# T € L(E,F) .

Example 1.9. Let E = Rlx]| be the space of real polynomials.
E={P:R—R|P(x)=a+ax+ - +az",...}, dimE = o0.

Take || P,|| = max; |a;|. Define the operator T, : R[x] — R[z] by:

P—T,P= zn:ai.
i=0

Let P =" a' thena; =1, so P € E,

n

S

=0

| T, P = =n+1 = |T.P| = +.

Since || T, P| depends on n and tends to infinity, there does not exist a constant M such

that ||T,,P|| < M||P||. Therefore, T,, is not continuous.

Theorem 1.3. Let E be a normed vector space and let F' be a Banach space, then L(E, F)

18 a Banach space.
Proposition 1.8. If T € L(E,F), S € L(F,G), then SoT = ST € L(E,G) and

ST < 151 - {17

Lemma 1.2. Let E, F and G be three normed vector spaces.

17
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o [fT € L(E,F), Se L(F,G) then:
SoT =8T € L(E,G) and we have
ST < [IS1] - 17

Proof. Indeed: Vo € E, [[ST(x)|| < |S|[- [|T(2)| < [[S|- [T - [l]-

Moreover we have: ||ST'(z)|| < ||ST| - ||=]|

and since: ||[ST|| is the smallest of the constants M such that: ||ST(z)|| < M]|z||
Vo € E, then:

ST < {151 - 1Tl

o If '€ L(F) we have Yn € N: || T"|| < ||T'||™. (Note that in our case, )

Definition 1.10. Let T be a linear operator on E. We say T is bounded if and only if

there exists a constant ¢ > 0 such that:
IT(@)|lr <cllzllz VrekE
Theorem 1.4. A linear operator T is continuous if and only if it is bounded.

Proof. (=) Suppose T is continuous but not bounded. Then for every M > 0, there

exists xps such that ||Tzp|| > M||za]]. In particular, for n € N, there exists a sequence
() in F such that:

[T} > nf|2]]

Define y,, = m Clearly, lim,, o y, = 0. Since T is continuous, we get Ty, — 0. But:

) ””an =1

1
1Tyl = 1T} >
H || nljzn|l

which is a contradiction.
(<) If T is bounded, then there exists M > 0 such that ||Tz| < M||z||. Let (z,) be

a sequence in E converging to x. Then:
1T (xn — x)|| < M|y — f| =0

which shows that Tz,, — Tz, so T is continuous. O

18



CHAPTER 1. LINEAR OPERATORS

Theorem 1.5. For a linear operator T € L(E,F), the following three properties are

equivalent:
1. T is bounded.
2. T is continuous on E.
3. T 1s continuous at the point 0 € E.

Proof. (1) = (2): Already shown. (2) = (3): Trivial. (3) = (1): Suppose T' is continuous
at 0 but not bounded. Then for every n € N, there exists a non-zero vector x,, € E such

that || Tz,|| > n||z,|. Let y, = . Then |jy,|| = 2 — 0, so y, — 0. But:

e
1 1
[Tyl = [Tz, > |z, =1
n|z,|| n|z,||

so Ty, does not converge to 70 = 0, contradicting continuity at 0. Thus, T" must be

bounded. O

Theorem 1.6. If T is an additive and continuous operator on a normed vector space,

then it is homogeneous.

Proof. 1. For n € N, we have T'(nz) = nT'(x) (by induction).
2. Forn=0,T70-2)=T(0)=0=0-T(z).
3. Forn € Q, let n = m/k. Then:

T (%x) =mT (%) =m- %T(m) = %T(z)
(since T(z) = T(k - (x/k)) = kT (x/k) implies T'(z/k) = +T(x)).

4. For A € R (or C), let A\, — A with A\, € Q. By continuity, T'(A\,z) — T'(Az). But
T(M\x) = N\ T(x) = AT'(x). Hence, T'(Ax) = \T'(x).

1.2.1 Calculating the Norm of an Operator:

We consider a type of operator where the norm can be easily computed.

19
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Definition 1.11. Let E, F be Banach spaces. For T € L(E,F), the norm of T is

defined as the smallest positive constant ¢ such that | Tx||r < c||z||g, i.e.:

1Tl = inf{M >0:||Tz|r < M|[z|l£}

Proposition 1.9. Let T € L(E, F). Then:

1. Ve € B, ||Tz|[r <|IT|cllz]e

2. Ve >0,3x. € E,||Tx||lr = (| Tz — ¢) ||zl
1Tz r

e

S NTle =sup,po ore = SUP||z|| p<1 | Tz 7

&2

Proof. Let My = ||T||z. By definition, ||Tx|r < Myl||z| g for all 2 € E, proving (1).

For (2), by the definition of infimum, for every ¢ > 0, My — ¢ is not a lower bound.

Thus, there exists z. € E such that [|Tz.||p > (My — ¢)||z:|| £

For (3), from (1), for ||z||r < 1, we have |[|[Tz||r < ||T||., so:

sup [ T]|lr < [Tl

lz[|[g<1
Now, let y. = %5 Then |vellp = 1, and:
ITyellr = — || Taellr > —— (M — )|
Yellp = —— |1 > — —9)||lz =
ellr = g el = iy Mo — el

Hence, supy <1 [|T2|[r > My — € for every € > 0, so:

sup || Tzllp = Mo = ||T'||.

l[=llz<1

Combining both inequalities gives the result.

MO—Z':

Example 1.10. Let T : C([a,b],R) — R be defined by Tx = f:x(t)dt. Then:

17| S/ jz(t)]dt < (b= a)|z]lo

So ||T|| < (b—a). Consider the constant function x¢(t) = 1.

Then ||zollco = 1 and

Tao=0b—a, so|[Txol| =b—a. Thus, 122 — b —a, and hence |T|| =b— a.

7 llzolleo

Lemma 1.3. If T € L(E,F) and ||Tx||r = ||z||g (T is isometric), then T is bounded

and ||T|| = 1.
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In practice, calculating the norm of an operator is not always straightforward; for

this, we use the following result:

Proposition 1.10. Let T € L(E,F) and M > 0. Suppose ||T|| < M. To show that

|T|| = M, it suffices that one of the following two conditions holds:
i. e E:|z||p=1 and |Tz||p = M
ii. There exists a sequence (x,) in E with ||z,|| =1, and lim,,_o ||Tz,||r = M.

Example 1.11. Let E = C([0,1],R), T : E — E, equipped with the norm ||-||sc-
For all f € C(]0,1],R), define:

= /x ft)dt, Vzel0,1].
0
Then:

Tr@I< [ 1oldr < s @) [ e < fleo <l

t€(0,1]

So | Tflleo < Iflloo, hence T is bounded and ||T|| < 1.
Now show that ||T'|| = 1. Take f(t) =1 (constant function), || f|l =1, and:

Tf(x) :/ ldt =2 = ||[Tf|lc = sup z = 1.
0 z€[0,1]
By Proposition 1.8, ||T|| = 1.
Example 1.12. Show that the following operator is well-defined and find its norm:

T (C([0, 1, R), [I'lee) = (L2([0,1]), I-ll2),  Tf =xf(x).

(Homework).

1.3 Operators with Dense Domain and Extension by
Continuity
Definition 1.12. An operator with dense domain is an operator

T:D(T)CE— F (possibly bounded),
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with D(T) = E (i.e., D(T) is dense in F).
Here, D(T) ={x € E | Tz € Im(T)}.
(If D(T') # E, then T may be bounded on D(T) but not on E ).

Example 1.13. (Unbounded Operator)

Consider the operator:
T:PcC(0,1],R) — C([0,1],R), P(t) — P'(t),

where P is the subspace of C([0,1],R) consisting of polynomial functions, and C([0, 1], R)

is equipped with the uniform norm ||-||2.
This operator is not bounded. Indeed, let Py(t) =", n € N, || P,|| = supyco1) [Pu(t)| =

ITP,|| = |P'|| = sup [nt"}| =n = |TP,|| == 4o0.
te[0,1]

So there is no constant C > 0 such that |TP,|| < C||P,||. Hence, T is not bounded on
P.

Theorem 1.7. ( Extension by Continuity )
Let T : D(T) C E — F, where F is a Banach space. Assume T has a dense domain
(D(T) = E) and is bounded:

IM > 0,V € D(T) : ||Tz||r < Mz| 5.

Then, the operator T can be extended to the whole space E by continuity, with preservation

of the norm, 1i.e., there exists T e L(E,F) such that:
T(x) =T(x), Vre D), and |T|=|T].
The operator T is called the extension by continuity of T'.

Definition 1.13. Simple convergence, uniform convergence.
Let E, F be normed vector spaces. We say that a sequence (T,,) in L(E, F) converges
tolT € L(E,F):
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1. Simply (pointwise) if:

Vo € E: lim ||T,ox —Txz||r =0, denoted T, <> T.
n—oo

2. Uniformly if:
lim ||T,, = T|| =0, denoted T, < T.
n—oo

Proposition 1.11. If T, <% T, then T,, = T (the converse is false).
Assume T, = T in L(E,F), i.e., T,—T € L(E,F), T € L(E,F). Then:

I(To = T)@)[| < T =TI - 2l = (1 The = Txl| < ([T = Tl[|]l, vz e E.

Taking the limit:

lim |7,z — Tz| < lim |7, — T||||| = 0.
n— o0 n—0o0

Hence, lim,,_,, ||Tx — Tz|| = 0, so T, converges simply to T

1.4 Pointwise convergence and uniform convergence

Let (T,,) be a sequence of bounded linear operators from X to Y and let 7" be a bounded

linear operator from X to Y.

Definition 1.14. We say that the sequence (1)) converges pointwise (or simply, or

strongly) to T if

Ve e X, Ty,x —— Tx.

n—-+o0o

Example 1.14. Consider the sequence of bounded linear operators (T,,) defined on l3(R)

by
n

Tn<£[)1,l'2, .. ) = n2 i 1

(331,1'2, .. )

Let T = 0 be the zero operator on lx(R) given by:
Tl2(R) —>l2(R), (Il,ZEQ,...) — 0.

(One can show that T is a bounded linear operator on l3(R).)
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For every n € N and (x1, 23, ...) € [3(R), we have

||Tn(l’1,I2, .. ) — T({L‘l,Ig, .. )H = ||Tn(I1,l’2, .. ) - OH

= HTn(ZEhl’Q, . )H
n
— m(xl,x2,...)"
n

That 1is,

For all (z1,xa,...) € b(R) : || Th(z1,29,...) — T(z1,29,...)|| — 0.

n—oo

This means that (T},) converges pointwise to the zero operator A = 0.

Definition 1.15. We say that the sequence (T,,) converges uniformly (or in norm) to T
if

T, — T = 0.
Example 1.15. Consider the sequence of bounded linear operators (T,) and the zero

operator

0 on l3(R) given in the previous example. For alln € N we have

An (21,29,
T =TIl = 1T = O = ITull = $UP0 201 0. eta(r) Lzl
_ ||a:2_‘_1(x1,x2,...)|| o LH( )H
= SUP0#(z1,22,..)€6R) ~ [(zrza. ] SUP0#£(x1,22,... )€L(R) my1 I\ X1 L2y - -
= Supo#(rl,rz,...)efz(R) n27:_1 = 77,27:—1 n—)oo/ O

That 1is,

T, — 0|| —— 0.
n—oo
This means that (T,,) converges uniformly to the null operator T = 0.
Lemma 1.4. If (T,,) converges uniformly to T, then it converges pointwise to T'.
Proof. Let x € X. We have
0 < || Twr — Tz = (T — Tzl < T — Tl |-
Since (T5,) converges uniformly to A, we have

[T =T~ 0.
n—-+o0o
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Hence,
1T = Tl |z}~ 0
Thus,
Forallz € X : || T,z — Tz — 0.

This means that (7,,) converges strongly to 7.
]

Lemma 1.5. If (T},) is a sequence that converges pointwise, then one cannot conclude

anything about its uniform convergence.
Proof. Consider the sequence of bounded linear operators (7,,) defined on ¢5(R) by
T (xq,x9,...) = (21,22, ...,2,,0,0,...) for all n.
Let I be the identity operator on ¢5(R) given as follows:
I: 0(R) — la(R), (z1,29,...)— I(xq1,29,...) = (21, 22,...).
e One can show that I is a bounded linear operator on /5(R).

e Let us show that (7,) converges pointwise to the identity operator I. For all n € N

and (z1,xg,...) € (2(R) we have

0 < ||Tn(z1, 0, ...) — (1, 20, .. )|)* = |[(21, 72, ..., 2,0,0,...) — (21,20, ...)||

“+o00

= || = (®Tn+1, Tnga, .. ) |I* = Z |32

k=n+1

Since (z1,7s,...) € lo(R), the series Y ;5 |z;|? is convergent. Thus, its remainder

satisfies
“+o00
E |$iF o 0.
n——4o0
k=n+1

This implies that
HT%($1,$2,..) —'[<$1,$27..)H — 0.
Thus (7,,) converges pointwise to the identity operator I.

e Let us show that (7},) does not converge uniformly to the identity I: Initially, we
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0
set
04z :(0,0,...,0, 1 ,O,O,...)GKQ(R).
n+1
For all n, we have
T, — )(x1, 2, . .. T, - N)*
Tt s W Dm0 D]
0#(z1,2,...)EL2(R) ||(9§'1,$2,...)|| ||$ ||
:H(Tn—[)(o,o,...,o, | ,0,0,...)”:‘Tn<0,0,...,0, | ,o,o,...>—1(o,o,...,o, | ,o,o,...)”
—~— —~— —~—
n+1 n+1 n+1
:H(o,o,...,0,0,0,0,..‘)—<0,0,...,0, 1 ,o,o,...)”: —<0,0,...,0, | ,0,0,...) — 1.
1 +1
n+ n

That is,
Foralln: |7T,—1I| >1.

This implies that

HTn - ]H “n—+oo 0.

Thus, (7)) does not converge uniformly to the identity.

1.5 Uniform Boundedness Principle
Definition 1.16. A family (1;)icr in L(E, F) is said to be:

1. Uniformly bounded if:
aM > 0,Viel:||T;]| < M.

2. Simply bounded (pointwise bounded) if:

Vo e E,3M, > 0,Vi eI ||Tiz)| < M,.

Remark 1.2. [t is clear that if (T;) is uniformly bounded, then it is simply bounded. The
converse is not true. However, the uniform boundedness principle (which we will state)

provides a situation where these two notions coincide.
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Theorem 1.8. (Banach-Steinhaus)
Let (T})ier C L(E,F). Assume that E is a Banach space. Then:

(T})ier is uniformly bounded <= (T;)ies is simply bounded.
That is:

IM>0Viel:|T| <M < Vo€ E,3M, >0,Vi € I:|Ti(2)|| < M,.

1.6 inverse linear operators

Definition 1.17. Let (E,||-||g), (F,||-||r) be two normed K-vector spaces. A linear op-
erator T : D(T') — Im(T) is said to be invertible if there exists an operator S : Im(T) —
D(T) such that:

SoT =1, ToS~=I,

S is called the inverse of T and is denoted S = T~ *.

Proposition 1.12. Let E and F be two normed K-vector spaces, and T : D(T) C E —

Im(T) C F a linear operator.
o T~ exists on Im(T) if and only if Tx =0 = z = 0.
o IfT! emists, then T~ is linear.
o [fdim D(T) =n < oo and T~ ewists, then dim(Im T') = dim D(T)=n
Lemma 1.6. If T € L(E,F), S € L(F,G) are invertible, then S o T is invertible and:
(SoT)t=T"1oS™ "

Remark 1.3.
TeL(EF)#AT"'eL(FE).

(i.e., T bounded does not imply T—' bounded).

Example 1.16. Define T : (2(R) — (2(R) by:

(xn) = (21, 29,...) = T(x) = (xl,%,...,%,...>.
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For all v = (w1, 19, ...) € (*(R):

o ) 1/2 oo 1/2
Tk
ITall, = (Z\? ) < (Z mF) = 7.
k=1

k=1

So T is bounded. Moreover:

Tr=0 (:cl,@,...,m—",...)zozsx:(o,o,...),
2 n

so T 1s injective, hence invertible.

The inverse of T 1is:
TV (R) = Z(R), (2,) — (21,27,...,00,,...).

Now, T~ is not bounded (controversial). Let x = (0,0,...,1,0,...) with 1 in the nth
position. Then:

lzll=1 =T 2] =n.

There is no M > 0 such that [T 'z|y < M||x||2 for all such a. Hence, T' is not

bounded.

Remark 1.4. If T is a bounded linear operator from a Banach space E to a Banach

space I, and T is bijective, then the inverse operator T~ is bounded.

Proposition 1.13. Let E and F be two normed vector spaces. Let T € L(E,F) be

surjective. Then:

1. T has a bounded inverse if and only if there exists C' > 0 such that:
|Tz||r > C||z||g, VzeE.
2. In this case, [T~ < 4.
Proof. e (1) Suppose | Ta|r > Cllz]ls. Then
Ter=0=0>C|z|g=|z]|lpg=0=2=0,

so T is injective. Since T is surjective, it is bijective, hence invertible.

28



CHAPTER 1. LINEAR OPERATORS

e (2) For all y € F, there exists « € E such that y = Tx. Then:
-1 -1 1
[yllr = Tzllr > Cllzlle = CIIT ylle = 1T yllz < Fllyllr-

This shows that 77! is bounded and [T~ < &.

Corollary 1.1. If T is invertible, then:
[ Tulle > (|77 [{lullp,  Vu € E.
Indeed:

Iz o\

lulle = 1T (Tw)lle < 1T Tulr = =

Remark 1.5. Theorem: Let E and F be Banach spaces and T € L(E, F) be bijective.
Then T~ € L(E, F).

Example 1.17. Let (E,||.||g) be a Banach space and T € L(E) with |T|| < 1.

Then Iy — T s invertible and:

(Ig-T)"' =) T"
k=0

Proposition 1.14. Let S € L(F,H), T € L(E,F). Then ST € L(E,H) and ||ST|| <
ST

Proof. Linearity: ST (ax +vy) = S(aTx 4+ Ty) = aSTx + STy. Boundedness:
[STx|| < [|SIIT]| < [|STIT N
so [|ST < ISIT- O

Theorem 1.9. Let E be a Banach space and T € L(E). If |T|| < 1, then I — T is
invertible and:

I-T)'=) T =T+T+T"+...

n=0
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Proof. Since ||T|| < 1, the series Y > ||T"| converges because | T"| < ||T||* and

ST™ = ﬁ < o0o. Since L£(E) is a Banach space, the series >~ T" converges
in L(E). Now:
N N N+41
(I-T)) Tr=>T"=-> T"=1-T""
n=0 n=0 n=1
N
YT -T)=1-T""
n=0

As N — oo, TN+t — 0 because |[TVTY| < ||T||M+1 — 0. Hence:

(]—T)iT":I: <iT”> (I-T)

so(I-=T)t=>>">, 1" O

1.6.1 Extension of an Operator by Continuity

Let E be a normed vector space, D C E a linear subspace, and T : D — F' a linear

operator. We say 1" is bounded on D if there exists M > 0 such that:
|Tz||r < M||z||g V€D

The smallest such M is called the norm of 7" on D, denoted ||T|p.

Theorem 1.10. Let E be a Banach space, D a dense linear subspace of E, and T : D —

F' a bounded linear operator into a Banach space F'. Then T admits a unique extension

T € L(E,F) such that T|p =T and ||T||z = ||| p-

Proof. Let x € E. Since D is dense, there exists a sequence (z,,) C D such that z, — z.
Since (z,,) is convergent, it is Cauchy. For e > 0, Ing such that Vn,m > nq, ||z,—z,| < €.
Then:

“Txn - Tme = ||T($n - xm)” < HTHD”xn - me — 0

So (Tx,) is Cauchy in F. Since F' is complete, Tz, — y € F. Define Tx = y. This
definition is independent of the approximating sequence: if (y,) C D also converges to z,
then:

[0 = ynll < llzn = 2] + g — 2] = 0
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and

“Txn - Tyn“ = HT(xn - ?/n)” < MHiL“n - yn” —0

so Ty, — y as well.

Linearity of T follows from the linearity of T and the limit. For boundedness:
T2 = lim [[Te,] < lim [Tl plla] = [Tl
so | Tz < ||T||p. Conversely, for 2 € D, Ta = Tz, so:

171 = sup 1220 S o 17l _
vep = wep o]

Hence, HTHE =|T|lp. O

1T

1.6.2 Convergence in the Space of Bounded Linear Operators
Proposition 1.15. Let E, F' be normed spaces. Then L(E, F) is a vector space.

Proof. Clearly, L(E, F) is a vector space with pointwise operations. The zero operator

is bounded. If TS € L(E, F), then oT and T'+ S are linear, and:
[(@D)z| = ||| Tx]| < [al||T][||=]

(T + S)zl| < [Tl + [[Szl| < (1T + [1SI)]]

so they are bounded. The norm || - || satisfies the norm axioms:

=0&T=0

o [|T]|z =0« sup, ”TX”

fal
o [[aTe = lal[[T]l.
o [T+ Sl <ITle+1Se

Thus, (L(E, F),| - ||z) is a normed space. O

Pointwise Convergence

Let T,,,T € L(E,F). We say the sequence (7},) converges pointwise (or strongly) to
T if and only if:
Vee E, T,x —Tx

ie., Vo € E,Ye > 0,3ng, ¥n > ny, ||[Thx — Tx||p < . We denote this by T, =5 T.
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Example 1.18. Let T, : *(C) — (*(C) be defined by:
Tox = (v1,%9,...,2,,0,0,...)

Show that T,, =% Ip». First, T,, € L({?) because:

n 1/2
[ Tnell = (Z \wk|2> < [lzlle
k=1

and for z = (1,0,0,...), [|[T.2|| = 1 = ||z]|, so || T|| = 1. For any x € ¢*:

oo 1/2
| Tz — Iz = ( > |xk|2> —0 asn— oo

k=n+1

Hence, T,, =5 1.

Uniform Convergence

Let T,,,T € L(E, F). We say the sequence (7},) converges uniformly to 7" if and only
if:

lim sup || T,z —Tz||r =0

<1

i.e., lim, ,o0 |7, — T||z = 0. We denote this by T,, = T

Weak Convergence

Definition 1.18. Let E be a normed space over K. The topological dual space of F,

denoted E*, is the space of all continuous linear functionals from E to K.
We say a sequence (T,) in L(E, F') converges weakly to 7' if and only if:
Vfe F* Ve e E, f(T,z)— f(Tx)
We denote this by T,, = T.
Theorem 1.11. Let (T},) be a sequence in L(E, F). Then:

.57 = 17,37 = T,3T
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Proof. If T,, 5 T, then ||T,, — T|| — 0. For any x € E:
[Toe — Txl| < || T = T||z]] =0
soT, S T. If T, 55 T, then for any f € F* and x € E:
|f(Toz) = [(Tx)| = [f(Toz = Ta)| < [l Taz = T[] = 0

soT, > T.

1.7 Exercises

Exercise 1
Show that the following operators are linear and bounded:
1. Af(z) = 22f(z), A: C[0,1] — C[0,1].
2. Af(z) = [y f(s)ds, A: C[~1,1] = C[0,1].
3. Af(z) = f(2?), A: C[0,1] = C[0,1].
4. Af(z) = f(z), A: C'0,1] — C[0,1].

5. Af(z) = [, f(s)ds, A: L*[~1,1] — L*[0,1].

Exercise 2
Consider the operator T defined as follows:
Tf(x) =axf(x), T:L*0,1] — L*0,1].

Show that T is a continuous linear operator and compute its norm.
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Exercise 3

Consider the following sequence of operators:
A C0,1] = C[0,1], Apa(t) = (tH%) . neN-.
1. Show that the sequence of operators (A,,),>1 is linear and bounded.
2. Show that (A,),>1 converges strongly to the identity operator.

3. The convergence of (A4,),>1 to I is it uniform?

Exercise 4

Find the adjoint of the operator A if:
1. Af(z) = zf(z), A: L*[0,1] — L2[0,1].
2. Af(x) = [T f(s)ds, A: L*[0,1] — L[0,1].
3. Af(x) = [y sf(s)ds, A: L2[0,1] — L2[0,1].
4. Af(x) =z [y f(s)ds, A: L2[0,1] — L*[0,1].

5. A(Il,[EQ, .. ) = (0,4I17$2,4.7)3,.T4, . ), A ly — U,

Exercise 5

Let (An),>, be a bounded sequence in C and M = sup,, |\,|. Let T': by — 5 be defined

by:
T(Z'l, Lo,y ... ) = ()\1.’]31, )\21’2, Ce )

1. Show that T is linear, continuous, and compute its norm.

2. Show that if the set {|\,|,n > 1} is bounded below by a strictly positive number,

then T is bijective. Specify in this case 7! and determine its norm.

3. Suppose that one of the )\, is zero. Show that T is neither injective nor surjective

and that Im(T) # (.
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Exercise 6

Let E = C0,1] and F = C[0,1], both equipped with the norm ||-||s. Define the derivative

operator T : E — F such thatVf € E,Tf = f'.
Let G(T) ={(f,Tf), f € E} be the graph of T.

1.

2.

3.

Show that G(T) is closed in E x F.
Show that 7" is not continuous. (Consider the sequence f, € E, f,(z) = z".)

Explain the result.

Exercise 7

Let E = C0,1] equipped with the norm ||-||. and for f € E, define

Tf(x) = / " K (e, 0)f(t)dt,

where K (-,-) € C([0,1] x [0,1]). Let M = supy<, ;<; |K(z,1)|.

1.

Show that T' € L(E).
Show that for all n > 1, we have |T" f(z)| < Zrz"| f]|.

Deduce that for all n > 1, ||T"| < %4+

. Let £, F' be normed spaces and T : E — F a linear operator. Show that if T is

continuous at one point, then it is continuous everywhere.

. Let E, F be Banach spaces and T' € L(E, F). Show that if T is bijective, then 7!

is bounded.

Let E be a Banach space and 7' € L(E). Suppose ||T']| < 1. Show that I — T is
invertible and [|(I = T)7*|| < =7

Let E, F' be Banach spaces and (7},) C L(FE, F') such that T,, — T pointwise. Show

that sup,, || 7] < oo.

Let F, F be Banach spaces and T : E — F a linear operator. Show that if the

graph of T is closed, then T" is continuous.
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Exercise 8

Let (X, []]]) be a normed C-vector space, z,y € X and A € C. Let (z,,) and (y,,) be two

sequences in X and (A,) a sequence in C.

1. Show that if x,, —— = then (z,) is bounded in X and ||z,|| o ||z||. State
n—-+0oo

n—-+o0o

the first result literally.

2. Show that if z,, —— = and \,, ——— A then \,x,, —— Azx.
n—-+oo n—-+o0o n—+o0o

3. Show that if z,, —— x and y,, —— y then ||z, — y,|| —— ||z — y||-
n—-+o0o n—-+00 n—-+o0o

4. Show that if z,, —— x and ||z, — y,|| — 0 then y, —— =.
n——+oo n—-+00 n—+00

5. Show that if ,, — « then ||z, — y| —— ||z — ¥||.
n—-+00 n—-+00

Exercise 9

Let X and Y be two normed vector spaces over K and A : X — Y a linear operator.

1. Show that A is bounded if and only if
dM > 0, Vo € X such that [|z]] <1, ||Az|| < M.

What can we deduce? .
Now show that if
dM >0, Vo € X with ||z|| <1, ||Az| < M,

then A is bounded.

2. Show that if dim X < oo then A is bounded. (Hint: For all z € X, define
|||« == ||z|| + ||Az||, then show that [|-|| and ||-||« are two equivalent norms on X.)

3. Show that if A is bounded then the kernel of A, is a closed subset of X. (The

kernel of A may also be denoted kerA.)

Exercise 10

Define A : C[0,1] — C[0,1] by: for every f € C|0,1], Af is defined by (Af)(z) =
f(xz) — f(0) for every z € [0, 1].
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1. Show that A is well-defined and linear.

2. Show that for C[0, 1] equipped with the norm |||/, the operator A is bounded.

3. Show that for C[0, 1] equipped with the norm ||-||;, the operator A is unbounded.
(Consider the sequence of functions f,(z) = (n + 1)(1 — x)™ for every n € N* and

x € [0,1].)

1.8 Solution

Solution of Exercise 1
All operators are clearly linear. We check boundedness:

(1) [[Aflloo = maxsepy [22f (@) < || flloc, so |A] < 1.

(2) [Af ()] < J2,1F(5)[ ds < 2[|f oo, s0 [[A]| < 2.

(3) [[Aflloo = maxueo, [ f(2%)] < [|flloo, so Al < 1.

(4) [[Afllso = [ fllocs so Al = 1.

(5) By Cauchy—Schwarz,

' ! 2
[Af ()] < x/_l [f(s)lds < V2| flle = [AflIZ20 < /0 20°|| fllz2 o = SIIf 122

So [|A[l < v/2/3.

Solution of Exercise 2
Linearity is clear. For f € L?[0, 1],

ITAZ = | 2*If(@)Pde < | [f(2)Pde = | £l
0 0

so |T|| < 1. Taking f =1, | Tf]j3. = fol a?dx = § # 1, but for f, approximating the

indicator of [1 — £, 1], itfal — 1. Hence || 7] = 1.
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Solution of Exercise 3
(a) Linearity clear. ||A4,z|lc = maxseo 1] |zt /™)] < [|2]|o0, S0 [[An]| < 1.

(b) For each z € C[0,1], t"**/" — t uniformly, so z(¢t'*'/") — x(t) uniformly. Thus

A,z — x in C0, 1].

(c) Not uniform: take z,(t) = t". Then A,z,(t) = t"0FV/) =41 || A, 2, — 2|00 =

max; [t"™ — "] = max, ¢"|t —1|. Fort =1—1 (1 —1)"L ~ L not tending to 0

uniformly in n.

Solution of Exercise 4
For A: L* — L?, (Af,g) = (f, A"g).
1) [l f(2)g(@)de = [ f(2)zg(x)dz, so A*g(x) = zg(x).
) Sy (U F)ds) g@@)de = fy () (S g(e)de) ds, so A*g(s) = [ ga
3) Juy (Jo s7(s)ds) g(e)de = [} f(s)s Jy gla)dwds, so A*g(s) = s [ g
9 Jox (Jy F()ds) gleyde = [y J(s) [y wglw)duds, s0 Ag(s) = [ wg(x)da (constant

function).

(5) For T,y € 627 <A$,y> = 4$1%+ ZoYs3 + 43:3%—1_ = <$7 <074y27y374y47y57 o >>> S0

A*<y17 Y2, - - ) = (07 4927 Ys, 4y47 Ys, - - )

Solution of Exercise 4

(a) ||Tx||? = [Mnxn|* < M2?||z]]2, s0 | T|| < M. Taking = = e, (unit vector), ||Te,| =
|Anl, so ||T]| > |\,| for all n, hence | T|| =

(b) If inf [\,| = 6 > 0, define T~ (y) = (A\{'y1, Ay 92, .. .). Then ||[T1y|> < 672|y|?,
so T~! bounded. Clearly T bijective. ||T7|] = 1/inf |\,].
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(c¢) If \x =0, then Te;, = 0, so not injective. Not surjective because any y with y; # 0
not in image. Closure of image consists of sequences with iy, = 0 whenever A\ = 0,

so not all of /5.

Solution of Exercise 5

(a) Let (fn,fl) = (f,g9) in E x F. Then f, — f uniformly, f/ — ¢ uniformly. By

uniform convergence, g = f'. So (f,g) € G(T), hence G(T') closed.
(b) fu(x) = 2™, || falleo = 1, but || T f1]lce = ||[n2" Y|eo = n — 00, so T' unbounded.

(c) Closed graph theorem requires F, F' Banach. Here E is not complete under || - ||,

so theorem does not apply.

Solution of Exercise 6

(a) [Tf()] <M [y 1fO)ldt < Mz||flloe < Ml|fllss, 50 1T flloc < M]|floc-

(b) By induction: for n =1, done. Assume true for n, then

@) < [ gl < [ e g = 2y
~Jo L n! (n+1)! '

() 17" flloo < Tl llocs so 7] < 47

— nl — nl!

Solution of Exercise 7

(1) Suppose T' continuous at xy. For any = € E, let z,, — x. Then z, — z + xy — x,
so T(x, — x + x9) — T(xo). By linearity, T(x,) — T'(x) + T(xo) — T(xg), so
T(x,) — T(x).

(2) By open mapping theorem, T open, so T~! continuous, hence bounded.

(3) Neumann series: (I —T)™' = Y77 T* converges because ||T%|| < |T||*. Then

I =) < 326 IT1F = =y
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(4) By uniform boundedness principle: for each z, (T,,x) convergent hence bounded, so

sup,, ||Tz|| < co. Thus sup,, || 1,] < oo.

(5) Closed graph theorem.

Solution of Exercise 8

1. Show that (z,) is bounded in X: Since z,, o, we have
n—-+00o

|t —z|| —— 0
n—-4o00

This means that the sequence (||x,, — z||) is convergent in C, hence it is bounded

in C (Why?). That is,
aM, > 0,Yn, ||z, — x| < M.
But for all n we have
el = llzn — 2+ 2f| < [len — ol + [lo]] < My + ||z]] = Ma.

That is,
M, > 0,Yn, ||x,| < Ms.

This means that (z,) is bounded in X
2. Show that ||z,]| — |z||: We have
U0 < up||xn|| — ||z|| < wpl|zn, — x||  for all n.
Since

Uy =0——0 and w,=|z,— x| —— 0,
n—+o0o

n—-4o0o

then by the squeeze theorem we obtain
tn = ]l = 2] —— 0.

This implies that

el = 2l ——0

hence

[0 —— =]
n—-+o0o
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Literally, the first result means: Every convergent sequence in a normed space is

bounded (in that space).

1. For all n, we have
0 < [[Anzn = Azl] = [[An(zn — 2) + (A = X)al| < [[An(zn — 2)[| + |(An — M)z

= [Anlllzn — 2l + A0 = Alll2]l.

Since A, — A, the sequence (\,) is bounded, so

n—-+o0o

M > 0,Vn, |\, | < M.

Thus,
0 < || Az — Az|| < M|z, — z|| + | A — Al||z]|  for all n.
Since
[Mllzn =] + A0 = All|z[}] ~——0
then

| Anzrn — Ax|| —— 0
n—-+oo

This means that

ALy ———> AT
n—-+o0o

2. For all n, we have
0 <flan = ynll = llz = yll < l(zn —yn) — (@ =)l = (20 — 2) = (g — W)

< lwn = [l + llyn = yll

Since x,, — x and y,, — vy, we have
n——+00

n—-+00

||wn - x” + Hyn - y” m 07

hence

0 = gall —— llz — o]
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3. For all n, we have
0 < lyn — 2/l = l(gn = zn) + (20 = 2)|| < llyn — 2zall + |20 — 2]

= [lzn = ynll + [lzn — 2|

Since

r, ——x and ||z, —y,|| —— 0,
n——+oo n—-+oo

then

|20 — Ynll + |20 — 2| —— 0.
n—-+o00o

Thus, by the squeeze theorem, we obtain

g — ol ——0,

hence
yn n——+oo T
4. For all n, we have
0 <|lzn —yll = llz —yll < (@0 —y) — (@ = y)|| = [z, — z]].
Since
|tn —z|| —— 0
n—-+0o
then
= ol = e = 9l ——0,

hence

[0 = yll —— llz =yl
n—-+o0o

Solution of Exercise 9

1. We show that if A is bounded then
aM >0, Vax € X with ||z]| <1, [|Az] < M.

Since A is bounded,
IM >0, Vo € X, ||Az| < M||z|.
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This implies that

IM >0, Vo € X with ||z]| < 1, ||[Az|| < M|z]|

Thus
M >0, Vo € X with ||z]| <1, ||Az|| < M||z|| < M -1= M.
Therefore,
dM >0, Vo € X with ||z|| <1, ||Az| < M.
Note that
vz e X\ {0} Hl H Lisl=1<1
X 5 pry —X = — || =
[Edl k4l
Since
M > 0, Vo € X with ||z]| <1, ||Az| < M,
then
IM >0, Yz € X\ {0}, ‘A (Hx_H)H <M
T
But
T 1
()| = (e ) = L] = s
H ||l | k4l [E]
Hence
1
M >0, Vz € X \ {0}, r||||Aa:|| < M.
T
So

M >0, Yz € X \ {0}, ||Az|| < M|z]]. (%)

For x = 0, we have
JAz] = L A0]l = 0 =0 and M]z]| = M|0]| = M -0 =0,

Thus, for x = 0,
[Az| < Ml[z][. ()

From (%) and (%), we find
IM >0, Vr € X, ||Az|| < M||z|.

This means that A is bounded.
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Conclusion: An operator is bounded if and only if it is a bounded map on the closed
unit ball.
2. We can show that [|-]|, is also a norm on X (to be done). Since dim X < 400, the

norms ||-|| and [|-||. are equivalent. Therefore,

IM >0, Yz € X, ||zl < M||].

But
Ve e X, [|[Ax| <zl + [[Az]| = ||=]..
Thus
dM >0, Vx € X, ||Az| < ||z||« < M|z].
Hence

IM >0, Vz € X, ||Az| < M|z
This means that A is bounded.
3. To show that N(A) is closed in X, it suffices to show that
V(z,) C N(A), (x,) converges to x = x € N(A).
Let (z,) C N(A). Then
Vn, Az, =0

Thus

lim Az, = lim 0=0.
n——4o00 n——4o00

But A is linear and bounded, hence continuous, so

lim Az, =A ( lim xn> = Ax.
n—-+o0o n—-+o0o
Therefore,

Ax

I
o

which implies x € N(A) .
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Solution of Exercise 10
1. We show that A is well-defined, we must show that
Vf e Clo,1], Af € C[0,1].
Let f € C[0,1]. Then
Af:0,1] — R, z+— (Af)(z) = f(z) = f(0) = f(z) + (= f(0)).

Thus Af is the sum of two continuous functions on [0, 1]: the function f and the constant
function —f(0). Therefore, Af is continuous on [0, 1], meaning Af € C10, 1].

- Show that A is linear: We must show that
Va e R, Vf, g€ C[0,1], A(af + g) = aAf + Ag.
Let « € R and f,g € C[0,1]. We show that
Alaf +g) = aAf + Ag (equality of two functions).
To do so, we show that
[A(af + g)](x) = [@Af + Ag](z) for every z € [0,1].
Let z € [0, 1]. Then

[Alaf + 9)l(z) = (af + g)(@) — (af + 9)(0)
= [af (z) + g(x)] — [f (0) + g(0)]
= off(z) = f(0)] + [9(x) — 9(0)]
= a(Af)(z) + (Ag)(z) = [@Af + Ag](x).

2. We must show that

AM >0, Vf € C[0,1], [[Af]lec < M| |-
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Let f € C[0,1]. Then

[Aflloe = sup [(Af)(z)|

z€[0,1]

= sup [f(z) — f(0)]

z€[0,1]

< sup |f(x)]+]f(0)]

xz€[0,1]

< sup [f(z)] + sup |f(0)]

z€0,1] z€0,1]

= [[flloc + [/ (0)]
< [ flloo + 1 fllo
= 2[[flloo-

Thus we have shown that

3. Before showing that A is unbounded, we note:

(*) For every n € N*, we have
1
n == n d
Il = [ If(o)lde
1
:/ |(n+1)(1 —x)"| dx
0
1
- 1 1 —2)"d
() [ (—aydr

=1

Y

that is,

Vn e NY, | fully = 1.

(*¥) For every n € N*, we have
s = [ 1am @l = [ 15,0 - 50
:/01|(n+1)(1—x)”—(n—|—1)\dm
:(n+1)/01[1—(1—$)"]d:v

=N s
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that is,
Vn e N ||[Af. |1 = n.

Now we show that A is unbounded: Assume, for contradiction, that A is bounded, so
M =0, Vf € C[0,1], [|Af[lr < M| [l

Then
dM >0, Vn e N*| [|[Af,llh < M||falli (why?).

From (*) and (**) this implies that
M >0, Vne N n< M- -1=M.

This means N* is bounded above by M, a contradiction.
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Chapter 2

Linear operators and applications

2.1 Dual of a normed vector space

Definition 2.1. Let E be a normed vector space over K (R or C). A linear form is a

linear map f : E — K.

Example 2.1. Let E = C([0,1]), the space of continuous functions on [0, 1].
e f:E— R defined by f(p) = p(1) forp € E (evaluation at 1) is a linear form.
e {1 E— R defined by f'(g) = fol g(t)dt is a linear form.

Definition 2.2. The set of all linear forms on E forms a vector space over K under the

operations:

o Addition: (f +g)(x) = f(z) + g(x)

e Scalar Multiplication: (\f)(z) = Af(z)
This vector space is called the algebraic dual of E, denoted E* or L(E,K).
Proposition 2.1. If E is finite-dimensional with dim E = n, then dim L(E,K) = n.

Let E be a normed space. The space of continuous (or bounded) linear forms on

E' is called the topological dual of E, denoted:
E'={T: E — K| T is linear and continuous} = L(E,K)
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Remark 2.1. If F is finite-dimensional, then the algebraic dual E* and the topological

dual E' coincide, i.e., L(E,K) = L(E,K) (every linear form is continuous).

We are primarily interested in the topological dual, often simply called the dual. The

dual E’ is a Banach space when equipped with the operator norm:

Il = sup |f(z)| for feE

=<1

2.2 Hahn-Banach Theorems

2.2.1 Analytic form of the Hahn-Banach theorem

Definition 2.3. We call a semi-norm on a vector space E every mapping p: E — R,

that satisfies the following properties:
1. p(Az) = A\p(x), VA>0, VrxekFE.
2. ple+y) <plx)+ply), Voyeck.
Every norm on E is a semi-norm.

[Zorn’s Lemma] Every non-empty partially ordered set in which every chain has an

upper bound contains a maximal element.

Theorem 2.1 (Hahn-Banach Theorem (Real Case)). Let E be a real vector space, G a
subspace of I, and p : E — R a semi-norm on E. Let f € G* be a linear form on G
such that

Ve e, f(r) < pla)

Then there exists an extension f € E* (a linear form on E) such that
Ve e G, flx)=f(z);

Ve e B, f(z) <px).

Proof. Assume G # E. Then there exists o € E'\ G. Define the subspace G; of F as
follows:

Glz{tl"l—l‘oil‘EG,tER}.
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We now show the existence of an extension f; on Gj.

For y = tx + x¢ € G1, define

fily) = hilte +x0) = 1f () + filwo) = te + f(2),

where ¢ = fi(x) is a constant to be chosen later so that
filtr + o) < p(tz + ).

By definition, f; is linear and satisfies Vx € G, fi(x) = f(x).

For ¢t > 0, inequality (1.2) is equivalent to
x x
fi <x+—0) §p<x+—0>,
t t
since f; is linear and z/t ¢ G. This previous inequality is equivalent to
x x
e+ 1 () <r(e+3).

ie.,

P <a: + %) —f (?) > c. (1.2)

Similarly, for ¢ < 0, we obtain the inequality:

(- ) - () < (13)

t

For 2/, 2" € G, from the property of f on G, we have
f@") = f(@') < p(a” —2') = p((2" + 20) — (2" + 20)) < p(2” + m0) + p(—2" — 20),

which implies
—f(@") +p(a" + z9) > —f(2') — p(—2" — 20).

Define

¢ = sup (=f(&') = p(=2" = 20)).

= infG (—f(2") + p(z" + x0)) .
x'e

¢ and ¢” exist. The constant ¢ = fi(xy) can be chosen such that ¢ < ¢ < ¢’. Then fi,
defined by fi(tz + x¢) = tc + f(x), is a linear form on G; which is an extension of f on

G, and satisfies
fily) <ply), Vye€G.

To complete the proof of the theorem, we consider the following two cases:
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1. If E is separable, then there exists a countable sequence of subspaces G,, such that
G1 = G, G4 is constructed from G, by adding one vector (as with G above), and
E =2, G,. By induction, we obtain extensions f,, on G, satisfying f,(y) < p(y)
for all y € G,,. Since E = |J,_, G, there exists an extension f* on E satisfying
f*(z) < p(x) for all z € E.

2. In the general case, let A be the set of all possible extensions g of f, defined on

subspaces D(g) D G, which satisfy
Yz € D(g), g(x) < p(z).

Define a partial order on A by:

D(g1) C D(g2),

Vr € D(g1), qi(z) = g2(x).

g1 <92 <=

Let {gi}icr be a totally ordered subset of A. Define ¢’ on D(¢") = (U,c; D(g:) by
g (z) = gi(z) if v € D(g;). Then ¢’ € A and is an upper bound for the chain {g;}.

By Zorn’s Lemma, A has a maximal element F'.

We show that the domain of this maximal extension F' must be all of E. Suppose,
for contradiction, that D(F) # E. Then there exists g € £\ D(F'). As shown in
the first part of the proof, F' can be extended to a larger subspace D(F') @ Rxy,
contradicting the maximality of F. Therefore, D(F) = E, and F is the desired

linear form on FE satisfying:

Ve e G, F(z)= f(x);

Ve e E, F(x)<p(x).

]

Theorem 2.2. Let E be a normed vector space and G a subspace of E. Let [ be a

continuous linear form on G. Then f has an extension f on E such that || f| g = || flla--

Proof. Simply take p(x) = || f]

o+ * |||, which is a semi-norm on E, and apply the Hahn-

Banach theorem to obtain the desired result. O
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Theorem 2.3 (Hahn—Banach). The mazimal element f* is defined on the whole space

E, e, E* = FE, and satisfies
(@) < pla), VreF.
Moreover, if f is defined on a subspace G C E, then f* extends f and

/7]

g = ||/]

G-

Proof. Suppose for contradiction that dom(f*) # E. Let zy € E \ dom(f*). Define
G= dom(f*) ® Rxy and extend f* to f on G by setting

flz+ Axg) = f*(x) + A\,

where o € R is chosen so that f < p on G. This contradicts the maximality of f*. Thus
dom(f*) = E.

| Then [[f*]lz- <II/]

For the norm equality, take p(z) = || f]|¢ 6+, and the reverse

inequality is obvious. O

Corollary 2.1. Let E be a normed space and xg € E, xg # 0. Then there exists f € E*

such that
[fll=1 and f(zo) = [lz]lo-

Proof. Define G = Ry and f(Azg) = A||zo||. Then ||f]

o+ = 1. Extend f to E by the

Hahn—Banach theorem with p(x) = ||z||. O

Theorem 2.4 (Extension with Norm Preservation). Let E be a normed space over R (or

C), and let F C E be a linear subspace. Then:
Vf e F,3g € B such that glr = f and |lgllpr = || fllr

Proof. Let f € F' and let M = |/f|z. Apply the Hahn-Banach theorem with the
seminorm p(x) = M|z||. We have f(z) < [f(z)] < M||z| = p(z) for all z € F. The
theorem guarantees an extension g : £ — K such that g|r = f and g(z) < p(x) = M||z||
for all z € FE. Furthermore, —g(x) = g(—x) < M|| — z|| = M||z|, so |g(z)| < M|z for
all x € E. Thus, g is continuous and ||g||zr < M = ||f||r. Since g extends f, we also

have ||g||gr > || f||#. Therefore, |||z = || f]| 7 O
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2.2.2 Hahn-Banach complex theorem

Theorem 2.5. Let E be a complex vector space, G a subspace of E, and p a function

defined on E satisfying the following conditions:

Ve e B, p(x) >0. (1)
Vre,y € B, plx+y) <plx)+ply). (2)
Ve € E, VA € C, p(Ax) = |Ap(z). (3)

If f is a linear form on G such that for every x € G, |f(x)| < p(z), then there exists

a complex linear form f on E satisfying:
Vo€ E, |f(z)| <p(x), and Yz e G, f(z) = f(z).

Proof. According to the hypothesis, we have:

f(z) = g(x) +ih(z),

where g and h are real linear functionals. On the other hand, for every z € G we have

f(x) = g(ix) + ih(z) = ig(x) = h(z)
= if()

and hence, for z € G, we have x = g(iz) without correction.
According to the real Hahn-Banach theorem, there exists an extension g of g on E

satisfying

Define f as follows:

f(x) = g(x) —ig(iz).
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But

fliz) = gliz) — ig(i(iz)) = §(iz) — ig(—z)

= gliz) +1g(x) = if(z).

Thus, f is a complex linear functional. For every € G, we have

fx) = g(x) — ig(iz) = g(x) —ig(ix)
= g(x) +ih(x) = f(z).

Hence, f is an extension of f. Now, we prove that

Vo € B, |f(x)] < pla).

Indeed, using the exponential form of a complex number, we find

f(z) = glx) —ig(iz) = re™

= |f(x)] =r=e"f(z) = f(ae”).

The last value is positive real, and we also have

fae”) = g(xe”) —ig(ize”)

Therefore,
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2.2.3 Geometric Form of the Hahn-Banach Theorem

Theorem 2.6. Let E be a normed vector space, and let G and C be non-empty disjoint
subsets of E such that C is convex, compact, and G is closed and convexr. Then, there

exists a continuous linear functional p € E* such that:

sup Re ¢(z) < inf Re ¢(y).
zeG yel

2.3 Adjoint Operators

Definition 2.4. Let E, F' be normed spaces, and let T € L(E, F) be a bounded linear
operator. The adjoint (or dual) of T, denoted T*, is the bounded linear operator from
F' to E' defined by:

T :F' — F

g—=T"(g)=goT
That is, for g € F' and x € E:

(T"(9))(z) = g(T(x))

Example: Let T : R® — R™ be a linear operator represented by the matrix A €

M,sn(R). Tts adjoint 7" : (R™)" — (R")' is represented by the transpose matrix AT.
Proposition 2.2. Let T € L(E,F). Then T" € L(F',E’) and ||T"|| = ||T]|.
Proof (Sketch):

1. Linearity: For ¢g;,9, € F', o, 5 € K:

T"(ag1 + Bg2)(z) = (g1 + Bga)(T(x))
= agi(T(z)) + Bg2(T (x))

= aT"(g1)(x) + BT"(g2)(2)

So T*(agy + Bg2) = aT*(g1) + BT*(g2).
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2. Boundedness: For g € [":

1T (9l = llg o Tl = sup [g(T'(x))]

[l=]|<1

< sup [lglle[IT(z)lle

llzll<

< lglle T sup l[zlle = llgll[T]
Jell<1

Thus, ||| < |7°]-

3. Equality of Norms (||7”|| = ||T’||): Using a corollary of the Hahn-Banach theorem,
for any x € E with T'(x) # 0, there exists g € F’ with ||g|| = 1 such that ¢(T'(z)) =
|T(z)||F. Then:

1T @)l = 19(T ()] = [T"(g) ()]
< T () el

< T Mglle llzle = 1Tl 2

So || T(z)||r < [IT"|||lz||g for all x € E, implying ||T|| < ||7"||. Combined with the

previous inequality, ||T7|| = ||T|-

2.3.1 Properties of the Adjoint

Let 7,71, Ty € L(E,F), S € L(F,G), and ) € K.
1L (L + D) =T + T
2. (\T) = \T"
3. (SoT) =T' o8

4. If T is an isomorphism, then (T71) = (T")~*

2.4 operator spectrum

In the rest of this section, assume that X is a complex Banach space, and T' € B(X).
Let A € K. \is called a spectral value of T, if T'— AI is not invertible (or equivalently,

T — M is bijective, since X is a Banach space).
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Definition 2.5. Let A € K. We say that A is an eigenvalue of T, if T — Al is not

injective, or equivalently, there exists a nonzero vector uw € X such that (T'— A )(u) = 0.

Definition 2.6. We define the following sets:
1. The spectrum of T, denoted by o(T), is defined to be:

o(T)={X € C:T — A is not invertible}.

2. The resolvent of T is given by:

p(T) ={A € C: T — M is invertible}.

3. The point spectrum, denoted by o,(T), the set of all eigenvalues, is defined as:

op(T) ={A € C:ker(T — \I) # {0}}.

Remark 2.2. The spectral radius, denoted by r(T), is the nonnegative real number given

by:
r(T) = sup |\l

Aeo(T)
Remark 2.3. We have:
1. o(T) is a nonempty and compact subset of C.
2. It is clear that 0,(T) C o(T).

3. If dim X < oo, then o,(T) = o(T).

Proof. Proof of (ii): We want to show that 0,(T") C o(T).

For any A € C, if A € 0,(T), then T'— AI is not injective. Since invertibility implies
injectivity (and surjectivity), if 7" — Al is not injective, it cannot be invertible. Hence,
A € o(T). Therefore, 0,(T") C o(T).

Proof of (ii1): Let T € L(X). If dim X < oo, we have:

T invertible < T' bijective < T' injective < T’ surjective.
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Since
o(T)={X € C: T — X not invertible} = {\ € C : T"— AI not injective} = 0,(7T),

it follows that o,(T) = o (7). O
If AC C*, wedefine A= = {2 :a € A}.

Theorem 2.7. If T is an invertible operator, then we have:

-1

o(T™") = (O'(T))_l, where (o(T))  ={ ":xea(T)}.

-1

Proof. First, we prove that o(T~") C (o(T))
Let X € U(T_l). Then 7! — M is not invertible. Since T is invertible, the operator
T(T~' — AI) is not invertible. Hence, I — AT is not invertible. Then (—\)(T — 1) is not
invertible.
Since —X # 0, it follows that 7' — +I is not invertible, hence 1 € o(T'). Therefore,
A€ (O’(T))_l. Thus,
o(T™") C (o(T))

Now, we show that (O’(T))il Co(T).
Let A € (O’(T))_l. Then + € o(T), so T — 51 is not invertible (and A # 0). Then
A(T — %I) = AT" — I is not invertible. Hence,

T A =(=N"TYT - M)

is not invertible (since T'— AI is not invertible and (—\)"'7! is invertible). Thus,

A7t € o(T"). Therefore,

Hence, we conclude:
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2.5 Special case: Hilbert space

2.5.1 generalities on Hilbert spaces

2.6 Definition

Let E be a vector space over the field K (R or C). An inner product on E is a mapping

(-,-) : F x E — K satisfying the following properties for all z,y,z € E and a € K:
. (z,2) =0 2=0

2. (ax,y) = oz, y)

3. (z,y) = (y,z) (Conjugate symmetry)
4z +2y) = (1,9) + (29)
The pair (£, (-,-)) is called a pre-Hilbert space.

Example 2.2. Let (*(C) be the space of complex sequences (x,,) such thaty - |z,]* <

0o. The inner product on (*(C) is defined by:

(z,y) = i TnTn
n=1
Example 2.3. On E = R", the standard inner product is:
(z,y) = i TiYi
i=1
Example 2.4. On E = C", the standard inner product is:
) = e
i=1

Example 2.5. Let E = L?*([a,b],C) be the space of square-integrable complex-valued

functions on [a,b]. The inner product is defined by:

b
mmz/ﬂwmw
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2.6.1 Cauchy-Schwarz Inequality

Theorem 2.8. If E is a pre-Hilbert space, then for all x,y € E:
[{z, )] < =[]yl
where ||z|| = /(z, ).
Proof. For any a € K, and z,y € E, we have:
(x 4+ oy, + ay) = (x,z) + (z,ay) + {ay, ) + (ay,ay) >0

For y # 0, choose a = —%. Then:

2
T,y
)~ 005 0 — ) < (o) 00)
(v, y)
The inequality holds trivially if y = 0. O]

Corollary 2.2. Let H be a Hilbert space. For each y € H, the linear functional f, :

H — K defined by f,(z) = (x,y) is continuous, and || f,|| = ||yl

Proof. By the Cauchy-Schwarz inequality:

(@) = [z, ) < llzllllyl = 115l < llyll

Also, f,(y) = (y,y) = lylI*, so |fyll = llyll- Hence, || f,]| = |yl =

Definition 2.7. Two elements x,y in a Hilbert space H are said to be orthogonal if

(x,y) =0. For a subset A C H, the orthogonal complement is defined as:
At ={zc H:(2,y)=0 Vyc A}

Definition 2.8. A pre-Hilbert space H is called a Hilbert space if it is complete with

respect to the norm induced by the inner product.
Example 2.6. o C" with the inner product (x,y) =Y ., x;Y; is a Hilbert space.

o [*([a,b],C) with (f,g) = f;f(t)@dt is a Hilbert space.
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2.6.2 Riesz Representation Theorem

Theorem 2.9. Let H be a Hilbert space. For every continuous linear functional f € H*,

there exists a unique y € H such that:
fx)=(z,y) VeeH

and |[f]l = llyll-

Proof. If f =0, take y = 0. Otherwise, let F' = ker f, which is a closed subspace. Then
H=F®F*, and F* is one-dimensional. Take zy € F* with [|zo|| = 1. For any = € H,

we have:

T — M:co el = <a: — f(z) f(z)

f (o) (o) (o)

So, f(x) = f(xo){x,z0) = (x, f(x0)xo). Let y = f(xo)xo. Uniqueness follows from the

:co,sz:0> =0 = (z,29) =

properties of the inner product. O

2.6.3 Properties of the adjoint of a linear operator

Let (H,(-,-)) be a Hilbert space (a complete inner product space, where the norm is given
by |lzll = v/(z, x)).

Definition 2.9. Let Hy, Hy be Hilbert spaces, and let T € L(Hy, Hy) be a bounded linear
operator. The (Hilbert) adjoint of T, denoted T*, is the unique operator in L(Hs, Hy)
defined by the relation:

(T(@),y)m, = (x, T*(y))m, Yo € Hy, Vy € Hy

Example 2.7. Let Hi = Hy = C" with the standard inner product. If T is represented

by a matriz A € M, (C), then T* is represented by the conjugate transpose matriz A*.

Example 2.8. (Shift Operator): Consider the right shift operator S on (*(N):
S *(N) — *(N)

(I’l,ZL‘Q,Ig, .. ) — (O,I‘l,l'g,l‘g,, .. )

61



CHAPTER 2. LINEAR OPERATORS AND APPLICATIONS

Its adjoint is the left shift operator S*:
S* : (*(N) — (*(N)
(ﬂfl,&lg,ﬂfg, .. ) — (272, 3, T4, . . )
One can verify that (Sz,y) = (x, S*y) for all z,y € (>

Example 2.9. (Integral Operator): Consider the integral operator T on L*([a,b]) with
kernel K :
T : L*([a,b]) = L*(|a,b])

fe=Tf, where (Tf)(s /Kst

If the kernel satisfies K (s,t) = K(t,s), then T is self-adjoint (T* =T). The adjoint T*

_ / RS (e

s given by:

Corollary 2.3. Let T € L(H).
1|TT| = |77 = | T
2. T*T =0 if and only if T =0
Proposition 2.3. Let T' € L(Hy, Hy). Then (T*)* =T and ||T*|| = ||T|.
Proof. Let y € H, then f : 2 —— (Tz,y) is an element of H*, therefore by the Riesz
representation theorem, there exists a unique Ty € H satisfying
Vee H, (Tx,y)= f(x)= (x,T"y).
We also have
1Tyl < Tyl = N7 < [I7°])

On the other hand,
I T||* = Tz, Tx) = (2, T"(Tx)),

= | T2])* < [ll|T ([ T,
= Tl < =7,

=TI <17,
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Theorem 2.10. Let S and T be two operators on a Hilbert space.
1. (T+S) =T+ 5*

2. (o) =aTl*, «a€C
3. (T =T
4. (ST)* =T*S*

Proof. 1. ((S+T)x,y) = (Sz,y) + (Tx,y)
= (2, 8%y) + (2, T"y) = (z, (T" + S")y).
2. {(@T)z,y) = (T(ax), y)
= (ax, T"y) = (z,aT™y).

3. It is evident

4. ((ST)x,y) = (Tz, S*y)
= (z,T"(S™y)) = (@, (T"S")y).

= (ST)" = T*S".

Proposition 2.4. Let H be a Hilbert space over K and T € L(H). Then

(a) KerT = ( ImT*)*, KerT* = ( ImT)*.

(b) ImT = ( KerT*)*, ImT* = ( KerT)*.

(¢) KerT* ={0} if and only if ImT is dense in H.

Here, KerT ={x € H: Tz =0}, ImT ={y€H :y=Tx, v € H} and ImT is
the closure of ImT in H.

Proof. (a) Let x € KerT, then Tz = 0, so for all y € H

(z, T*y) = (T'z,y) =0,

which means x € ( ImT*)* and thus KerT C ( ImT*)*. If z € ( ImT*)* then for
ally e H
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(Tx,y) = (z, T"y) =0,
which implies # € KerT and therefore ( ImT*): C KerT. Hence KerT =
( ImT*)*.
From the above, we have
KerT* = (( ImT*)*)* = ( ImT)*.

(b) By part (a), we have

ImT = (( ImT)H)* = ( KerT*)*
ImT* = (( ImT*) PP)t = ( KerT)™*.

(c) If KerT* = {0}, then by part (b)

ImT* = ( KerT*)* = {0}* = H.

Therefore ImT is dense in H. Conversely, if ImT is dense in H, then by (a),

KerT* = (ImT)* = (( ImT)H)H)* = (H)* = {0}.

O

Corollary 2.4. Let H be a Hilbert space, and T € L(H). Then the orthogonal decompo-

sition becomes:

H= ImT® KerT"= ImT*® KerT.

2.7 Spectrum of an operator
In the rest of this section, assume that X is a complex Banach space, and T' € B(X).

Definition 2.10. Let A € K. X s called a spectral value of T', if T'— A is not invertible

(or equivalently, T — M\ is bijective, since X is a Banach space).
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Definition 2.11. Let A € K. We say that A is an eigenvalue of T, if T — A is not

injective, or equivalently, there exists a nonzero vector uw € X such that (T'— A )(u) = 0.

Definition 2.12. We define the following sets:
1. The spectrum of T, denoted by o(T), is defined to be:

o(T)={X € C:T — A is not invertible}.

2. The resolvent of T is given by:

p(T) ={A € C: T — M is invertible}.

3. The point spectrum, denoted by o,(T'), the set of all eigenvalues, is defined as:

op(T) ={A € C:ker(T — \I) # {0}}.

Remark 2.4. The spectral radius, denoted by r(T), is the nonnegative real number given

by:
r(T) = sup |\l

Aeo(T)
Remark 2.5. We have:
1. o(T) is a nonempty and compact subset of C.
2. It is clear that 0,(T) C o(T).

3. If dim X < oo, then o,(T) = o(T).

Proof. Proof of (2): We want to show that o,(T") C o(T).

For any A € C, if A € 0,(T), then T'— AI is not injective. Since invertibility implies
injectivity (and surjectivity), if 7' — Al is not injective, it cannot be invertible. Hence,
A € o(T). Therefore, 0,(T") C o(T).

Proof of (ii1): Let T € L(X). If dim X < oo, we have:

T invertible < T' bijective < T' injective < T’ surjective.
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Since
o(T)={X € C: T — X not invertible} = {\ € C : T"— AI not injective} = 0,(7T),

it follows that o,(T) = o (7). O
If AC C*, wedefine A= = {2 :a € A}.

Theorem 2.11. If T is an invertible operator, then we have:

-1

o(T™") = (O'(T))_l, where (o(T))  ={ ":xea(T)}.

-1

Proof. First, we prove that o(T~") C (o(T))
Let X € U(T_l). Then 7! — M is not invertible. Since T is invertible, the operator
T(T~' — AI) is not invertible. Hence, I — AT is not invertible. Then (—\)(T — 1) is not
invertible.
Since —X # 0, it follows that 7' — +I is not invertible, hence 1 € o(T'). Therefore,
A€ (O’(T))_l. Thus,
o(T™") C (o(T))

Now, we show that (O’(T))il Co(T).
Let A € (O’(T))_l. Then + € o(T), so T — 51 is not invertible (and A # 0). Then
A(T — %I) = AT" — I is not invertible. Hence,

T A =(=N"TYT - M)

is not invertible (since T'— AI is not invertible and (—\)"'7! is invertible). Thus,

A7t € o(T"). Therefore,

Hence, we conclude:
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2.8 Exercises

Exercise 1
Find the adjoint 7™ in the following cases:
LT 22(0,1)) = 22(0,1]), (T2)(t) = = (121)
2. T:(*(C) — *(C), Tz = (a171, aaTa, . . .), where () € £

3. T:L*(R) — L*(R), (Tz)(t) = a(t)z(t+h), he R

Exercise 2

Find the eigenvalues and spectrum for:
1. Tz(t) = z(—t)
2. Tx(t) = [7_sin(t + s)x(s) ds

3. Tx(t) = fol ¢(t)x(t) dt, where ¢ > 0 on [0, 1]

Exercise 3

Let T € L(L*([0,1])) such that T2 = AT. Show that there exists A, and compute the

spectrum.

Exercise 4

Let T : (2(C) — (*(C) be the left shift: T'(zy,zs,...) = (z9, x3,...). Show that the point
spectrum is empty, and the spectrum is {\ € C : |A\| < 1}. Also, consider the right shift

S(xy,x9,...) = (0,21, 29, ...), and show its spectrum is the same.

Exercise 5

Let T : (*(C) — ¢*(C) be defined by Tx = (ayz1, asxs, . ..), with (a,) bounded. Show

that the eigenvalues are exactly the a,,, and o(T") = {a,}.
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Exercise 6

Let £ = L?([0,1],C), and T'f(t) = tf(t). Show that T has no eigenvalues, and o(T) =
[0,1].

Exercise 7

1. Show that the operator A : (C[0,1],] - |loo) — R defined by Af = f01 f(t)sintdt is
linear, bounded, continuous, and Lipschitz, and determine its norm.

2. Same questions for A : (L2[0,1],] - |l2) — R with Af = fol f(t)sintdt (Lebesgue
integral).

3. Same questions for A : C[0,1] — C[0,1] defined by Af(t) = [} f(s) ds.

4. Same questions for the left-shift operator A : (lo, || - ||2) = (€2, ] - ||2) defined by
A(le,.’L'Q, c. ) = (.’L’Q,ng, ce )
5. Same questions for the integral operator A : L?[0,1] — L?[0, 1] defined by
1
Ay(t) = [ K(to)ls)ds
0

where the kernel K is continuous on [0,1] x [0, 1].

2.9 Solutions

Solution of Exercise 1

We find the adjoint T™
L. T : L*([0,1]) — L*([0,1]), (Tx)(t) = z (4).

Let z,y € L?([0, 1]). We have:

ra) = | . (“51)vma

Substitute u = % =t=2u—1, dt =2du.
Thelimitsbecomet:O:>u:%,t:1:>u:l.

Then:
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Hence the adjoint is:

(T"y)(u) =
0, otherwise.

2. T:?(C) = ¢*(C), Tz = (a1 z1, aza, . .. ), with (a,,) € €.

Let x,y € (%, Then:

(Tx,y) = Z -
n=1

So clearly:

(@, T"y) = 2nlnln,
n=1

hence Ty = (ary, a2y, - - . ).
3. T: L*(R) — L*R), (Tz)(t) = a(t)z(t + h), h € R.
Let z,y € L*(R). Then:

(Tr,y) = /Ra(t)x(t + h)y(t) dt.

Let u=t+h=t=u—h, dt = du. Then:

(Tr,y) = /Ra(u — h)z(uw)y(u — h) du.

Thus:

(T*y)(u) = a(u — k) y(u — h).

Solution of Exercise 2

We find eigenvalues and spectrum

1. Tx(t) = x(—t) on L*([—a,a]) (assume symmetric interval).
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Let A be an eigenvalue: x(—t) = Az(t) for almost all ¢.

Applying twice: z(t) = Az(—t) = N2z(t) = N2 =1= \ = +1.

Check eigenfunctions: A\ = 1: even functions; A = —1: odd functions.
The spectrum o(7T') = {£1} (since T is unitary and bounded).

2. Ta(t) = ["_sin(t + s)x(s) ds.

Note sin(t + s) = sint cos s + costsins. Let:

uy(t) =sint, ws(t) =cost, wvi(s) =coss, wvy(s)=sins.

Then Tz = (x,v1)u; + (x,va)us. So T is a rank-2 operator.

Eigenvalues come from the matrix representation in basis {uj, us}. Compute:

/ sin(t + s) cos(s) ds = wsint, / sin(t + s) sin(s) ds = 7 cost.

—Tr —Tr

Thus the matrix of 7" in basis {sint,cost} is
0 =

Eigenvalues: A = 7w (multiplicity 2). Spectrum o(7T") = {m,0} (0 is in spectrum since
T is compact and non—surjective).

3. Ta(t) = [ o(t)a(t) dt with ¢ > 0 on [0, 1].

Here Tx = (z, 1>gz5(t), a rank-1 operator.

Eigenvalue equation: (z,1)¢(t) = Ax(t).

If A # 0, then z(t) = co(t) with ¢ = (z,1)/A.

Compute (z,1) = cfo t) dt.

The equation becomes ¢ fo t)dt - o(t) = Aeo(t).

Thus \ = fo t) dt (non-zero eigenvalue).

If A\ =0, then (z,1) =0, so any L 1 is an eigenfunction for A = 0.

Thus point spectrum: A =0 and A = fo t)dt.

Spectrum o (7T') = {0, fo t)dt}.

Solution of Exercise 3

Let T € £(L*([0,1])) such that T% = AT
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If A =0, then T2 = 0. Spectrum may contain 0 only.
If X#0,let p € C\{0,\}. Then:

(T —pl) (T — (A= p)I) =T = AT + p(A — p)I = p(A — p)1.

Thus T — u! is invertible with inverse m(T — (A= w)I).

So o(T) C {0, \}.

If T'= 0, spectrum is {0}.

If T # 0 and satisfies T? = AT, then any non-zero z with Tz # 0 satisfies T'(T'z) =
AT'z), so A is an eigenvalue.

Also, if Tx = 0 for some non-zero z, then 0 is eigenvalue.

Thus o(T') = {0, A} or subset thereof.

Solution of Exercise 4

Left shift T'(zq,za,...) = (72,23, ...) on £*(C).

No eigenvalues: Suppose Tx = Az. Then z,,.; = Az, for all n, so z, = \" " 1z,.

If |\ < 1,2 € 2 But z; # 0 yields [|]]* = |z1]* Y02, [A** < oo, so indeed
eigenvector exists? Wait, check: For |A\| < 1, z = (1,A\,\%,...) € (2. Then Tz =
(A, A2%,...) = Az. So A is eigenvalue for || < 1. Similarly for [A\| = 1, z ¢ 2. So point
spectrum o,(7) = {\ : [A| < 1}.

But spectrum o(7T") = {\: || < 1} for the left shift.

Right shift S(xy,z9,...) = (0,21, 29,...).

Eigenvalues: St = Ax = (0,21, 22,...) = (Az1, A2, ... ).

IfA#0,then 2y =0, Ao =21 =0= 25 =0, etc., sox =0. If A =0, then Sz =0
means r; = Tz = --- = 0, S0 no non-zero eigenvectors. So o,(S) = 0.

Spectrum o(S) = {A: |A\| < 1}, same as left shift.

Solution of Exercise 5

Tz = (121, Qag, . .. ) with (ay,) bounded.

Eigenvalue equation: a,,x, = Az, for all n.
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If for some n, a,, = A, choose x = e,, (standard basis vector), then Tx = Ae,, so A is
eigenvalue.
Conversely, if A is eigenvalue with eigenvector x, then for each n either z, = 0 or

a, = A. Since z # 0, some z,, # 0, so A = «,, for that n. Thus eigenvalues are exactly

{an}.

Spectrum o(7T") = {«,} (closure in C).

Solution of Exercise 6

E = 12(0,1],0), Tf(t) = t1(¢).

Eigenvalue equation: tf(t) = \f(t) a.e.

Then (t — \)f(t) = 0 a.e., so f(t) = 0 for t # A. Since A is fixed and {t : ¢t # A} has
full measure, f = 0 a.e. So no eigenvalues.

Spectrum: 7' is multiplication by ¢, so ¢(T") = ess range of ¢t = [0, 1].

Solution of Exercise 7
Linearity: Let a € R and f,g € C|0,1]. Then
1 1 1
Alaf+g) = / (af +g)(t)sintdt = a/ f(t)sintdt + / g(t)sintdt = aAf + Ag.
0 0 0
Boundedness: Let f € C[0,1]. Then

|Af| = /Olf(t)sintdt‘ S/01|f(t)sint|dt:/01\f(t)||sint|dt§ HfHOO/Ol\sint\dt.

Thus there exists M = fol | sin¢|dt > 0 such that

|Af] < M||flloc forall feC[0,1]. (*)

Continuity and Lipschitz property: Since A is linear and bounded, it is continuous

and Lipschitz.

Norm of A: From (*) we obtain

1
IA| < M:/O | sint dt. (1)
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Now consider the sequence of continuous functions on [0, 1] defined by

nsint
n|sint| + 1’

.2
nsin”t
/ fn(t)sintdt = / —dt.
n|sint| + 1
Hence,

t ' |sint 1
0< Afn— |smt|dt / nsin” — |sint|| dt :/ —|'sm | dt < —.
n|sint|+ 1 o m|sint|+1 n

Falt) = €[0,1], n>1.

On one hand,

This implies
1
Afn—>/ (sint dt.
n—oo 0

On the other hand,

n|sint|
Jalloo = sup [fn =sup ———— < L
7 te[0,1] £ (0) te[01]n|smt|+1

Therefore,

|Afnl

1 fnllo

Afn < < [IA]l,

which gives

1
/ (sint|dt < Al
0

1
IIA] :/ |sint| dt.
0

2. Recall that the Lebesgue space

From (1) and (2) we conclude

L?0,1] = {f :[0,1] = R ' f measurable, /1 |f(t)?dt < oo}
0

is a Hilbert space with inner product

(f, ) = / f(hg(tydt, f.ge L70,1],

I = Vi = ([ 15t th)

Linearity: As before, A(af + g) = aAf + Ag.

and norm

73



CHAPTER 2. LINEAR OPERATORS AND APPLICATIONS

Boundedness: For f € L?[0,1],

1 3
|Af] = t) sintdt‘ = [(f,sin)| < || f|l2]|sin]|2 (Cauchy-Schwarz) = || f||2 (/ |sint|2dt> )
0

Thus 1
1 2
AFl < M| fll: with M:(/ |sint|2dt) . (*)
0

Continuity and Lipschitz property: Follows from linearity and boundedness.

Norm of A: From (*) we have

jai <1 = [ st ()

Now take f, = sin € L?[0,1]. Then

1 . 9 1
Af, ‘f sin tdt‘ 1 3
|f|: ’ :(/sin2tdt).
0

11 <f01 sm%cht)é

[un

Hf , we obtain

Since

=

(/Olsin%dt>2 < |14]. @)
Al = (/01 sin2tdt)

From (1) and (2),

D=

Linearity: For a € R, f,g € C[0,1], and any ¢ € [0, 1],
A(af+g)(t):/0(czf+g s—a/ f(s ds+/ g(s)ds = aAf(t) + Ag(t).

Boundedness: For f € C[0,1],

/Otf( ds

Thus |Af]lec <1+ [[floe-

HAfHoo = sup

te(0,1]

t
<W/UWSW/MM=WWWFMW
te(0,1]

te[0,1 tel0,1] Jo

Continuity and Lipschitz property: Follows from linearity and boundedness.
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Norm of A: From (*), [|A| < 1.
Take f.(t) = 1. Then

t
ALl _ *Picon [ 15wyt

Ifdlss SuPeppy 1 1

Since H” < I|All, we get 1 < ||A]|.
From (1) and (2), [|A|| = 1.

4.

Linearity: For a € R and z = (21, 22,...),y = (y1,%2,...) € {a,

Alax +y) = (axg + y2, a3 + Y3, ... ) = (T2, 23,...) + (Y2,93, ... ) = aAz + Ay.

Boundedness: For x € /5,

[Az]5 = Z il < Z | = [|l]l3-

Thus [|[Az|s < 1-||z||2.
Continuity and Lipschitz property: Follows from linearity and boundedness.

Norm of A: From (*), |4 < 1.
Take z, = (0,1,0,0,...) € f5. Then

J Azl _ 10L,0,0. )l 1
[l 10,50, )l 1

Since H|’|4$*H2 < ||A||, we obtain 1 < [|A]|.
From (1) and (2), ||A]| = 1.
5.

Linearity: For a € R, f,g € L?[0,1], and any ¢ € [0, 1],

[A(af+g)( /Kts (af+g)(s ds-a/ K(t,s)f s)d8+/01K(t,s)g(s)ds:

a(Af)(t)+(Ag)(t)
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Boundedness: For f € L?[0,1] and any ¢ € [0, 1],

1

N1 = [ K6 5| = 009,01 < I bt = ([ e oas) 151
Hence,

||Af||§=/01|(Af)(t)|2dt§/ (/ (e 9)ds) e = (// K(t.o)Pdsat) ]
Therefore,

|Aflle < M| fll2 with M = (//[01]2 (t,9)] dsdt)2, ()

Continuity and Lipschitz property: Follows from linearity and boundedness.
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Chapter 3

Introduction to the spectral theory

of compact operators

3.1 Definitions and results

3.1.1 compact operators

We recall that L(E, F) denotes the Banach space over K of linear operators from E to
F, while L(E, F') denotes the Banach space over K of bounded linear operators from E
to F.

Definition 3.1. We say that T is a compact operator from E to F if T € L(E, F) and

T(Bg) is a compact subset of F'. The set of compact operators from E to F is denoted
K.(E,F). When E = F, we simply write K.(E,E) = K.F).

We recall that if (X, d) is a metric space, a subset Y of X is said to be relatively
compact if its closure in X is compact. Then, Definition 4.1.1 is equivalent to: T &
Kc(E, F) if and only if T'(Bg) is relatively compact.

In particular, it is immediate that 7" € Kc(E, F) if and only if T'(B) is relatively

compact for every bounded subset B of E. We deduce the following result:

Proposition 3.1 (Characterization of compact operators). If T € L(E,F), then the

following statements are equivalent:
1. Te Ke(EF);
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2. For every bounded sequence (x,)nen in E, the sequence (Tx,)nen admits a subse-

quence that converges in F'.

Below we recall Ascoli’s theorem, which is a classic and powerful tool for showing that

an operator is compact.

Theorem 3.1 (Ascoli). Let (K,d) be a compact metric space and (X,d") a complete
metric space. A subset H C C(K;X) is relatively compact for the uniform convergence

norm if and only if:
1. H s equicontinuous, i.e., for every v € K,
Ve > 0,3V eV(x),Vge H,Vy eV, d(g(x),g(y)) <e,
where V(x) denotes the set of neighborhoods of x for the distance d(-,-).

2. For every x € K, the set H(x) = {g(x) | g € H} is relatively compact.

Example 3.1. The Volterra operator T (primitive vanishing at 0) defined on E =
C([0,1};K), equipped with the uniform convergence norm || - ||oo, is compact.

Indeed, we use Ascoli’s theorem with K = [0,1], X = K, and H = T(Bg). Let
f € Bg. Forz,y € [0,1], we have

Tf(x) = Tf(y)l =

[ 5w dt\ <o~ ylllfl < | — gl

Let v € K be fired. Then, for every € > 0, there ezxists V ={y € K | |x —y| < €} € V(x)
such that for every g € H and every y € V, we have |g(x) — g(y)| < €. In other words,
H is indeed equicontinuous. Moreover, for every x € [0,1], H(x) is a subset of K, so if

H(z) is bounded then H(x) is relatively compact. Now, for every x € [0,1], we have
Vi€ Be @< [ fOldt<asl,
0
which gives the result.

Example 3.2. Let E = C([a,b], K) equipped with the uniform convergence norm || - ||s
and K € C([a,b)?, K). Then, the integral operator Ty defined by

b
Vi€ E, Tif(z)= / K(e,9)f(y)dy, Vr € [0,

18 compact.
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We will repeatedly use Riesz’s theorem, which we recall below in the form of a lemma.

Lemma 3.1 (Riesz’s theorem). Let X be a normed vector space. Then, the closed unit

ball of X s compact if and only if X is finite-dimensional.

Remark 3.1. 1. A direct application of Riesz’s theorem is that the identity map on

X is compact if and only if X s finite-dimensional.

2. If E and F are infinite-dimensional, Riesz’s theorem implies (see tutorial sheet no.

3) that if T € L(E, F) is invertible then T is not compact.

Theorem 3.2. Kc(E, F) is a closed vector subspace of L(E, F); in particular, Kc(E,F)

1s a Banach space over K.
Remark 3.2. If F' is not complete, the result may be false.

Proof. For every T' € Kc(E, F), we have

sup ||[Tzl|p = sup |ly[|r< sup |yllr < +oo,
z€Bp y€T(BE) yeT(Bg)

hence Kc(E,F) C L(E,F). Moreover, 0 € Kc(E,F). Let us show that Kc(FE, F) is
stable under linear combinations. Let S,T € Kc(FE, F) and A € K, for every bounded
sequence (o, )nen in F, there exists a subsequence (ST () )nen of (S )nen that converges
to a point y in F. Similarly, there exists a subsequence (T'Tg(n))nen of (TTg(n))nen that

converges to a point z in F'. Finally, we obtain

(S + )\T)I’w(d)(n)) — Y+ Az

n—-+o00

In conclusion, for every bounded sequence (x,,),en in E, the sequence ((S+AT)x, )nen ad-
mits a subsequence ((S+AT")Zy(4(n)))nen that converges in . We deduce, by Proposition
4.1.2, that S+ A" € Kc(E,F); hence Kc(FE,F) is a vector subspace of L(E, F).

It remains to show that the vector space Kc(F, F), equipped with the norm induced
by that of L(E, F), is closed. Let T € Kc¢(E, F). Then, there exists a sequence (T}, )nen
in Kc(E, F) that converges in L(E, F') to T. We want to show that '€ Kc¢(E, F), i.e.,

that T'(Bg) is a compact subset of F.
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Lemma 3.2. If K is a closed subset of a complete metric space (X,d), then K is compact

if and only if for every e > 0, there exist n € N* and vy, ...,y, € X such that

K C OB(%‘,EL

=1

where B(y;,e) = {z € X | d(x,y;) < €}.

Let € > 0. There exists ng € N such that ||T,,, — T|| < ¢/4. Now T,,, € Kc(E, F), so
T,,(Bg) is a compact subset of F. In particular, by Lemma 3.2, there exist n € N* and

Y1, ---,Yn € F such that
" €
Tno(BE) C ZszlB (yi, Z) .

If © € Bg, there exists iy € {1,...,n} such that

T.,,v € B (y,-o, i) .

Thus, we obtain

€ € € €
1Tz = yill < T2 = Tugel| + [ Tng = yio| S IT = Too| + 7 < 7+ 7 =5
Hence,
" €
Twe B (yo5) < B (uir5)
€ B (v 5) C z:U1 vir
We deduce
" €
T(Bg) C iL:JlB (y 2)
Therefore,
T(B C B(i,—)C B<i7_>c B (3] )
(Br) Us (3 L:J1 vir 5 L:JI (yir )
which gives the result by Lemma 3.2. O]

We conclude this section with a property on the composition of compact operators.

Proposition 3.2. Let T € L(E,F) and S € L(F,G). If S or T is compact then ST is

compact.

Proof. If T'€ Kc(E,F). Then, for every bounded sequence (z,)en in E, the sequence
(T'wyn)nen admits a subsequence (T4 )nen that converges to a point y € F. Since S is

continuous, (S(Tg(m)))nen converges to Sy € G. Hence ST € Kc(E,G).
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If S € Kc(F,G). Then, for every sequence (z,)nen of elements of E bounded by a
constant M, the sequence (Tx,,)nen is a bounded sequence in F'. Indeed, for every n € N,

we have

[T2nllr < TN llznlle < MIIT].

Since S € Kc(F,G), the sequence (S(Tx,))nen admits a subsequence (S(TZgm)))ren

that converges to a point z € G. Hence ST € Kc(E,QG). O

3.2 Finite-Rank Operators

In this section, we focus on particular compact operators.

Definition 3.2. Let T € L(E,F). We say that T is a finite-rank operator if Im(T)

18 finite-dimensional.

Example 3.3. Let E = L*(]0,1[,R) and T the operator defined on E by

VfE B, Ti@) = [ ey =) ds Vol

Then, T takes values in F' = Ry[X]| (the space of polynomials with real coefficients of

degree at most 2). Since F is finite-dimensional, the operator T is of finite rank.
Proposition 3.3. Every bounded finite-rank operator is compact.

Proof. Let T € L(E,F) be a finite-rank operator. The operator 7" is continuous, so for

every x € Bp, ||Tz|| < ||T||. Then, T(Bg) is bounded in F' and, consequently, T'(Bg) is

also bounded. Moreover, Im(T') is closed because it is a finite-dimensional vector space,

whence T'(Bg) C Im(T) = Im(T). Finally, T(Bg) is a closed and bounded subset of
the finite-dimensional vector space I'm(T'); hence it is a compact subset of Im(T'), and

therefore ' € Kc(E, F). O O

The space Kc(E, F) is closed and every bounded finite-rank operator is compact.

We deduce the following result:

Corollary 3.1. Fvery limit in L(E, F) of finite-rank operators is a compact operator.
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The converse is false in general, but if F' is a Hilbert space, we have the following

result:

Theorem 3.3. Let (H,(-,-)) be a Hilbert space over K and T € Kc(E,H). Then,
there exists a sequence (Ty,)nen in L(E, H) of finite-rank operators that converges to T

in L(E,H).

Proof. Let n € N be fixed. By Lemma 3.2, since m is a compact subset of H, there
exist k, € N* and v, ..., yx, € H such that

__ 1

T(Bg) C HB (yz, — 1) (3.1)
Now L, = wvect{y1,...,yx, } is a finite-dimensional vector space, hence a closed subspace
of the Hilbert space H, so H = L, & L;-. Let P, € L(H) be the orthogonal projection of
H onto L,. Then, T,, = P,T € L(E, H) is a finite-rank operator since

dim( Im(T,)) = dim( Im(P,T)) < dim(L,) < k,.
Finally, for € Bg, by (3.1), there exists iy € {1,...,k,} such that

1
T il < ——.
T2 = yill < —~

But y;, € L,, and P, Tz is the orthogonal projection of T'x onto L,,, so

HT:L‘ — PnTl'H = d(TﬁU,Ln) < HT.’L' yon < n+1

Finally, we obtain

Vr € B Tx —1T, <

hence ||T — T, || < —.

We conclude this section with a last property on finite-rank operators.

Proposition 3.4. Let T € Kc(E,F). Then, (T) is closed if and only if T is of finite

rank.

Proof. It Im(T) is closed in the Banach space F, it is also a Banach space. Then, T

is a continuous and surjective operator from the Banach space E onto the Banach space
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Im(T). By the open mapping theorem, T is open, i.e., T' maps every open set of F to an
open set of F. The closed ball Bg is a neighborhood of 0 in £ and 7" is open, so T(Bg)
is a neighborhood of 7'(0) = 0 in Im(7'). Then, there exists r > 0 such that

B i) (0,7) ={y € Im(T) | |lyll <r} CT(Bg).

Then, the closure B r,, 1) (O,T’)F of B 1mer)(0,7) in F is a closed subset of the compact

set T'(Bg), hence it is a compact subset of F.. Moreover, we have

B 1y (0,7) € T(Bp) < Im(T) = Im(T),

50 B 1m(1)(0, T)F is a compact subset of Im(T). We deduce that the unit ball of Im/(T)
is a compact subset of I'm(T), which proves that Im(T) is finite-dimensional by Lemma
4.1.6. The converse is evident: if T is a finite-rank operator, then Im(7T) is a finite-

dimensional vector space and therefore is closed. [J O

3.3 Spectrum of a compact operator
Theorem 3.4. Let T € K(FE).
1. If E is infinite-dimensional, then 0 € o(T).

2. Vp(T)\{0} = o(T)\{0}, and for every A € o(T)\{0}, the corresponding eigenspace
Ker(A —T) is finite-dimensional.

3. The spectrum o(T) is countable. Moreover, if it is infinite, the elements of o(T)\{0}

form a sequence (\,)nen in K such that

Ans1| <A and  lim A, =0.

n—-+00

Proof. 1. If 0 ¢ o(T), then T is invertible in L(E) and I = T7'T € K(E), then the

identity operator on E is compact if and only if F is finite-dimensional.

2. We have A € ¢(T) \ {0} if and only if A # 0 and Al — T is not invertible in L(FE),
which is equivalent to A # 0 and I —X~1T not being invertible in L(E), the operator

I — X\7'T is not invertible if and only if it is not injective. Hence A € o(T) \ {0} iff
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A#0and A € Vp(T). Then, Ker(I—\"'T) is finite-dimensional, so Ker(\[ —T)

is finite-dimensional.

3. For every € > 0 the set {\ € o(T) | |A\] > €} is finite. Fix n € N*. Then the
set {\ € o(T) | |[\| > 1/n} is finite; denote its elements (ordered by decreasing

modulus) by

1
Aol =+ > A > —.
n
Similarly, the set
1 1
A, =< A T)| — < |\ < —
Dream) <<}

is finite. Write A,, = {\ng+1,- -, An, } With

1 1
—— < < ] <€ = < Al <0 < Nl
= <Pl S < Pl < 5 < Py - < )

Proceeding inductively, we can arrange all elements of o(7") \ {0} into a sequence

(An)nen whose moduli decrease to 0.

Lemma 3.3. Let T € K(FE) and e > 0. Then the set
{Ae Vp(T) | [Al = €}
18 finite.

Proof. Assume the contrary. Then there exists a sequence (A, ),en of distinct eigenvalues
of T such that |\,| > € for all n € N. By definition of Vp(T), there exists a sequence
(en)nen in B\ {0} such that

Te, = A\,en.

Since the eigenvalues are distinct, the family (e,)nen is linearly independent. For each
n € N, set

E, = vect{ey,...,e,}.

By Lemma 4.3.9, there exists a linearly independent family (f,,),en in £ such that for all
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n e N,
E, = vect{fo,..., fa}, (3.2)
Il =1, dlfun B) 2 5, (3.3)
A1l = T) fns1 € En. (3.4)

Let y, = A\, ' fn € E,,. Since |\,| > € and || f,|| = 1, we have ||y, || < et

Now take p,q € N* with ¢ > p. From (3.3),
A A —T)fy € Egr.
From (3.2) we have the inclusions
Ty, € T(E, C E,C E, 4.
Hence Ty, + A" (Al — T) f; € Eq—1. Using (3.3) we obtain

HTl/q - Typ“ = qu - (Typ + fo— qu)H
= qu - (Typ + fq— )‘ngyq)H
= qu - (Typ“’)‘;l()‘q[_T)fq)H

> d(fn Et) 2 5. 35

But (yn)nen is bounded (since ||y,|| < €71), and because T is compact, the sequence

(TYn)nen admits a convergent subsequence, contradicting. This completes the proof. [

3.4 Fredholm’s theorems

Definition 3.3. Let F' C E be a vector subspace (not necessarily closed). The codimen-
sion of F' is the dimension of the quotient space E/F. We denote codim F' = dim(E/F),
where E/F is the quotient vector space, an algebraic notion. When F is closed, we have

the direct sum E = F & F*+, hence E/F is isomorphic to F*+ and codim F' = dim(F*).

Definition 3.4. Let T' € L(FE). We say that T is a Fredholm operator if the following
three conditions are equivalent:

(a) The image of T is closed,
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(b) the kernel of T is finite-dimensional,

(c) the image of T has finite codimension.

We then denote Ind(T') = dim(Ker(T")) — codim(Im(T")), and the integer I(T') is called
the index of T

Example 3.4. The operator f +— f" is a Fredholm operator from C*([0,1],R) into

C([0,1],R). Clearly it is surjective and its kernel is of dimension 2 (affine functions).

Theorem 3.5 (Fredholm Alternative). Let H be a Hilbert space over K and T € K(H)

a compact operator. Then
i) Ker(Iy —T) is finite-dimensional.
it) Im(Ig —T) is closed.
iii) Ker(Ig —T) =0 if and only if Im(Ilg —T)=H.

Proof. i) Suppose that M = Ker(Iy — T) is infinite-dimensional. Since the kernel of
a bounded linear operator is closed, the space M is then an infinite-dimensional Hilbert
space, and there exists an orthonormal sequence {e,} in M. It follows that Te, = e,
for all n € N. As {e,} is orthonormal, the sequence {e, } has no convergent subsequence.
This contradicts the compactness of 7. Hence dim Ker(lg —T) < 4o0.

ii) Let {y,} be a sequence in Im(Iy —T) with y, — y as n — oco. We must show
that y € Im(Iy —1T).

For each n € N, there exists x, € H such that y, = (Igy — T)x,. From the
above, Ker(lg — T) is closed, so that x, = u, + v, with v, € Ker(Ilg —T) and
v, € Ker(Iy —T)%. We claim that the sequence {v,} is bounded. Otherwise, by pass-
ing to a subsequence, we may assume that ||v,| # 0 for all n and that ||v,| — oo. Let

Wy, = v /||Unl|, then w, € Ker(Iy —T)* with ||w,| =1 for all n € N and

Yn

= —0 as n— o
[[vn |

(]H — T)wn

since {y,} is bounded. By the compactness of T', {T'w, } converges (after passing to
a subsequence if necessary). Thus we obtain that {w,} converges to an element w € H.

Clearly ||w|| =1 and
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(Iy — T)w = lim (I — T)w, = 0,

n—oo

which gives w € Ker(My — T). However w,, € (Mg — T)* implies

||w—wn||2:<w—wn,w—wn>:1+1:2,

which contradicts w,, — w as n — co. Hence the sequence {v,} is bounded.
Now, by the compactness of T' we may assume that {T'v,,} is convergent (after passing
to a subsequence if necessary). From v, = ((Ig —T)v, +Tv,) = (yn +Tv,) for all n € N,

it follows that the sequence {v,} converges to v € H,. Then

y= lim y, = lim (IH _T)Un = (IH _T)U’

W, U = I,
This proves that Im(Ilg — T) is closed.
iii) Let V = Iy — T and suppose that V=1({0}) = {0}. Set E, = V"(H) and note
that

E,=V"H)=V" ' VH) V"' (H)=E,.1. Vn>1

From i), we know that F, is closed for all n > 1. Suppose that E,.; # E, for all

n > 1. Then there exists a sequence {z,,} C F, with ||z,|| = 1 such that

1
| Ty, — Ty > 3 for all n # m,

contradicting the compactness of T'. Hence, E, 1 = F,, for some n > 1. We will show
that H = Ey = FE;. Suppose this is not true, i.e., Ey # E;. Let m > 1 be the smallest

positive integer such that

B 7é E, = m+1-

We choose y € E,,_1 \ Ey, then V(y) € E,, = E,,1. Consequently, we can find

z € B, such that
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since y ¢ E,, = E;,11. Thus V(y —2) =0 and so y — z € KerV, contradicting the
hypothesis that V=1({0}) = {0}. Hence V is surjective.

Conversely, if Im(Ig —T) = H, then {0} = Im(I —T)* = Ker(Iy — T*) whence
Im(Ig —T*) =H and then Im(Iy —T*)* = {0} whence Ker(Iy —T) = {0}. O

Theorem 3.6 (Adjoint of Fredholm operator on Hilbert spaces). Let Hy, Hy be Hilbert
spaces and T € L(Hy, Hy) a Fredholm operator. Then T* € L(Hy, Hy) is Fredholm and

ind(7*) = —ind(7).
Proof. For Hilbert spaces, by the closed range theorem:
ran T = (ker T*)*, ranT* = (ker T)".

Since T Fredholm implies ranT closed, we have ranT = (ker 7*)*. Thus ker T* =
Hy/ranT = coker T, so
dim ker 7 = dim coker 7T'.

Similarly, ran 7™ is closed (since 7™ has finite-dimensional kernel and cokernel as we will

see) and coker T* = ker T', so
dim coker 7" = dim ker 7",
Thus

ind(7™) = dim ker T — dim coker T
= dim coker T" — dim ker T’
= —(dim ker " — dim coker T")

= —ind(T).

This shows T™ is Fredholm because both dim ker 7% and dim coker T™ are finite, and the

range is closed. O]

Remark 3.3. These properties reflect the homological nature of the index: it is additive

under composition and changes sign under dualization (adjoint).
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3.5 Exercises

Exercise 1

Let £ = C([a,b],K) equipped with the uniform convergence norm || - ||. Consider the

integral operator with kernel k € C([a, b]?, K) defined by

b
Ve E: Tf(:v):/ k(xz,t)f(t)dt, Yz € [a,b].

Show that T' € K(E) (i.e., T' is compact).

Exercise 2

Let H = I*(N,R) be the space of sequences © = (), such that Y -, |z.]* < o0,

equipped with the norm

1
2
]l = (Z |In|2> :
n>1

Define the Hilbert—-Schmidt matrix operator 1" on H by

T(xn)n = (Yn)n, with y, = Zanj:cj, n=12...

i>1
where the coefficients (a,;) satisfy 37, 5, D75y lan|* < +o0.

Show that A is a compact operator on H.

Exercise 3

Let E be a Banach space and T € L(FE). The goal of this exercise is to show the
equivalence of the following two statements:
(1) There exists an operator S € L(FE) such that Ir — TS and Iy — ST are compact.

(17) Ker(T') is finite-dimensional and Im(7") is a closed subspace of finite codimension.

1. Assuming (i), show that Ker(ST) is finite-dimensional, Im(7'S) has finite codimen-

sion, and deduce (7).
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2. Let F' C E be a closed subspace. Show that F' admits a complement if and only if
there exists P € L(F) satisfying P> = P and Im(P) = F.

3. Prove the implication (i) = (4).

Exercise 4

Let H = L*((0,1),R). Define the operator T on H by

1
VfeH, Vee(0,1), Tfx)= / €T+ F(1) dt.
0
1. Show that 7" is a bounded operator of finite rank.

2. Determine the eigenvalues and associated eigenvectors. Deduce o(T") (the spectrum

of T).

Exercise 5

Let H be a separable Hilbert space and (xy); a Hilbert basis of H. Denote the set
of Hilbert-Schmidt operators from H to H by Lys(H). Recall that a linear operator
T : H — H is Hilbert-Schmidt (or simply HS) if

S T < +oc.
k=1

Define

1
2

1T rs = <Z HTka2>
k=1

Show that:
(1) fT,S € Lys(H), then T+ S € Lys(H).
(2) If T € Lys(H), then T* € Lys(H) and ||T||gs = |77 gs-
(3) If T € L(H) and S € Lys(H), then ST € Lyg(H) and T'S € Lys(H). Moreover,

max ([ TS us, |ST||us) < T - [[S]|as-
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(4) For all T, S € Lys(H), the form

(T,S) = (Tay, Sxy)

k

is well defined (independent of the choice of (zx)) and defines an inner product on

Lps(H).

Exercise 6

Let H be a Hilbert space and T: H — H a continuous linear operator. Recall that

17| = sup{[|T () [I; [|«]] = 1}
1. Prove that [T = sup{|(T'(x), ) [|; ll=[l < L, [[yl <1}

2. Prove that there exists a unique linear operator 7*: H — H such that the following

three properties are satisfied:

(a) (T'(z),y) = (z,T*(y)) for all x,y € H,

(b) TN = {17},

(c) (T**=T.
The continuous linear operator 7™ is called the adjoint of T'.

3. If T'=T* (we say that T is self-adjoint or symmetric), prove that

171 = sup{[I(T (), ©)[]; =[] = 1}

Exercise 7

Let K : R? — R be a measurable function. Whenever for every f € L?(R) the function

T(f) = / K(y)f () dy

is well defined in L*(R), we say that T : L*(R) — L*(R) is an integral operator and that
K is its kernel.
If K € L*(R?), we say that T is a Hilbert-Schmidt operator. In the following, we

consider a Hilbert—Schmidt operator 17" with kernel K.
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1. If f € L*R), show that for almost every x € R the map y — K(x,y)f(y) is

integrable.

2. Show that the linear operator 7" is continuous and that ||T']| < [|K||f2(r2).

3. Prove that the adjoint 7* of T" is an integral operator with kernel (z,y) — K(y, ).

Exercise 8

Let X be a Banach space, A € £L(X), and A € C an element of the spectrum of A that is
not an eigenvalue. Show that for every compact operator K € IC(X), A belongs to the

spectrum of A + K.

Exercise 9
1. Consider the operator
T:Y(N) — (Y(N),  (ug,up,...) > (ur,ug,...).

Determine the spectrum of 7. Do T and its adjoint 7™ have the same spectrum? The same
eigenvalues? 2. Let F be the Banach space of bounded continuous functions f: R — C
with the sup-norm. Define T': E — E by T(f)(z) = f(x 4+ 1). Determine the spectrum
of T.

Exercise 10

Show that the unbounded operator T" on L?(0, 1), taking values in C, whose domain is
C([0,1]) and which is defined by T'f = f(1/2), is not closable.
More generally, show that a linear form that defines a closable operator on a Banach

space is bounded.
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Exercise 11

Consider an arbitrary sequence (o, )nen of scalars, and the vector space

V= {(xn)neN eC: Z(l + |O‘n|2)|$n|2 < "’OO} .

For x = (x,)nen € V, define Tx = (a,x,)nen; show that T is a closed, densely defined

operator on £2(N); determine its adjoint and its spectrum.

Exercise 12

If Ty € L(X,Y) and T, € L(Y,Z) are two Fredholm operators, show that T; o T} is
Fredholm from X to Z, and that

ind(Ty o Ty) = ind(T3) + ind(T).

If T" is Fredholm between two Hilbert spaces, show that its adjoint 7% is Fredholm, with
ind(T*) = — ind(T).

3.6 Solutions

Solution of Exercise 1

Let E = C([a, b], K) with the uniform norm || - || . Define

Tf(z) = / ko, 0)f(8) dr,

with k € C([a, b]?, K).

Since [a, b] is compact, k is uniformly continuous. Hence, for any bounded sequence
(fn)in E, (T'f,,) is equicontinuous and uniformly bounded. By the Arzela—Ascoli theorem,
(T'f,) has a uniformly convergent subsequence, so 7" maps bounded sets to relatively

compact sets. Thus 7" is compact.
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Solution of Exercise 2

Let H = (?(N,R) and define

Yn = E Anjly,

Jjz1
with 37 - [ani|* < oo,

Define finite-rank operators T by
N
(Tyx), = Zanj:cj, n=1,...,N,
j=1
and zero otherwise. Each Tl is compact (finite rank). One checks that
17 =Tl < D) lan* =0
n>N j>1

as N — oo. Since the set of compact operators is closed in the operator norm, 7' is

compact.

Solution of Exercise 3

Let E be a Banach space, T € L(E).

1. Assume (i): I — TS and Iy — ST compact.

Then ST = I — (I — ST) is a Fredholm operator, so Ker(ST') finite-dimensional.
Similarly, 7°S is Fredholm, so Im(7'S) has finite codimension. Since Ker(7") C Ker(ST)
and Im(7") D Im(7'S), we deduce (ii).

2. Closed subspace F' C E has a complement iff there exists a bounded projection
P with Im(P) = F.

3. Assume (ii): dimKer(7T") < oo, Im(T") closed with finite codimension.

Then T is Fredholm. There exist S € L(FE) such that [ — TS and [ — ST are

finite-rank, hence compact. Thus (i) holds.

Solution of Exercise 4

Let H = L2((0,1), R),
Tf(z) = /0 e+ F(1) dt.
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1. Write Tf(z) = €® fol e'f(t)dt. Hence Tf = (f,e)e”, so T is rank one, hence
bounded and compact.

2. For eigenvalue X # 0, solve T'f = \f:

e””/o () dt = Mf().

Thus f(z) = Ce* with C' = %fol e?*C'dt. That gives \ = fol e?dt = <L, For \ = 0,
kernel is all f with [ e'f(t)dt = 0. So o(T) = {0, <51}

Solution of Exercise 5
Let H separable Hilbert space, (xj) orthonormal basis. T" is Hilbert—Schmidt if
1T = 3 1Tl < oc.
k
(1) 7,5 € Lus(H):
|7+ Sllas < 1 Tllms + [|S]lms < oo

(2) 1T*(rs = 200 1T il * = 32 1Tl = (1T Ml
(8) ForT € L(H), S € Lys(H):

I1ST\zs = > IST il < 1SN s T
k

Similarly for T'S.
(4) (T,S) = >, (T'xy, Szy) is independent of basis choice and defines an inner prod-

uct.

Solution of Exercise 6

T : H — H continuous linear.
1.

[T = sup [[Tzl| = sup  [(Tz,y)|.

[J]|=1 ]| =1, llyl|=1

2. For each y, map x — (Tz,y) is continuous linear functional. By Riesz, exists
unique 7%y such that (T'z,y) = (x,T*y). T* is linear, bounded, ||T*|| = ||T||, (T*)* =T.
3. If T'=T%, then

Il = swp {T,2)]
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Solution of Exercise 7

K e L(R?), Tf(x) = [ K(w,y)f(y) dy.
1. For a.e. 7, y — K(z,y) € L*(R). By Cauchy-Schwarz,

/\K ) )| dy < 1K (2, Y|z | Lz < oo.

2. By Minkowski integral inequality,

1T fllzz < (1K z2@2)ll fllz2-

Thus ||| < [|K]|r:.
3. For f,g € L?,

(Tf,g)= / K(z,y)f(y)g(x) dydz.

Swap x and y to see

(f,T"g) / K(y,x) (x) dydz.

Thus T* has kernel K (y, x).

Solution of Exercise 8
Suppose, for contradiction, that A ¢ o(A + K). Then (A 4+ K — AI) is invertible. Write
A—M=(A+K —\) - K.
Since (A + K — M) is invertible and K is compact, the operator
[—(A+ K- AD)"'K

is of the form I — compact. If it is invertible, then A — AI is invertible (by the Fredholm
alternative), contradicting A € o(A). If it is not invertible, then 1 is an eigenvalue of the
compact operator (A + K — AI)"' K, which implies that ) is an eigenvalue of A (by a

standard argument), contradicting the hypothesis. Hence A € 0(A + K).

Solution of Exercise 9

1. The operator T is the (unweighted) backward shift on ¢'. Tts norm is ||T| = 1, so

o(T) C D (the closed unit disk). In fact, one can show that o(T) = D: for |A\| < 1, the
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vector (1,\,\?,...) is an eigenvector in ¢! with eigenvalue X. For |[A\| =1, T — I is not
surjective (by a standard argument). Hence o(T) = D.

The adjoint T* acts on > by T*(vg, vy,...) = (0,vg,v1,...). Its spectrum is also D),
but its eigenvalues are exactly the open disk {|A| < 1} (the same as 7). However, T*
also has points in D that are not eigenvalues but belong to the residual or continuous
spectrum. 2. First, T is invertible with inverse T7*(f)(z) = f(z — 1), and both T and
T have norm 1. Hence o(T) C S' (the unit circle). In fact, o(T) = S*. Indeed, for
A = ¢? the function f(x) = € satisfies Tf = € f, but it is not in E because it is
not bounded unless @ is real (which it is). Wait: ¢®® is bounded for § € R. Actually, it
is bounded only if # is real, and then its modulus is 1, so it belongs to E. Thus every
A = e is an eigenvalue. Conversely, if |\| # 1, then T — A is invertible (since ||T| = 1,
the Neumann series works for |A] > 1, and for |A\| < 1 one uses the inverse operator

explicitly). Hence o(T) = S*.

Solution of Exercise 10

Part 1: The operator 7. Domain: D(T) = C([0,1]) C L*(0,1), T : D(T) — C is
Tf = f(1/2).

Suppose T were closable. Let (f,) C D(T) with f, — 0in L? and T'f,, = f,,(1/2) — ¢
in C for some (. For closability we would need ¢ = 0.

We construct two sequences with the same L?-limit 0 but different limits of T'f,,:

First sequence: f,(x) = 0 for all n, then f,, — 0, T'f, = 0.

Second sequence: Let g, be a continuous "spike” at x = 1/2:

n(l —nlx—1/2|), |r—1/2|<1/n,

gn(2) =
0, otherwise.
Then ¢,(1/2) = n and ||g,||3. = fj{?n[n(l — nl|t])]?dt (substitute t = x — 1/2). This is
2 . [ 2 g 1 2
2 =2 1 —nt)2dt =202 — = — 0.
lonll = 202 (1=t = 20 o =

Thus g, — 0 in L% but Tg, = g,(1/2) = n — +oo. We can adjust to get finite limit:
e.g., take h, = £g,: then h,, — 0 in L? (since ||k, |2 = {|gall2 ~ #ﬁ — 0), but Th, =1

for all n.
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So h,, — 0 in L? but Th,, — 1 # 0. This shows T is not closable.

Part 2: General statement. Let X be a Banach space, D C X a dense subspace,
F : D — C a linear functional, viewed as an operator F': D ¢ X — C.

Suppose F'is closable. Let z,, =+ 0in X, z,, € D, and Fz,, — « in C. Since 0 € D
and F'(0) = 0, closability implies a = 0.

Thus: For any sequence z,, € D with z,, — 0, if (F'z,,) converges, then its limit is 0.

We now show F' is bounded. Suppose not: then 3y, € D with ||y,|| = 1 and |Fy,| —
oo. Let t, = 1/\/@ — 0 (if Fy, = 0, modify slightly; generically F'y,, # 0 for large n).
Set x,, = tyYn, SO ||x,]| = t, — 0, so x, — 0 in X. But Fzx, =t,Fy, = \/m — 00,
so (Fx,) diverges, not convergent. That alone does not contradict yet, but we can force
convergence:

Pick subsequence such that Fy,, all have same sign and |Fy,, | — co. Choose s,, =
1/|Fyn, |- Then s,,yn, — 0, F(Sp,Yn,) = £1, s0 F(Sn,yn,) — £1 # 0, contradiction to
closability.

Thus F' must be bounded on D. Since D is dense, F' extends uniquely to a bounded
linear functional on X. Hence any closable everywhere-defined linear form on a dense

subspace of a Banach space is bounded.

Solution of Exercise 11

Consider an arbitrary sequence (o, )nen of scalars, and the vector space

V= {(xn)neN e C: Z(l + |an|2)|$n|2 < "’OO} .

For x = (x,)nen € V, define Tx = (a,x,)nen; show that T is a closed, densely defined
operator on £2(N); determine its adjoint and its spectrum.

We work on H = (*(N) with standard inner product (z,y) = > 2,7y.

Domain D(T) =V ={z € £ : Y |a,*|z.|* < oo}, ie., (anz,) € 2.

Density: Let ey = (0u1)n>0; each e € D(T) since |ag|*|1|* < oo. Finite linear
combinations of e; (i.e., sequences with finitely many nonzero terms) are in D(T") and

are dense in (2. So D(T) is dense.
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Closedness: Suppose ™ € D(T), ™ — x in £2, and T2™ — y in /2. We must
show z € D(T) and Tz = y.

Convergence in ¢? implies componentwise convergence: for each n, x%m) — x, as

m — oo, and (T'z™), = anx%m) = Yn. SO T, =y, for each n. Hence y = (v, 2y)n, SO
x € D(T) and Tx = y. So T is closed.

Adjoint: For x € D(T'), y € D(T*), we need (T'z,y) = (x, T*y) for all z € D(T).

(Tx,y) =, @nZpTn = Y, TnlinY, when the series converges absolutely for all €
D(T).

This equals (z, z) with z, = @,y, provided z € ¢? and y is such that > |z, ||cn||ys] <
oo for all x € D(T). The largest y for which this holds for all z € D(T) is those with
(@nyn) € 2, 1e, >, |an*lyn]* < 00, so y € D(T) and then T*y = (ay,).

Thus D(T*) = D(T) and Ty = (@nyn)-

Spectrum: Since 7T is a multiplication operator on its domain, we analyze o(T).

Point spectrum o,(7): Solve (T'— M)z = 0, z € D(T), v # 0: (a, — Nz, = 0
for all n. If X = oy for some k, choose x = e; e € D(T), so ap € 0,(T). Thus
{an, :m € N} C o,(T).

Now, is every A ¢ {a,} in p(T)? We check if T'— A is bijective from D(T') to £* with
bounded inverse.

For \ # a,, (T — AI)~! would be multiplication by 1/(c,, — A) on its range. But we
need this inverse defined on all 2 and bounded, with range exactly D(T).

Given y € (2, define x, = y,/(a, — A). We need z € D(T): (1) z € (> — requires
sup,, 1/]a, — A| < oo, ie., |a, — A > 6 > 0 for all n. (2) (a,z,) € £* automatically
if z € /% and «a,, bounded? Not necessarily: if «, unbounded, need also a,/(a, — \)
bounded, i.e., |a,|/|a, — A| < M. This fails if A is a limit point of «,, from ”outside”
such that ratios blow up.

Thus A € (7)) if either:

e )\ € {w,} (point spectrum).

e )\ ¢ {w,} but inf, |, — A| = 0 (then inverse exists but not bounded, so A € ¢.(7T)),
or inverse exists, bounded, but range not dense? Actually, if inf,, |a,, — A| > 0, then

1/(a, — A) bounded, so R(T — AI) = ¢* and bounded inverse, so A € p(T). Wait:
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If inf, |a, — A| > 0, then 1/(cy, — A) bounded; then z, = y,/(a, — ) is in ¢? for
y € 02, but is (a,z,) € 27 (anzy) = (yn/ (0 — X)) = Yy + A2y, so clearly in £2
since y € /2 and x € (2. So indeed z € D(T). So X € p(T).

Thus o(T") = {a,}, the closure in C. 0,(T") = {an}, 0.(T) = {an} \ {a,} (limit points
not in the sequence), no residual spectrum because 7' is normal on its domain (and 7*

has same domain).

Solution of Exercise 12

A bounded linear operator T' is Fredholm if dimker T' < oo, coker T' = Z/ran T satisfies

dim coker T' < oo, and ran T is closed. Its index is
ind(7") = dim ker T" — dim coker 7.

Step 1: Kernel of T5 o T7.

We have ker(Ty o T}) = Ty ' (ker Ty). Restrict Ty to Ty : ker(Ty o T}) — ker Ty, which is

surjective by definition. Its kernel is ker T}. The exact sequence of vector spaces
0 — kerTy; < ker(Ty0TY) 4, kerTy — 0

implies

dimker(7y o T7) = dim ker 77 + dim ker T5.

Step 2: Cokernel of Ty o Tj.

Consider the restriction fg :Y/ranTy — Z/ran(T; o T}) induced by T5. One checks this
is well-defined and surjective, and its kernel is (ker 75 +ran7})/ran T} = ker 75/ (ker 75 N
ranT}).

Also consider ﬁ :coker T} — (ker Ty +ranTy)/ranT) by y+ranTy — y +ranT} (for

y € ker Ty), which is surjective with kernel ran 7} Nker 7o/ ran 77 = 0, so actually
coker T} = (ker Ty + ranTy)/ ranT7.
Then using @ above, we get exact sequence

0 — coker T7 — coker(Ty o T}) — coker Tp — 0,
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where the last map comes from Z/ran(T; o Ty) — Z/ran Ty being surjective with kernel
ran Ty /ran(Ty o T}) = coker T} (by the isomorphisms above).
Hence

dim coker(T3 o T7) = dim coker T + dim coker T5.

Step 3: Closed range.

Since T and T5 have closed range, one can show 75 o T7 has closed range using the finite
dimensionality of kernels and cokernels in previous steps and the closed range theorem
applied suitably.

Step 4: Index formula.

From Steps 1 and 2,

ind(TQ e} Tl) = dim ker(T2 @) Tl) — dim Coker(TQ ¢} Tl)
= [dim ker 77 4 dim ker T3] — [dim coker T} + dim coker T3]
= (dimker 77 — dim coker T7) + (dim ker 75 — dim coker T5)
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