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Introduction

This manuscript educational, entitled ”Course and exercises on the theory of linear op-

erators” is the result of several years of teaching Topology of metric spaces, normed

vector spaces and Hilbert analysis. This booklet is a collection courses to familiarize

the student with the basic notions of linear operators theory to provide a foundation

for potential future studies in PDEs, spectral theory, and abstract differential equations.

It is intended for third-year bachelor’s degree in mathematics students, and was taught

at Djilali Bounaama University in Khemis Miliana. I have followed the official program

published in the ministerial decision in the semester course organization sheet for the

academic year: 2025-2026.

This manuscript is divided into three chapters. The goal of the first Chapter is

to present the basic results in topology such as infinite-dimensional Banach and finite-

dimensional normed vector spaces, the L(E,F) space of linear operators, dense domain

operators and continuity extension with Point convergence, Uniform bound principle and

invertibility of linear operators.

In the second chapter, we turn to the Hahn–Banach theorem in its analytic form and

its consequences, as well as the first and second geometric forms of this theorem. Adjoint

operator, Hilbert spaces with the properties of the adjoint of a linear operator and we

study the Spectrum of an operator.

The last chapter introduces a very important concept in analysis: compact operators,

including the Fredholm alternative, the spectrum of a compact operator and the finite-

rank operators.

At the end of each chapter, we provide a series of diverse and rich exercises to ensure

a better understanding of the material. Some of these exercises have been addressed in
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tutorial sessions.

Finally, I hope that the student and mathematics teacher find their needs in this

manuscript and I believe that this work is always in need of revision, so I welcome all

constructive and useful criticism.
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Chapter 1

Linear Operators

1.1 Reminders on Banach spaces

1.1.1 Definitions and preliminary results

Definition 1.1. Let E be a vector space over the field K (where K = R or C). A norm

on E is an application N : E → R+ satisfying the following axioms:

N(x) = 0 ⇔ x = 0 ∀x ∈ E (N1)

N(λx) = |λ|N(x) ∀λ ∈ K,∀x ∈ E (N2)

N(x + y) ≤ N(x) + N(y) ∀x, y ∈ E (N3)

The pair (E,N) is called a normed vector space.

Example 1.1. The standard norms on Rn:

N1(x) =
n∑
i=1

|xi| (1)

N2(x) =

(
n∑
i=1

|xi|2
)1/2

(2)

N∞(x) = max
1≤i≤n

|xi| (3)

Example 1.2. The norm defined on ℓp(C), the space of sequences:

ℓp(C) =

{
(xn) ⊂ C :

∞∑
n=0

|xn|p < ∞

}
, where p ∈ [1,∞)

6



CHAPTER 1. LINEAR OPERATORS

The norm is given by:

∥x∥p =

(
∞∑
n=0

|xn|p
)1/p

Definition 1.2. Let E be a normed vector space. A sequence (xn) in E is called a

Cauchy sequence if and only if:

lim
m,n→∞

∥xn − xm∥ = 0

i.e., ∀ε > 0,∃n0 ∈ N,∀m,n ≥ n0, ∥xn − xm∥ < ε.

Definition 1.3. A sequence (xn) in E converges to x ∈ E if and only if:

lim
n→∞

∥xn − x∥ = 0

Definition 1.4. A function f : E → F (where F is another normed space) is said to be

continuous at x0 ∈ E if and only if:

∀ε > 0,∃α > 0, ∥x− x0∥ < α ⇒ ∥f(x) − f(x0)∥ < ε

1.1.2 Banach Space

Definition 1.5. Let E be a metric space. E is called Banach Space if and only if every

Cauchy sequence in E converges (in E).

Definition 1.6. A normed space E is called a Banach space if it is complete as a metric

space with the distance induced by the norm, i.e., if every Cauchy sequence converges.

1.1.3 Examples of infinite-dimensional Banach spaces

Example 1.3. Recall that RN or CN for N ∈ N∗, equipped with a norm, is a Banach

space.

Example 1.4. Moreover, the space of bounded sequences l∞, endowed with the norm

∥x∥l∞ given for x ∈ l∞ by

∥x∥l∞ = sup
n∈N

|xn| < ∞,

is a Banach space.
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CHAPTER 1. LINEAR OPERATORS

Example 1.5. More generally, the spaces lp for every 1 ≤ p < ∞, i.e., x ∈ lp when

x = (xn)n∈N with

∥x∥lp
(∑
n∈N

|xn|p
)1/p

< ∞,

are Banach spaces.

Example 1.6. Rn with any of the following norms (p ∈ N∗) is a Banach space:

∥x∥∞ = max
1≤i≤n

|xi|, ∥x∥p =

(
n∑
i=1

|xi|p
)1/p

Example 1.7. For p ∈ [1,∞), the space

ℓp(C) =

{
(xn) ⊂ C :

∞∑
n=0

|xn|p < ∞

}

with the norm

∥x∥p =

(
∞∑
n=0

|xn|p
)1/p

is a Banach space.

Example 1.8. The space of bounded sequences on C:

ℓ∞(C) =

{
(xn) ⊂ C : sup

n≥0
|xn| < ∞

}
with the norm

∥x∥∞ = sup
n≥0

|xn|

is a Banach space.

Proposition 1.1. Let (E1, ∥ · ∥1) and (E2, ∥ · ∥2) be Banach spaces over K. Then the

product space E1 × E2 with the norm

∥(x, y)∥E1×E2 = max(∥x∥1, ∥y∥2)

is a Banach space.

Proof. Let ((xn, yn)) be a Cauchy sequence in E1×E2. Then for n,m ∈ N with n,m > n0,

we have:

∥(xn, yn) − (xm, ym)∥E1×E2 = max(∥xn − xm∥E1 , ∥yn − ym∥E2) < ε

8



CHAPTER 1. LINEAR OPERATORS

This implies that (xn) is Cauchy in E1 and (yn) is Cauchy in E2. Since E1 and E2 are

complete, xn → x in E1 and yn → y in E2. Then:

∥(xn, yn) − (x, y)∥E1×E2 = max(∥xn − x∥E1 , ∥yn − y∥E2) → 0

Hence, (xn, yn) → (x, y) in E1 × E2.

1.1.4 Finite-dimensional normed vector spaces

For n ≥ 1, let E be a K-vector space of dimension n and {e1, . . . , en} a basis of E.

Consider on E the norm ∥ · ∥∞ defined by

∥∥∥ n∑
i=1

xiei

∥∥∥
∞

= max{|x1|, . . . , |xn|}.

Proposition 1.2. (i) Let F be a normed vector space and T : Kn → F a linear map.

Then T is continuous.

(ii) All norms on E are equivalent.

(iii) E is complete for any norm ∥ · ∥.

Proof. (i) For every x =
∑n

i=1 xiei ∈ Kn, we have Tx =
∑n

i=1 xiTei and therefore

∥Tx∥ ≤
n∑
i=1

|xi|∥Tei∥ ≤
n∑
i=1

∥Tei∥∥x∥∞.

This shows that T is continuous and that ∥T∥ ≤
∑n

i=1 ∥Tei∥.

(ii) It suffices to show that every norm ∥ · ∥ is equivalent to the norm ∥ · ∥∞.

For every x =
∑n

i=1 xiei ∈ Kn, we have

∥x∥ ≤
n∑
i=1

|xi|∥ei∥ ≤ C∥x∥∞,

with C =
∑n

i=1 ∥ei∥. Let

S = {x ∈ E : ∥x∥∞ = 1}.

Every sequence (xn)n of elements of S contains a convergent subsequence; thus S is

compact.

9



CHAPTER 1. LINEAR OPERATORS

Consider the map

f : S → [0,+∞[, x 7→ ∥x∥.

Then f is continuous on the compact set S and f(x) > 0 for every x ∈ S. Therefore

there exists ϵ > 0 such that f(x) ≥ ϵ, i.e. ∥x∥ ≥ ϵ, for every x ∈ S.

Let x ∈ E with x ̸= 0. Then, since 1
∥x∥∞x ∈ S, we have

1

∥x∥∞
∥x∥ ≥ ϵ,

i.e. ∥x∥∞ ≤ 1
ϵ
∥x∥.

(iii) It is clear that E, equipped with the norm ∥·∥∞, is complete. By (ii), E equipped

with any norm is complete.

1.2 The space L(E,F) of linear operators

Definition 1.7. 1. An operator is a mapping between two vector spaces.

2. Let E and F be two K-vector spaces; T : E → F is a linear operator if it is linear,

i.e.,

∀x, y ∈ E, ∀λ ∈ K

T (x + y) = T (x) + T (y) and T (λx) = λT (x)

3. Let E and F be two normed K-vector spaces. T : E → F is a continuous linear

operator on E if T is linear and continuous on E, i.e.,

∀x0 ∈ E : ∀(xn)n∈N ∈ E : xn → x0 ⇒ ∥Txn∥ → ∥Tx0∥.

4. Let E and F be two normed K-vector spaces. T : E → F is a bounded linear

operator if:

∃C > 0,∀x ∈ E : ∥Tx∥F ≤ C∥x∥E.

Definition 1.8. • L(E,F ) is the set of linear operators.
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CHAPTER 1. LINEAR OPERATORS

• L(E,F ) is the set of continuous linear operators.

• If E = F , we write L(E,F ) = L(E) and L(E,F )=L(E).

Theorem 1.1. Let L(E,F ). Then, the following statements are equivalent:

A) T is continuous on E.

B) T is continuous at 0E.

C) T is bounded on B(0, 1).

D) T is bounded on S(0, 1).

E) There exists M ∈ R+ such that ∀x ∈ E, ∥Tx∥F ≤ M∥x∥E.

(F) T is uniformly continuous on E.

Proof. A) ⇒ B), is obvious. B) ⇒ C), if A is continuous at 0E, then there exists δ > 0,

such that

if x ∈ B(0, δ) : T (x) ∈ B(0, 1).

Let x ∈ B(0, 1), then δx ∈ B(0, δ), so T (δx) ∈ B(0, 1), and since A ∈ L(E,F ), then

∀x ∈ B(0, 1), T (x) ∈ B

(
0,

1

δ

)
,

therefore T is bounded on B(0, 1).

C) ⇒ D), is obvious. D) ⇒ E), if T is bounded on S(0, 1), then there exists M > 0,

such that

∀x ∈ S(0, 1), ∥T (x)∥ ≤ M.

Let x ∈ E, with x ̸= 0, we have x
∥x∥ ∈ S(0, 1), so∥∥∥∥T ( x

∥x∥

)∥∥∥∥ ≤ M.

hence

∀x ∈ E, ∥T (x)∥ ≤ M∥x∥.

E) ⇒ F) Let x, y ∈ E, we have

∥T (x) − T (y)∥ = ∥T (x− y)∥ ≤ M∥x− y∥.

Then T is M -Lipschitz, hence T is uniformly continuous on E.

F) ⇒ A), is obvious.

11



CHAPTER 1. LINEAR OPERATORS

Theorem 1.2. Let T ∈ L(E,F ) and suppose that:

N1 = sup
x∈E\{0}

∥Tx∥F
∥x∥E

.

N2 = sup
x∈S(0,1)

∥Tx∥F .

N3 = sup
x∈B(0,1)

∥Tx∥F .

N4 = inf{M ∈ R+ : ∥Tx∥F ≤ M∥x∥E}.

Then, we have:

N1 = N2 = N3 = N4.

Proof. Let x ∈ E, then

∥Tx∥F ≤ N2, for x ∈ S(0, 1).

If x ̸= 0, then x
∥x∥ ∈ S(0, 1), so

∥Tx∥F
∥x∥E

≤ N2, for x ∈ E \ {0},

therefore

N1 = sup
x∈E\{0}

∥Tx∥F
∥x∥E

≤ N2.

Let x ∈ B(0, 1), then ∥Tx∥F ≤ N3, so

∥Tx∥F ≤ N3, for x ∈ S(0, 1),

hence

N2 ≤ sup
x∈S(0,1)

∥Tx∥F ≤ N3.

By the definition of N4, for all ε > 0, there exists Mε ∈ R+, such that

0 ≤ Mε ≤ ε + N4 and ∥Tx∥F ≤ Mε∥x∥E, for all x ∈ E.

Then,

∥Tx∥F ≤ Mε∥x∥E ≤ (ε + N4)∥x∥E, for all x ∈ E.

Consequently

N3 = sup
x∈B(0,1)

∥Tx∥F ≤ ε + N4.

When ε → 0, we obtain N3 ≤ N4.
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CHAPTER 1. LINEAR OPERATORS

By the definition of N1, we have

∥Tx∥F ≤ N1∥x∥E, for all x ∈ E.

Then

N1 ∈ {M ∈ R+ : ∥Tx∥F ≤ M∥x∥E}.

So

N4 = inf{M ∈ R+ : ∥Tx∥F ≤ M∥x∥E} ≤ N1.

Finally, we have found the following relation

N1 ≤ N2 ≤ N3 ≤ N4 ≤ N1.

This means

N1 = N2 = N3 = N4.

Definition 1.9. If T is a continuous linear map from E to F , we set:

∥T∥L(E,F ) = N1 = N2 = N3 = N4.

∥T∥L(E,F ) is called the operator norm or the norm subordinated to the norms of E and

F . We have in particular:

∥Tx∥F ≤ ∥T∥L(E,F )∥x∥E, for all x ∈ E.

Proposition 1.3. i) L(E,F ) is a vector subspace of L(E,F ).

ii) The map L(E,F ) → R+, T → ∥T∥L(E,F ) is a norm on L(E,F ).

Proof. Let α, β ∈ K, T, S ∈ L(E,F ), there exist M1 > 0 and M2 > 0 such that

∥Tx∥F ≤ M1∥x∥E and ∥Sx∥F ≤ M2∥x∥E, for all x ∈ E.

Then:

∥(αT+βS)x∥F = ∥αTx+βSx∥F ≤ |α|∥Tx∥F+|β|∥Sx∥F ≤ (|α|M1+|β|M2)∥x∥E, for all x ∈ E.

Therefore, the map αT + βB is continuous, meaning αT + βB ∈ L(E,F ), hence

L(E,F ) is a vector subspace of L(E,F ). □

13
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Proposition 1.4. If F is a complete normed K-vector space, then L(E,F ) is also a

complete normed vector space.

Proof. Let (Tn)n∈N be a Cauchy sequence in L(E,F ), for all ε > 0,

∃n0 ∈ N, n,m ≥ n0 : ∥Tn − Tm∥L(E,F ) ≤ ε

For all x ∈ E, we have

∥Tnx− Tmx∥F = ∥(Tn − Tm)x∥F

≤ ∥Tn − Tm∥L(E,F )∥x∥E

≤ ϵ∥x∥E.

This means, for all x ∈ E, (Tnx)n∈N is a Cauchy sequence in F . The completeness of

F allows us to assert that Tnx converges in F to a certain limit which we denote Ax.

We will show that the map T : E → F is linear. Let α, β ∈ K and x, y ∈ E, we have

T (αx + βy) = lim
n→+∞

Tn(αx + βy)

= α lim
n→+∞

Tnx + β lim
n→+∞

Tny

= αTx + βTy.

Let us show that T is continuous. Let x ∈ BE(0, 1), then

∥Tx∥F = lim
n→∞

∥Tnx∥F ≤ lim
n→∞

∥Tn∥L(E,F )∥x∥E

≤ M∥x∥E,

with M = sup{∥Tn∥L(E,F ) : n ∈ N} < ∞, because (Tn)n∈N is a bounded sequence

(since it is Cauchy), hence the continuity of T .

Let us show that (Tn)n∈N converges to T in L(E,F ). Let x ∈ BE(0, 1), we have

∃n0 ∈ N, n,m ≥ n0 : ∥Tnx− Tmx∥F ≤ ϵ.

When m → +∞, we find

14
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∃n0 ∈ N, n ≥ n0 : ∥Tnx− Tx∥F ≤ ϵ.

Then

∃n0 ∈ N, n ≥ n0 : ∥Tn − T∥L(E,F ) = sup
∥x∥E≤1

∥Tnx− Tx∥F ≤ ϵ.

This establishes the convergence of the sequence (Tn)n to T in the space L(E,F ).

□

Proposition 1.5. Let E,F and G, be three normed vector spaces, T ∈ L(E,F ) and

S ∈ L(F,G). Then, S ◦ T ∈ L(E,G) and

∥S ◦ T∥L(E,G) ≤ ∥T∥L(E,F )∥S∥L(F,G).

Proof. Let x ∈ BE(0, 1), we have

∥(S ◦ T )(x)∥G = ∥S(T (x))∥G

≤ ∥S∥L(F,G)∥T (x)∥F

≤ ∥S∥L(F,G)∥T∥L(E,F )∥x∥E

≤ ∥S∥L(F,G)∥T∥L(E,F ).

hence

∥S ◦ T∥L(E,G) = sup
{
∥(S ◦ T )(x)∥G : x ∈ BE(0, 1)

}
≤ ∥S∥L(F,G)∥T∥L(E,F ).

Proposition 1.6. Let E and F , be two normed vector spaces, with E finite-dimensional.

Then L(E,F ) = L(E,F ), in other words, every linear map on a finite-dimensional space

E is continuous.

15
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Proof. Let {e1, e2, ..., en} be a basis of E. For all x ∈ BE(0, 1), we have x =
∑n

i=1 xiei,

and

∥T (x)∥F =

∥∥∥∥∥T
(

n∑
i=1

xiei

)∥∥∥∥∥
F

≤
n∑
i=1

|xi|∥T (ei)∥F

≤

(
n∑
i=1

∥T (ei)∥F

)
max

i∈{1,...,n}
|xi|

=

(
n∑
i=1

∥T (ei)∥F

)
∥x∥∞ (where ∥x∥∞ = max

i
|xi|).

Since dimE = n < ∞, all norms are equivalent, so there exists α > 0 such that

∀x ∈ E, ∥x∥∞ ≤ α∥x∥E.

Therefore

∥T (x)∥F ≤

(
n∑
i=1

∥T (ei)∥F

)
α∥x∥E.

Hence the continuity of A. □

Lemma 1.1. If the operator T is bounded, with bound M , then ∥T∥ ≤ M .

Indeed:

T bounded on E ⇒ ∃M > 0, ∥T (x)∥F ≤ M∥x∥E,

and moreover,

∥T (x)∥F ≤ ∥T∥∥x∥E.

Since ∥T∥ is the smallest constant M such that this holds.

Proposition 1.7. If the space E is finite-dimensional (dimE = n), then every linear

operator T : E → F is continuous, i.e.,

L(E,F ) = L(E,F ).

16
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Proof. Let dimE = n. Let {v1, . . . , vn} be a basis of E, such that:

∀x ∈ E : x =
n∑
i=1

λivi, λi ∈ K.

Since E is finite-dimensional, all norms are equivalent. Consider the norm ∥x∥∞ =

maxi=1,...,n |λi|. Then:

∥Tx∥F = ∥T

(
n∑
i=1

λivi

)
∥F ≤

n∑
i=1

|λi| · ∥T (vi)∥ ≤
(

max
i

|λi|
)( n∑

i=1

∥T (vi)∥

)
≤ C∥x∥∞.

This is sufficient to show that T is continuous on E.

Remark 1.1. If dimE = ∞: T ∈ L(E,F ) ̸⇒ T ∈ L(E,F ) .

Example 1.9. Let E = R[x] be the space of real polynomials.

E = {P : R → R | P (x) = a0 + a1x + · · · + anx
n, . . .}, dimE = ∞.

Take ∥Pn∥ = maxi |ai|. Define the operator Tn : R[x] → R[x] by:

P 7→ TnP =
n∑
i=0

ai.

Let P̃ =
∑n

i=0 x
i, then ai = 1, so P̃ ∈ E,

∥TnP̃∥ =

∣∣∣∣∣
n∑
i=0

ai

∣∣∣∣∣ = n + 1 ⇒ ∥TnP̃∥ n→∞−−−→ +∞.

Since ∥TnP̃∥ depends on n and tends to infinity, there does not exist a constant M such

that ∥TnP̃∥ ≤ M∥P̃∥. Therefore, Tn is not continuous.

Theorem 1.3. Let E be a normed vector space and let F be a Banach space, then L(E,F )

is a Banach space.

Proposition 1.8. If T ∈ L(E,F ), S ∈ L(F,G), then S ◦ T = ST ∈ L(E,G) and

∥ST∥ ≤ ∥S∥ · ∥T∥

.

Lemma 1.2. Let E, F and G be three normed vector spaces.
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• If T ∈ L(E,F ), S ∈ L(F,G) then:

S ◦ T = ST ∈ L(E,G) and we have

∥ST∥ ≤ ∥S∥ · ∥T∥.

Proof. Indeed: ∀x ∈ E, ∥ST (x)∥ ≤ ∥S∥ · ∥T (x)∥ ≤ ∥S∥ · ∥T∥ · ∥x∥.

Moreover we have: ∥ST (x)∥ ≤ ∥ST∥ · ∥x∥

and since: ∥ST∥ is the smallest of the constants M such that: ∥ST (x)∥ ≤ M∥x∥

∀x ∈ E, then:

∥ST∥ ≤ ∥S∥ · ∥T∥

• If T ∈ L(E) we have ∀n ∈ N: ∥T n∥ ≤ ∥T∥n. (Note that in our case, )

Definition 1.10. Let T be a linear operator on E. We say T is bounded if and only if

there exists a constant c > 0 such that:

∥T (x)∥F ≤ c∥x∥E ∀x ∈ E

Theorem 1.4. A linear operator T is continuous if and only if it is bounded.

Proof. (⇒) Suppose T is continuous but not bounded. Then for every M > 0, there

exists xM such that ∥TxM∥ > M∥xM∥. In particular, for n ∈ N, there exists a sequence

(xn) in E such that:

∥Txn∥ > n∥xn∥

Define yn = xn
n∥xn∥ . Clearly, limn→∞ yn = 0. Since T is continuous, we get Tyn → 0. But:

∥Tyn∥ =
1

n∥xn∥
∥Txn∥ >

1

n∥xn∥
· n∥xn∥ = 1

which is a contradiction.

(⇐) If T is bounded, then there exists M > 0 such that ∥Tx∥ ≤ M∥x∥. Let (xn) be

a sequence in E converging to x. Then:

∥T (xn − x)∥ ≤ M∥xn − x∥ → 0

which shows that Txn → Tx, so T is continuous.

18
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Theorem 1.5. For a linear operator T ∈ L(E,F ), the following three properties are

equivalent:

1. T is bounded.

2. T is continuous on E.

3. T is continuous at the point 0 ∈ E.

Proof. (1) ⇒ (2): Already shown. (2) ⇒ (3): Trivial. (3) ⇒ (1): Suppose T is continuous

at 0 but not bounded. Then for every n ∈ N, there exists a non-zero vector xn ∈ E such

that ∥Txn∥ > n∥xn∥. Let yn = xn
n∥xn∥ . Then ∥yn∥ = 1

n
→ 0, so yn → 0. But:

∥Tyn∥ =
1

n∥xn∥
∥Txn∥ >

1

n∥xn∥
· n∥xn∥ = 1

so Tyn does not converge to T0 = 0, contradicting continuity at 0. Thus, T must be

bounded.

Theorem 1.6. If T is an additive and continuous operator on a normed vector space,

then it is homogeneous.

Proof. 1. For n ∈ N, we have T (nx) = nT (x) (by induction).

2. For n = 0, T (0 · x) = T (0) = 0 = 0 · T (x).

3. For n ∈ Q, let n = m/k. Then:

T
(m
k
x
)

= mT
(x
k

)
= m · 1

k
T (x) =

m

k
T (x)

(since T (x) = T (k · (x/k)) = kT (x/k) implies T (x/k) = 1
k
T (x)).

4. For λ ∈ R (or C), let λn → λ with λn ∈ Q. By continuity, T (λnx) → T (λx). But

T (λnx) = λnT (x) → λT (x). Hence, T (λx) = λT (x).

1.2.1 Calculating the Norm of an Operator:

We consider a type of operator where the norm can be easily computed.
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Definition 1.11. Let E,F be Banach spaces. For T ∈ L(E,F ), the norm of T is

defined as the smallest positive constant c such that ∥Tx∥F ≤ c∥x∥E, i.e.:

∥T∥L = inf{M > 0 : ∥Tx∥F ≤ M∥x∥E}

Proposition 1.9. Let T ∈ L(E,F ). Then:

1. ∀x ∈ E, ∥Tx∥F ≤ ∥T∥L∥x∥E

2. ∀ε > 0,∃xε ∈ E, ∥Txε∥F ≥ (∥T∥L − ε)∥xε∥E

3. ∥T∥L = supx ̸=0
∥Tx∥F
∥x∥E

= sup∥x∥E≤1 ∥Tx∥F

Proof. Let M0 = ∥T∥L. By definition, ∥Tx∥F ≤ M0∥x∥E for all x ∈ E, proving (1).

For (2), by the definition of infimum, for every ε > 0, M0 − ε is not a lower bound.

Thus, there exists xε ∈ E such that ∥Txε∥F > (M0 − ε)∥xε∥E.

For (3), from (1), for ∥x∥E ≤ 1, we have ∥Tx∥F ≤ ∥T∥L, so:

sup
∥x∥E≤1

∥Tx∥F ≤ ∥T∥L

Now, let yε = xε
∥xε∥E

. Then ∥yε∥E = 1, and:

∥Tyε∥F =
1

∥xε∥E
∥Txε∥F ≥ 1

∥xε∥E
(M0 − ε)∥xε∥E = M0 − ε

Hence, sup∥x∥E≤1 ∥Tx∥F ≥ M0 − ε for every ε > 0, so:

sup
∥x∥E≤1

∥Tx∥F ≥ M0 = ∥T∥L

Combining both inequalities gives the result.

Example 1.10. Let T : C([a, b],R) → R be defined by Tx =
∫ b
a
x(t)dt. Then:

∥Tx∥ ≤
∫ b

a

|x(t)|dt ≤ (b− a)∥x∥∞

So ∥T∥ ≤ (b − a). Consider the constant function x0(t) = 1. Then ∥x0∥∞ = 1 and

Tx0 = b− a, so ∥Tx0∥ = b− a. Thus, ∥Tx0∥
∥x0∥∞ = b− a, and hence ∥T∥ = b− a.

Lemma 1.3. If T ∈ L(E,F ) and ∥Tx∥F = ∥x∥E (T is isometric), then T is bounded

and ∥T∥ = 1.
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In practice, calculating the norm of an operator is not always straightforward; for

this, we use the following result:

Proposition 1.10. Let T ∈ L(E,F ) and M > 0. Suppose ∥T∥ ≤ M . To show that

∥T∥ = M , it suffices that one of the following two conditions holds:

i. ∃x ∈ E : ∥x∥E = 1 and ∥Tx∥F = M .

ii. There exists a sequence (xn) in E with ∥xn∥ = 1, and limn→∞ ∥Txn∥F = M .

Example 1.11. Let E = C([0, 1],R), T : E → E, equipped with the norm ∥·∥∞.

For all f ∈ C([0, 1],R), define:

(Tf)(x) =

∫ x

0

f(t) dt, ∀x ∈ [0, 1].

Then:

|Tf(x)| ≤
∫ x

0

|f(t)| dt ≤ sup
t∈[0,1]

|f(t)| ·
∫ x

0

dt ≤ ∥f∥∞ · x ≤ ∥f∥∞.

So ∥Tf∥∞ ≤ ∥f∥∞, hence T is bounded and ∥T∥ ≤ 1.

Now show that ∥T∥ = 1. Take f(t) = 1 (constant function), ∥f∥∞ = 1, and:

Tf(x) =

∫ x

0

1 dt = x ⇒ ∥Tf∥∞ = sup
x∈[0,1]

x = 1.

By Proposition 1.8, ∥T∥ = 1.

Example 1.12. Show that the following operator is well-defined and find its norm:

T : (C([0, 1],R), ∥·∥∞) → (L2([0, 1]), ∥·∥2), T f = xf(x).

(Homework).

1.3 Operators with Dense Domain and Extension by

Continuity

Definition 1.12. An operator with dense domain is an operator

T : D(T ) ⊂ E −→ F (possibly bounded),
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with D(T ) = E (i.e., D(T ) is dense in E).

Here, D(T ) = {x ∈ E | Tx ∈ Im(T )}.

(If D(T ) ̸= E, then T may be bounded on D(T ) but not on E).

Example 1.13. (Unbounded Operator)

Consider the operator:

T : P ⊂ C([0, 1],R) −→ C([0, 1],R), P (t) 7→ P ′(t),

where P is the subspace of C([0, 1],R) consisting of polynomial functions, and C([0, 1],R)

is equipped with the uniform norm ∥·∥2.

This operator is not bounded. Indeed, let Pn(t) = tn, n ∈ N, ∥Pn∥ = supt∈[0,1] |Pn(t)| =

1.

∥TPn∥ = ∥P ′∥ = sup
t∈[0,1]

|ntn−1| = n ⇒ ∥TPn∥
n→∞−−−→ +∞.

So there is no constant C > 0 such that ∥TPn∥ ≤ C∥Pn∥. Hence, T is not bounded on

P.

Theorem 1.7. ( Extension by Continuity )

Let T : D(T ) ⊂ E → F , where F is a Banach space. Assume T has a dense domain

(D(T ) = E) and is bounded:

∃M > 0,∀x ∈ D(T ) : ∥Tx∥F ≤ M∥x∥E.

Then, the operator T can be extended to the whole space E by continuity, with preservation

of the norm, i.e., there exists T̃ ∈ L(E,F ) such that:

T̃ (x) = T (x), ∀x ∈ D(T ), and ∥T̃∥ = ∥T∥.

The operator T̃ is called the extension by continuity of T .

Definition 1.13. Simple convergence, uniform convergence.

Let E,F be normed vector spaces. We say that a sequence (Tn) in L(E,F ) converges

to T ∈ L(E,F ):
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1. Simply (pointwise) if:

∀x ∈ E : lim
n→∞

∥Tnx− Tx∥F = 0, denoted Tn
cs−→ T.

2. Uniformly if:

lim
n→∞

∥Tn − T∥ = 0, denoted Tn
cu−→ T.

Proposition 1.11. If Tn
cu−→ T , then Tn

cs−→ T (the converse is false).

Assume Tn → T in L(E,F ), i.e., Tn − T ∈ L(E,F ), T ∈ L(E,F ). Then:

∥(Tn − T )(x)∥ ≤ ∥Tn − T∥ · ∥x∥ ⇒ ∥Tnx− Tx∥ ≤ ∥Tn − T∥∥x∥, ∀x ∈ E.

Taking the limit:

lim
n→∞

∥Tnx− Tx∥ ≤ lim
n→∞

∥Tn − T∥∥x∥ = 0.

Hence, limn→∞ ∥Tnx− Tx∥ = 0, so Tn converges simply to T .

1.4 Pointwise convergence and uniform convergence

Let (Tn) be a sequence of bounded linear operators from X to Y and let T be a bounded

linear operator from X to Y .

Definition 1.14. We say that the sequence (Tn) converges pointwise (or simply, or

strongly) to T if

∀x ∈ X, Tnx −−−−→
n→+∞

Tx.

Example 1.14. Consider the sequence of bounded linear operators (Tn) defined on l2(R)

by

Tn(x1, x2, . . .) =
n

n2 + 1
(x1, x2, . . .).

Let T = 0 be the zero operator on l2(R) given by:

T : l2(R) −→ l2(R), (x1, x2, . . .) 7−→ 0.

(One can show that T is a bounded linear operator on l2(R).)
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For every n ∈ N and (x1, x2, . . .) ∈ l2(R), we have

∥Tn(x1, x2, . . .) − T (x1, x2, . . .)∥ = ∥Tn(x1, x2, . . .) − 0∥

= ∥Tn(x1, x2, . . .)∥

=

∥∥∥∥ n

n2 + 1
(x1, x2, . . .)

∥∥∥∥
=

n

n2 + 1
∥(x1, x2, . . .)∥ −−−→

n→∞
0.

That is,

For all (x1, x2, . . .) ∈ l2(R) : ∥Tn(x1, x2, . . .) − T (x1, x2, . . .)∥ −−−→
n→∞

0.

This means that (Tn) converges pointwise to the zero operator A = 0.

Definition 1.15. We say that the sequence (Tn) converges uniformly (or in norm) to T

if

∥Tn − T∥ −−−−→
n→+∞

0.

Example 1.15. Consider the sequence of bounded linear operators (Tn) and the zero

operator

0 on ℓ2(R) given in the previous example. For all n ∈ N we have

∥Tn − T∥ = ∥Tn − 0∥ = ∥Tn∥ = sup0̸=(x1,x2,... )∈ℓ2(R)
∥An(x1,x2,... )∥
∥(x1,x2,... )∥

= sup0 ̸=(x1,x2,... )∈ℓ2(R)
∥xnn+1(x1,x2,... )∥

∥(x1,x2,... )∥ = sup0̸=(x1,x2,... )∈ℓ2(R)
n
n+1

∥(x1, x2, . . . )∥

= sup0 ̸=(x1,x2,... )∈ℓ2(R)
n

n2+1
= n

n2+1
−−−→
n→∞

0.

That is,

∥Tn − 0∥ −−−→
n→∞

0.

This means that (Tn) converges uniformly to the null operator T = 0.

Lemma 1.4. If (Tn) converges uniformly to T , then it converges pointwise to T .

Proof. Let x ∈ X. We have

0 ≤ ∥Tnx− Tx∥ = ∥(Tn − T )x∥ ≤ ∥Tn − T∥ ∥x∥.

Since (Tn) converges uniformly to A, we have

∥Tn − T∥ −−−−→
n→+∞

0.
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Hence,

∥Tn − T∥ ∥x∥ −−−−→
n→+∞

0.

Thus,

For all x ∈ X : ∥Tnx− Tx∥ −−−−→
n→+∞

0.

This means that (Tn) converges strongly to T .

Lemma 1.5. If (Tn) is a sequence that converges pointwise, then one cannot conclude

anything about its uniform convergence.

Proof. Consider the sequence of bounded linear operators (Tn) defined on ℓ2(R) by

Tn(x1, x2, . . .) = (x1, x2, . . . , xn, 0, 0, . . .) for all n.

Let I be the identity operator on ℓ2(R) given as follows:

I : ℓ2(R) −→ ℓ2(R), (x1, x2, . . .) 7−→ I(x1, x2, . . .) = (x1, x2, . . .).

• One can show that I is a bounded linear operator on ℓ2(R).

• Let us show that (Tn) converges pointwise to the identity operator I. For all n ∈ N

and (x1, x2, . . .) ∈ ℓ2(R) we have

0 ≤ ∥Tn(x1, x2, . . .) − I(x1, x2, . . .)∥2 = ∥(x1, x2, . . . , xn, 0, 0, . . .) − (x1, x2, . . .)∥2

= ∥ − (xn+1, xn+2, . . .)∥2 =
+∞∑

k=n+1

|xi|2.

Since (x1, x2, . . .) ∈ ℓ2(R), the series
∑+∞

k=1 |xi|2 is convergent. Thus, its remainder

satisfies
+∞∑

k=n+1

|xi|2 −−−−→
n→+∞

0.

This implies that

∥Tn(x1, x2, . . .) − I(x1, x2, . . .)∥ −−−−→
n→+∞

0.

Thus (Tn) converges pointwise to the identity operator I.

• Let us show that (Tn) does not converge uniformly to the identity I: Initially, we
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set

0 ̸= x∗ =
(

0, 0, . . . , 0, 1︸︷︷︸
n+1

, 0, 0, . . .
)
∈ ℓ2(R).

For all n, we have

∥Tn − I∥ = sup
0̸=(x1,x2,...)∈ℓ2(R)

∥(Tn − I)(x1, x2, . . .)∥
∥(x1, x2, . . .)∥

≥ ∥(Tn − I)x∗∥
∥x∗∥

=
∥∥∥(Tn−I)

(
0, 0, . . . , 0, 1︸︷︷︸

n+1

, 0, 0, . . .
)∥∥∥ =

∥∥∥Tn(0, 0, . . . , 0, 1︸︷︷︸
n+1

, 0, 0, . . .
)
−I
(

0, 0, . . . , 0, 1︸︷︷︸
n+1

, 0, 0, . . .
)∥∥∥

=
∥∥∥(0, 0, . . . , 0, 0, 0, 0, . . .)−

(
0, 0, . . . , 0, 1︸︷︷︸

n+1

, 0, 0, . . .
)∥∥∥ =

∥∥∥−(0, 0, . . . , 0, 1︸︷︷︸
n+1

, 0, 0, . . .
)∥∥∥ = 1.

That is,

For all n : ∥Tn − I∥ ≥ 1.

This implies that

∥Tn − I∥ ↛n→+∞ 0.

Thus, (Tn) does not converge uniformly to the identity.

1.5 Uniform Boundedness Principle

Definition 1.16. A family (Ti)i∈I in L(E,F ) is said to be:

1. Uniformly bounded if:

∃M > 0,∀i ∈ I : ∥Ti∥ ≤ M.

2. Simply bounded (pointwise bounded) if:

∀x ∈ E,∃Mx > 0,∀i ∈ I : ∥Ti(x)∥ ≤ Mu.

Remark 1.2. It is clear that if (Ti) is uniformly bounded, then it is simply bounded. The

converse is not true. However, the uniform boundedness principle (which we will state)

provides a situation where these two notions coincide.
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Theorem 1.8. (Banach-Steinhaus)

Let (Ti)i∈I ⊂ L(E,F ). Assume that E is a Banach space. Then:

(Ti)i∈I is uniformly bounded ⇐⇒ (Ti)i∈I is simply bounded.

That is:

∃M > 0,∀i ∈ I : ∥Ti∥ ≤ M ⇐⇒ ∀x ∈ E,∃Mx > 0,∀i ∈ I : ∥Ti(x)∥ ≤ Mx.

1.6 inverse linear operators

Definition 1.17. Let (E, ∥·∥E), (F, ∥·∥F ) be two normed K-vector spaces. A linear op-

erator T : D(T ) → Im(T ) is said to be invertible if there exists an operator S : Im(T ) →

D(T ) such that:

S ◦ T = Id, T ◦ S = Id.

S is called the inverse of T and is denoted S = T−1.

Proposition 1.12. Let E and F be two normed K-vector spaces, and T : D(T ) ⊂ E →

Im(T ) ⊂ F a linear operator.

• T−1 exists on Im(T ) if and only if Tx = 0 ⇒ x = 0.

• If T−1 exists, then T−1 is linear.

• If dimD(T ) = n < ∞ and T−1 exists, then dim(ImT ) = dimD(T )=n

Lemma 1.6. If T ∈ L(E,F ), S ∈ L(F,G) are invertible, then S ◦ T is invertible and:

(S ◦ T )−1 = T−1 ◦ S−1.

Remark 1.3.

T ∈ L(E,F ) ̸⇒ T−1 ∈ L(F,E).

(i.e., T bounded does not imply T−1 bounded).

Example 1.16. Define T : ℓ2(R) → ℓ2(R) by:

(xn) = (x1, x2, . . .) 7→ T (x) =
(
x1,

x2

2
, . . . ,

xn
n
, . . .

)
.
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For all x = (x1, x2, . . .) ∈ ℓ2(R):

∥Tx∥2 =

(
∞∑
k=1

∣∣∣xk
k

∣∣∣2)1/2

≤

(
∞∑
k=1

|xk|2
)1/2

= ∥x∥2.

So T is bounded. Moreover:

Tx = 0 ⇐⇒
(
x1,

x2

2
, . . . ,

xn
n
, . . .

)
= 0 ⇒ x = (0, 0, . . .),

so T is injective, hence invertible.

The inverse of T is:

T−1 : ℓ2(R) → ℓ2(R), (xn) 7→ (x1, 2x2, . . . , nxn, . . .).

Now, T−1 is not bounded (controversial). Let x = (0, 0, . . . , 1, 0, . . .) with 1 in the nth

position. Then:

∥x∥2 = 1 ⇒ ∥T−1x∥2 = n.

There is no M > 0 such that ∥T−1x∥2 ≤ M∥x∥2 for all such a. Hence, T−1 is not

bounded.

Remark 1.4. If T is a bounded linear operator from a Banach space E to a Banach

space F , and T is bijective, then the inverse operator T−1 is bounded.

Proposition 1.13. Let E and F be two normed vector spaces. Let T ∈ L(E,F ) be

surjective. Then:

1. T has a bounded inverse if and only if there exists C > 0 such that:

∥Tx∥F ≥ C∥x∥E, ∀x ∈ E.

2. In this case, ∥T−1∥ ≤ 1
C

.

Proof. • (1) Suppose ∥Tx∥F ≥ C∥x∥E. Then:

Tx = 0 ⇒ 0 ≥ C∥x∥E ⇒ ∥x∥E = 0 ⇒ x = 0,

so T is injective. Since T is surjective, it is bijective, hence invertible.
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• (2) For all y ∈ F , there exists x ∈ E such that y = Tx. Then:

∥y∥F = ∥Tx∥F ≥ C∥x∥E = C∥T−1y∥E ⇒ ∥T−1y∥E ≤ 1

C
∥y∥F .

This shows that T−1 is bounded and ∥T−1∥ ≤ 1
C

.

Corollary 1.1. If T is invertible, then:

∥Tu∥F ≥ ∥T−1∥∥u∥E, ∀u ∈ E.

Indeed:

∥u∥E = ∥T−1(Tu)∥E ≤ ∥T−1∥∥Tu∥F ⇒ ∥u∥E
∥T−1∥

≤ |Tu∥F .

Remark 1.5. Theorem: Let E and F be Banach spaces and T ∈ L(E,F ) be bijective.

Then T−1 ∈ L(E,F ).

Example 1.17. Let (E, ∥.∥E) be a Banach space and T ∈ L(E) with ∥T∥ < 1.

Then IE − T is invertible and:

(IE − T )−1 =
∞∑
k=0

T k.

Proposition 1.14. Let S ∈ L(F,H), T ∈ L(E,F ). Then ST ∈ L(E,H) and ∥ST∥ ≤

∥S∥∥T∥.

Proof. Linearity: ST (αx + y) = S(αTx + Ty) = αSTx + STy. Boundedness:

∥STx∥ ≤ ∥S∥∥Tx∥ ≤ ∥S∥∥T∥∥x∥

so ∥ST∥ ≤ ∥S∥∥T∥.

Theorem 1.9. Let E be a Banach space and T ∈ L(E). If ∥T∥ < 1, then I − T is

invertible and:

(I − T )−1 =
∞∑
n=0

T n = I + T + T 2 + . . .
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Proof. Since ∥T∥ < 1, the series
∑∞

n=0 ∥T n∥ converges because ∥T n∥ ≤ ∥T∥n and∑
∥T∥n = 1

1−∥T∥ < ∞. Since L(E) is a Banach space, the series
∑∞

n=0 T
n converges

in L(E). Now:

(I − T )
N∑
n=0

T n =
N∑
n=0

T n −
N+1∑
n=1

T n = I − TN+1

N∑
n=0

T n(I − T ) = I − TN+1

As N → ∞, TN+1 → 0 because ∥TN+1∥ ≤ ∥T∥N+1 → 0. Hence:

(I − T )
∞∑
n=0

T n = I =

(
∞∑
n=0

T n

)
(I − T )

so (I − T )−1 =
∑∞

n=0 T
n.

1.6.1 Extension of an Operator by Continuity

Let E be a normed vector space, D ⊆ E a linear subspace, and T : D → F a linear

operator. We say T is bounded on D if there exists M > 0 such that:

∥Tx∥F ≤ M∥x∥E ∀x ∈ D

The smallest such M is called the norm of T on D, denoted ∥T∥D.

Theorem 1.10. Let E be a Banach space, D a dense linear subspace of E, and T : D →

F a bounded linear operator into a Banach space F . Then T admits a unique extension

T̂ ∈ L(E,F ) such that T̂ |D = T and ∥T̂∥E = ∥T∥D.

Proof. Let x ∈ E. Since D is dense, there exists a sequence (xn) ⊂ D such that xn → x.

Since (xn) is convergent, it is Cauchy. For ε > 0, ∃n0 such that ∀n,m > n0, ∥xn−xm∥ < ε.

Then:

∥Txn − Txm∥ = ∥T (xn − xm)∥ ≤ ∥T∥D∥xn − xm∥ → 0

So (Txn) is Cauchy in F . Since F is complete, Txn → y ∈ F . Define T̂ x = y. This

definition is independent of the approximating sequence: if (yn) ⊂ D also converges to x,

then:

∥xn − yn∥ ≤ ∥xn − x∥ + ∥yn − x∥ → 0
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and

∥Txn − Tyn∥ = ∥T (xn − yn)∥ ≤ M∥xn − yn∥ → 0

so Tyn → y as well.

Linearity of T̂ follows from the linearity of T and the limit. For boundedness:

∥T̂ x∥ = lim
n→∞

∥Txn∥ ≤ lim
n→∞

∥T∥D∥xn∥ = ∥T∥D∥x∥

so ∥T̂∥E ≤ ∥T∥D. Conversely, for x ∈ D, T̂ x = Tx, so:

∥T̂∥E = sup
x∈E

∥T̂ x∥
∥x∥

≥ sup
x∈D

∥Tx∥
∥x∥

= ∥T∥D

Hence, ∥T̂∥E = ∥T∥D.

1.6.2 Convergence in the Space of Bounded Linear Operators

Proposition 1.15. Let E,F be normed spaces. Then L(E,F ) is a vector space.

Proof. Clearly, L(E,F ) is a vector space with pointwise operations. The zero operator

is bounded. If T, S ∈ L(E,F ), then αT and T + S are linear, and:

∥(αT )x∥ = |α|∥Tx∥ ≤ |α|∥T∥∥x∥

∥(T + S)x∥ ≤ ∥Tx∥ + ∥Sx∥ ≤ (∥T∥ + ∥S∥)∥x∥

so they are bounded. The norm ∥ · ∥L satisfies the norm axioms:

• ∥T∥L = 0 ⇔ supx ̸=0
∥Tx∥
∥x∥ = 0 ⇔ T = 0

• ∥αT∥L = |α|∥T∥L

• ∥T + S∥L ≤ ∥T∥L + ∥S∥L

Thus, (L(E,F ), ∥ · ∥L) is a normed space.

Pointwise Convergence

Let Tn, T ∈ L(E,F ). We say the sequence (Tn) converges pointwise (or strongly) to

T if and only if:

∀x ∈ E, Tnx → Tx

i.e., ∀x ∈ E,∀ε > 0, ∃n0,∀n ≥ n0, ∥Tnx− Tx∥F < ε. We denote this by Tn
sc→ T .

31



CHAPTER 1. LINEAR OPERATORS

Example 1.18. Let Tn : ℓ2(C) → ℓ2(C) be defined by:

Tnx = (x1, x2, . . . , xn, 0, 0, . . . )

Show that Tn
sc→ Iℓ2. First, Tn ∈ L(ℓ2) because:

∥Tnx∥ =

(
n∑
k=1

|xk|2
)1/2

≤ ∥x∥ℓ2

and for z = (1, 0, 0, . . . ), ∥Tnz∥ = 1 = ∥z∥, so ∥Tn∥ = 1. For any x ∈ ℓ2:

∥Tnx− Ix∥ =

(
∞∑

k=n+1

|xk|2
)1/2

→ 0 as n → ∞

Hence, Tn
sc→ I.

Uniform Convergence

Let Tn, T ∈ L(E,F ). We say the sequence (Tn) converges uniformly to T if and only

if:

lim
n→∞

sup
∥x∥≤1

∥Tnx− Tx∥F = 0

i.e., limn→∞ ∥Tn − T∥L = 0. We denote this by Tn
uc→ T .

Weak Convergence

Definition 1.18. Let E be a normed space over K. The topological dual space of E,

denoted E∗, is the space of all continuous linear functionals from E to K.

We say a sequence (Tn) in L(E,F ) converges weakly to T if and only if:

∀f ∈ F ∗,∀x ∈ E, f(Tnx) → f(Tx)

We denote this by Tn
w→ T .

Theorem 1.11. Let (Tn) be a sequence in L(E,F ). Then:

Tn
uc→ T ⇒ Tn

sc→ T ⇒ Tn
w→ T
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Proof. If Tn
uc→ T , then ∥Tn − T∥ → 0. For any x ∈ E:

∥Tnx− Tx∥ ≤ ∥Tn − T∥∥x∥ → 0

so Tn
sc→ T . If Tn

sc→ T , then for any f ∈ F ∗ and x ∈ E:

|f(Tnx) − f(Tx)| = |f(Tnx− Tx)| ≤ ∥f∥∥Tnx− Tx∥ → 0

so Tn
w→ T .

1.7 Exercises

Exercise 1

Show that the following operators are linear and bounded:

1. Af(x) = x2f(x), A : C[0, 1] → C[0, 1].

2. Af(x) =
∫ 1

0
f(s)ds, A : C[−1, 1] → C[0, 1].

3. Af(x) = f(x2), A : C[0, 1] → C[0, 1].

4. Af(x) = f(x), A : C1[0, 1] → C[0, 1].

5. Af(x) = x
∫ 1

0
f(s)ds, A : L2[−1, 1] → L2[0, 1].

Exercise 2

Consider the operator T defined as follows:

Tf(x) = xf(x), T : L2[0, 1] → L2[0, 1].

Show that T is a continuous linear operator and compute its norm.
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Exercise 3

Consider the following sequence of operators:

An : C[0, 1] → C[0, 1], Anx(t) = x
(
t1+

1
n

)
, n ∈ N∗.

1. Show that the sequence of operators (An)n≥1 is linear and bounded.

2. Show that (An)n≥1 converges strongly to the identity operator.

3. The convergence of (An)n≥1 to Id is it uniform?

Exercise 4

Find the adjoint of the operator A if:

1. Af(x) = xf(x), A : L2[0, 1] → L2[0, 1].

2. Af(x) =
∫ x
0
f(s)ds, A : L2[0, 1] → L2[0, 1].

3. Af(x) =
∫ 1

0
sf(s)ds, A : L2[0, 1] → L2[0, 1].

4. Af(x) = x
∫ 1

0
f(s)ds, A : L2[0, 1] → L2[0, 1].

5. A(x1, x2, . . . ) = (0, 4x1, x2, 4x3, x4, . . . ), A : ℓ2 → ℓ2.

Exercise 5

Let (λn)n≥1 be a bounded sequence in C and M = supn |λn|. Let T : ℓ2 → ℓ2 be defined

by:

T (x1, x2, . . . ) = (λ1x1, λ2x2, . . . ).

1. Show that T is linear, continuous, and compute its norm.

2. Show that if the set {|λn|, n ≥ 1} is bounded below by a strictly positive number,

then T is bijective. Specify in this case T−1 and determine its norm.

3. Suppose that one of the λn is zero. Show that T is neither injective nor surjective

and that Im(T ) ̸= ℓ2.

34



CHAPTER 1. LINEAR OPERATORS

Exercise 6

Let E = C1[0, 1] and F = C[0, 1], both equipped with the norm ∥·∥∞. Define the derivative

operator T : E → F such that ∀f ∈ E, Tf = f ′.

Let G(T ) = {(f, Tf), f ∈ E} be the graph of T .

1. Show that G(T ) is closed in E × F .

2. Show that T is not continuous. (Consider the sequence fn ∈ E, fn(x) = xn.)

3. Explain the result.

Exercise 7

Let E = C[0, 1] equipped with the norm ∥·∥∞. and for f ∈ E, define

Tf(x) =

∫ x

0

K(x, t)f(t)dt,

where K(·, ·) ∈ C([0, 1] × [0, 1]). Let M = sup0≤x,t≤1 |K(x, t)|.

1. Show that T ∈ L(E).

2. Show that for all n ≥ 1, we have |T nf(x)| ≤ Mn

n!
xn∥f∥.

3. Deduce that for all n ≥ 1, ∥T n∥ ≤ Mn

n!
.

1. Let E,F be normed spaces and T : E → F a linear operator. Show that if T is

continuous at one point, then it is continuous everywhere.

2. Let E,F be Banach spaces and T ∈ L(E,F ). Show that if T is bijective, then T−1

is bounded.

3. Let E be a Banach space and T ∈ L(E). Suppose ∥T∥ < 1. Show that I − T is

invertible and ∥(I − T )−1∥ ≤ 1
1−∥T∥ .

4. Let E,F be Banach spaces and (Tn) ⊂ L(E,F ) such that Tn → T pointwise. Show

that supn ∥Tn∥ < ∞.

5. Let E,F be Banach spaces and T : E → F a linear operator. Show that if the

graph of T is closed, then T is continuous.
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Exercise 8

Let (X, ∥·∥) be a normed C-vector space, x, y ∈ X and λ ∈ C. Let (xn) and (yn) be two

sequences in X and (λn) a sequence in C.

1. Show that if xn −−−−→
n→+∞

x then (xn) is bounded in X and ∥xn∥ −−−−→
n→+∞

∥x∥. State

the first result literally.

2. Show that if xn −−−−→
n→+∞

x and λn −−−−→
n→+∞

λ then λnxn −−−−→
n→+∞

λx.

3. Show that if xn −−−−→
n→+∞

x and yn −−−−→
n→+∞

y then ∥xn − yn∥ −−−−→
n→+∞

∥x− y∥.

4. Show that if xn −−−−→
n→+∞

x and ∥xn − yn∥ −−−−→
n→+∞

0 then yn −−−−→
n→+∞

x.

5. Show that if xn −−−−→
n→+∞

x then ∥xn − y∥ −−−−→
n→+∞

∥x− y∥.

Exercise 9

Let X and Y be two normed vector spaces over K and A : X → Y a linear operator.

1. Show that A is bounded if and only if

∃M > 0, ∀x ∈ X such that ∥x∥ ≤ 1, ∥Ax∥ ≤ M.

What can we deduce? .

Now show that if

∃M > 0, ∀x ∈ X with ∥x∥ ≤ 1, ∥Ax∥ ≤ M,

then A is bounded.

2. Show that if dimX < +∞ then A is bounded. (Hint: For all x ∈ X, define

∥x∥∗ := ∥x∥ + ∥Ax∥, then show that ∥·∥ and ∥·∥∗ are two equivalent norms on X.)

3. Show that if A is bounded then the kernel of A, is a closed subset of X. (The

kernel of A may also be denoted kerA.)

Exercise 10

Define A : C[0, 1] −→ C[0, 1] by: for every f ∈ C[0, 1], Af is defined by (Af)(x) =

f(x) − f(0) for every x ∈ [0, 1].
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1. Show that A is well-defined and linear.

2. Show that for C[0, 1] equipped with the norm ∥·∥∞, the operator A is bounded.

3. Show that for C[0, 1] equipped with the norm ∥·∥1, the operator A is unbounded.

(Consider the sequence of functions fn(x) = (n + 1)(1 − x)n for every n ∈ N∗ and

x ∈ [0, 1].)

1.8 Solution

Solution of Exercise 1

All operators are clearly linear. We check boundedness:

(1) ∥Af∥∞ = maxx∈[0,1] |x2f(x)| ≤ ∥f∥∞, so ∥A∥ ≤ 1.

(2) |Af(x)| ≤
∫ 1

−1
|f(s)| ds ≤ 2∥f∥∞, so ∥A∥ ≤ 2.

(3) ∥Af∥∞ = maxx∈[0,1] |f(x2)| ≤ ∥f∥∞, so ∥A∥ ≤ 1.

(4) ∥Af∥∞ = ∥f∥∞, so ∥A∥ = 1.

(5) By Cauchy–Schwarz,

|Af(x)| ≤ x

∫ 1

−1

|f(s)| ds ≤ x
√

2∥f∥L2 =⇒ ∥Af∥2L2[0,1] ≤
∫ 1

0

2x2∥f∥2L2 dx =
2

3
∥f∥2L2 .

So ∥A∥ ≤
√

2/3.

Solution of Exercise 2

Linearity is clear. For f ∈ L2[0, 1],

∥Tf∥2L2 =

∫ 1

0

x2|f(x)|2dx ≤
∫ 1

0

|f(x)|2dx = ∥f∥2L2 ,

so ∥T∥ ≤ 1. Taking f ≡ 1, ∥Tf∥2L2 =
∫ 1

0
x2dx = 1

3
̸= 1, but for fn approximating the

indicator of [1 − 1
n
, 1], ∥Tfn∥

∥fn∥ → 1. Hence ∥T∥ = 1.
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Solution of Exercise 3

(a) Linearity clear. ∥Anx∥∞ = maxt∈[0,1] |x(t1+1/n)| ≤ ∥x∥∞, so ∥An∥ ≤ 1.

(b) For each x ∈ C[0, 1], t1+1/n → t uniformly, so x(t1+1/n) → x(t) uniformly. Thus

Anx → x in C[0, 1].

(c) Not uniform: take xn(t) = tn. Then Anxn(t) = tn(1+1/n) = tn+1. ∥Anxn − xn∥∞ =

maxt |tn+1 − tn| = maxt t
n|t − 1|. For t = 1 − 1

n
, (1 − 1

n
)n 1

n
∼ 1

ne
, not tending to 0

uniformly in n.

Solution of Exercise 4

For A : L2 → L2, ⟨Af, g⟩ = ⟨f, A∗g⟩.

(1)
∫ 1

0
xf(x)g(x) dx =

∫ 1

0
f(x)xg(x) dx, so A∗g(x) = xg(x).

(2)
∫ 1

0

(∫ x
0
f(s)ds

)
g(x)dx =

∫ 1

0
f(s)

(∫ 1

s
g(x)dx

)
ds, so A∗g(s) =

∫ 1

s
g(x)dx.

(3)
∫ 1

0

(∫ 1

0
sf(s)ds

)
g(x)dx =

∫ 1

0
f(s)s

∫ 1

0
g(x)dx ds, so A∗g(s) = s

∫ 1

0
g(x)dx.

(4)
∫ 1

0
x
(∫ 1

0
f(s)ds

)
g(x)dx =

∫ 1

0
f(s)

∫ 1

0
xg(x)dx ds, so A∗g(s) =

∫ 1

0
xg(x)dx (constant

function).

(5) For x, y ∈ ℓ2, ⟨Ax, y⟩ = 4x1y2 + x2y3 + 4x3y4 + · · · = ⟨x, (0, 4y2, y3, 4y4, y5, . . .)⟩, so

A∗(y1, y2, . . .) = (0, 4y2, y3, 4y4, y5, . . .).

Solution of Exercise 4

(a) ∥Tx∥2 =
∑

|λnxn|2 ≤ M2∥x∥2, so ∥T∥ ≤ M . Taking x = en (unit vector), ∥Ten∥ =

|λn|, so ∥T∥ ≥ |λn| for all n, hence ∥T∥ = M .

(b) If inf |λn| = δ > 0, define T−1(y) = (λ−1
1 y1, λ

−1
2 y2, . . .). Then ∥T−1y∥2 ≤ δ−2∥y∥2,

so T−1 bounded. Clearly T bijective. ∥T−1∥ = 1/ inf |λn|.
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(c) If λk = 0, then Tek = 0, so not injective. Not surjective because any y with yk ̸= 0

not in image. Closure of image consists of sequences with yk = 0 whenever λk = 0,

so not all of ℓ2.

Solution of Exercise 5

(a) Let (fn, f
′
n) → (f, g) in E × F . Then fn → f uniformly, f ′

n → g uniformly. By

uniform convergence, g = f ′. So (f, g) ∈ G(T ), hence G(T ) closed.

(b) fn(x) = xn, ∥fn∥∞ = 1, but ∥Tfn∥∞ = ∥nxn−1∥∞ = n → ∞, so T unbounded.

(c) Closed graph theorem requires E,F Banach. Here E is not complete under ∥ · ∥∞,

so theorem does not apply.

Solution of Exercise 6

(a) |Tf(x)| ≤ M
∫ x
0
|f(t)|dt ≤ Mx∥f∥∞ ≤ M∥f∥∞, so ∥Tf∥∞ ≤ M∥f∥∞.

(b) By induction: for n = 1, done. Assume true for n, then

|T n+1f(x)| ≤
∫ x

0

M |T nf(t)|dt ≤
∫ x

0

M
Mn

n!
tn∥f∥dt =

Mn+1

(n + 1)!
xn+1∥f∥.

(c) ∥T nf∥∞ ≤ Mn

n!
∥f∥∞, so ∥T n∥ ≤ Mn

n!
.

Solution of Exercise 7

(1) Suppose T continuous at x0. For any x ∈ E, let xn → x. Then xn − x + x0 → x0,

so T (xn − x + x0) → T (x0). By linearity, T (xn) − T (x) + T (x0) → T (x0), so

T (xn) → T (x).

(2) By open mapping theorem, T open, so T−1 continuous, hence bounded.

(3) Neumann series: (I − T )−1 =
∑∞

k=0 T
k converges because ∥T k∥ ≤ ∥T∥k. Then

∥(I − T )−1∥ ≤
∑∞

k=0 ∥T∥k = 1
1−∥T∥ .
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(4) By uniform boundedness principle: for each x, (Tnx) convergent hence bounded, so

supn ∥Tnx∥ < ∞. Thus supn ∥Tn∥ < ∞.

(5) Closed graph theorem.

Solution of Exercise 8

1. Show that (xn) is bounded in X: Since xn −−−−→
n→+∞

x, we have

∥xn − x∥ −−−−→
n→+∞

0 .

This means that the sequence (∥xn − x∥) is convergent in C, hence it is bounded

in C (Why?). That is,

∃M1 ≥ 0,∀n, ∥xn − x∥ ≤ M1.

But for all n we have

∥xn∥ = ∥xn − x + x∥ ≤ ∥xn − x∥ + ∥x∥ ≤ M1 + ∥x∥ = M2.

That is,

∃M2 ≥ 0,∀n, ∥xn∥ ≤ M2.

This means that (xn) is bounded in X.

2. Show that ∥xn∥ −−−−→
n→+∞

∥x∥: We have

vn0 ≤ un∥xn∥ − ∥x∥ ≤ wn∥xn − x∥ for all n.

Since

vn = 0 −−−−→
n→+∞

0 and wn = ∥xn − x∥ −−−−→
n→+∞

0,

then by the squeeze theorem we obtain

un = ∥xn∥ − ∥x∥ −−−−→
n→+∞

0.

This implies that

∥xn∥ − ∥x∥ −−−−→
n→+∞

0 ,

hence

∥xn∥ −−−−→
n→+∞

∥x∥ .
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Literally, the first result means: Every convergent sequence in a normed space is

bounded (in that space).

1. For all n, we have

0 ≤ ∥λnxn − λx∥ = ∥λn(xn − x) + (λn − λ)x∥ ≤ ∥λn(xn − x)∥ + ∥(λn − λ)x∥

= |λn|∥xn − x∥ + |λn − λ|∥x∥.

Since λn −−−−→
n→+∞

λ, the sequence (λn) is bounded, so

∃M ≥ 0,∀n, |λn| ≤ M.

Thus,

0 ≤ ∥λnxn − λx∥ ≤ M∥xn − x∥ + |λn − λ|∥x∥ for all n.

Since

[M∥xn − x∥ + |λn − λ|∥x∥] −−−−→
n→+∞

0

then

∥λnxn − λx∥ −−−−→
n→+∞

0 .

This means that

λnxn −−−−→
n→+∞

λx .

2. For all n, we have

0 ≤ ∥xn − yn∥ − ∥x− y∥ ≤ ∥(xn − yn) − (x− y)∥ = ∥(xn − x) − (yn − y)∥

≤ ∥xn − x∥ + ∥yn − y∥.

Since xn −−−−→
n→+∞

x and yn −−−−→
n→+∞

y, we have

∥xn − x∥ + ∥yn − y∥ −−−−→
n→+∞

0,

hence

∥xn − yn∥ −−−−→
n→+∞

∥x− y∥ .
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3. For all n, we have

0 ≤ ∥yn − x∥ = ∥(yn − xn) + (xn − x)∥ ≤ ∥yn − xn∥ + ∥xn − x∥

= ∥xn − yn∥ + ∥xn − x∥ .

Since

xn −−−−→
n→+∞

x and ∥xn − yn∥ −−−−→
n→+∞

0,

then

∥xn − yn∥ + ∥xn − x∥ −−−−→
n→+∞

0.

Thus, by the squeeze theorem, we obtain

∥yn − x∥ −−−−→
n→+∞

0,

hence

yn −−−−→
n→+∞

x.

4. For all n, we have

0 ≤ ∥xn − y∥ − ∥x− y∥ ≤ ∥(xn − y) − (x− y)∥ = ∥xn − x∥.

Since

∥xn − x∥ −−−−→
n→+∞

0 ,

then

∥xn − y∥ − ∥x− y∥ −−−−→
n→+∞

0,

hence

∥xn − y∥ −−−−→
n→+∞

∥x− y∥ .

Solution of Exercise 9

1. We show that if A is bounded then

∃M > 0, ∀x ∈ X with ∥x∥ ≤ 1, ∥Ax∥ ≤ M.

Since A is bounded,

∃M > 0, ∀x ∈ X, ∥Ax∥ ≤ M∥x∥.
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This implies that

∃M > 0, ∀x ∈ X with ∥x∥ ≤ 1, ∥Ax∥ ≤ M∥x∥ .

Thus

∃M > 0, ∀x ∈ X with ∥x∥ ≤ 1, ∥Ax∥ ≤ M∥x∥ ≤ M · 1 = M.

Therefore,

∃M > 0, ∀x ∈ X with ∥x∥ ≤ 1, ∥Ax∥ ≤ M.

Note that

∀x ∈ X \ {0},
∥∥∥∥ x

∥x∥

∥∥∥∥ =

∥∥∥∥ 1

∥x∥
x

∥∥∥∥ =
1

∥x∥
∥x∥ = 1 ≤ 1.

Since

∃M > 0, ∀x ∈ X with ∥x∥ ≤ 1, ∥Ax∥ ≤ M,

then

∃M > 0, ∀x ∈ X \ {0},
∥∥∥∥A( x

∥x∥

)∥∥∥∥ ≤ M.

But ∥∥∥∥A( x

∥x∥

)∥∥∥∥ =

∥∥∥∥A( 1

∥x∥
x

)∥∥∥∥ =

∥∥∥∥ 1

∥x∥
Ax

∥∥∥∥ =
1

∥x∥
∥Ax∥.

Hence

∃M > 0, ∀x ∈ X \ {0}, 1

∥x
∥∥Ax∥ ≤ M.

So

∃M > 0, ∀x ∈ X \ {0}, ∥Ax∥ ≤ M∥x∥. (∗)

For x = 0, we have

∥Ax∥ = ∥A0∥ = ∥0∥ = 0 and M∥x∥ = M∥0∥ = M · 0 = 0.

Thus, for x = 0,

∥Ax∥ ≤ M∥x∥. (∗∗)

From (∗) and (∗∗), we find

∃M > 0, ∀x ∈ X, ∥Ax∥ ≤ M∥x∥.

This means that A is bounded.
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Conclusion: An operator is bounded if and only if it is a bounded map on the closed

unit ball.

2. We can show that ∥·∥∗ is also a norm on X (to be done). Since dimX < +∞, the

norms ∥·∥ and ∥·∥∗ are equivalent. Therefore,

∃M > 0, ∀x ∈ X, ∥x∥∗ ≤ M∥x∥.

But

∀x ∈ X, ∥Ax∥ ≤ ∥x∥ + ∥Ax∥ = ∥x∥∗.

Thus

∃M > 0, ∀x ∈ X, ∥Ax∥ ≤ ∥x∥∗ ≤ M∥x∥.

Hence

∃M > 0, ∀x ∈ X, ∥Ax∥ ≤ M∥x∥.

This means that A is bounded.

3. To show that N(A) is closed in X, it suffices to show that

∀(xn) ⊂ N(A), (xn) converges to x =⇒ x ∈ N(A).

Let (xn) ⊂ N(A). Then

∀n, Axn = 0 .

Thus

lim
n→+∞

Axn = lim
n→+∞

0 = 0.

But A is linear and bounded, hence continuous, so

lim
n→+∞

Axn = A

(
lim

n→+∞
xn

)
= Ax.

Therefore,

Ax = 0,

which implies x ∈ N(A) .
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Solution of Exercise 10

1. We show that A is well-defined, we must show that

∀f ∈ C[0, 1], Af ∈ C[0, 1].

Let f ∈ C[0, 1]. Then

Af : [0, 1] −→ R, x 7−→ (Af)(x) = f(x) − f(0) = f(x) + (−f(0)).

Thus Af is the sum of two continuous functions on [0, 1]: the function f and the constant

function −f(0). Therefore, Af is continuous on [0, 1], meaning Af ∈ C[0, 1].

- Show that A is linear: We must show that

∀α ∈ R, ∀f, g ∈ C[0, 1], A(αf + g) = αAf + Ag.

Let α ∈ R and f, g ∈ C[0, 1]. We show that

A(αf + g) = αAf + Ag (equality of two functions).

To do so, we show that

[A(αf + g)](x) = [αAf + Ag](x) for every x ∈ [0, 1].

Let x ∈ [0, 1]. Then

[A(αf + g)](x) = (αf + g)(x) − (αf + g)(0)

= [αf(x) + g(x)] − [αf(0) + g(0)]

= α[f(x) − f(0)] + [g(x) − g(0)]

= α(Af)(x) + (Ag)(x) = [αAf + Ag](x).

2. We must show that

∃M ≥ 0, ∀f ∈ C[0, 1], ∥Af∥∞ ≤ M∥f∥∞.

45



CHAPTER 1. LINEAR OPERATORS

Let f ∈ C[0, 1]. Then

∥Af∥∞ = sup
x∈[0,1]

|(Af)(x)|

= sup
x∈[0,1]

|f(x) − f(0)|

≤ sup
x∈[0,1]

|f(x)| + |f(0)|

≤ sup
x∈[0,1]

|f(x)| + sup
x∈[0,1]

|f(0)|

= ∥f∥∞ + |f(0)|

≤ ∥f∥∞ + ∥f∥∞

= 2∥f∥∞.

Thus we have shown that

∃M = 2 ≥ 0, ∀f ∈ C[0, 1], ∥Af∥∞ ≤ M∥f∥∞.

3. Before showing that A is unbounded, we note:

(*) For every n ∈ N∗, we have

∥fn∥1 =

∫ 1

0

|fn(x)| dx

=

∫ 1

0

|(n + 1)(1 − x)n| dx

= (n + 1)

∫ 1

0

(1 − x)n dx

= 1 ,

that is,

∀n ∈ N∗, ∥fn∥1 = 1.

(**) For every n ∈ N∗, we have

∥Afn∥1 =

∫ 1

0

|(Afn)(x)| dx =

∫ 1

0

|fn(x) − fn(0)| dx

=

∫ 1

0

|(n + 1)(1 − x)n − (n + 1)| dx

= (n + 1)

∫ 1

0

[1 − (1 − x)n] dx

= n ,
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that is,

∀n ∈ N∗, ∥Afn∥1 = n.

Now we show that A is unbounded: Assume, for contradiction, that A is bounded, so

∃M ≥ 0, ∀f ∈ C[0, 1], ∥Af∥1 ≤ M∥f∥1.

Then

∃M ≥ 0, ∀n ∈ N∗, ∥Afn∥1 ≤ M∥fn∥1 (why?).

From (*) and (**) this implies that

∃M ≥ 0, ∀n ∈ N∗, n ≤ M · 1 = M.

This means N∗ is bounded above by M , a contradiction.
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Linear operators and applications

2.1 Dual of a normed vector space

Definition 2.1. Let E be a normed vector space over K (R or C). A linear form is a

linear map f : E → K.

Example 2.1. Let E = C([0, 1]), the space of continuous functions on [0, 1].

• f : E → R defined by f(p) = p(1) for p ∈ E (evaluation at 1) is a linear form.

• f ′ : E → R defined by f ′(g) =
∫ 1

0
g(t)dt is a linear form.

Definition 2.2. The set of all linear forms on E forms a vector space over K under the

operations:

• Addition: (f + g)(x) = f(x) + g(x)

• Scalar Multiplication: (λf)(x) = λf(x)

This vector space is called the algebraic dual of E, denoted E∗ or L(E,K).

Proposition 2.1. If E is finite-dimensional with dimE = n, then dimL(E,K) = n.

Let E be a normed space. The space of continuous (or bounded) linear forms on

E is called the topological dual of E, denoted:

E ′ = {T : E → K | T is linear and continuous} = L(E,K)
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Remark 2.1. If E is finite-dimensional, then the algebraic dual E∗ and the topological

dual E ′ coincide, i.e., L(E,K) = L(E,K) (every linear form is continuous).

We are primarily interested in the topological dual, often simply called the dual. The

dual E ′ is a Banach space when equipped with the operator norm:

∥f∥ = sup
∥x∥≤1

|f(x)| for f ∈ E ′

2.2 Hahn-Banach Theorems

2.2.1 Analytic form of the Hahn-Banach theorem

Definition 2.3. We call a semi-norm on a vector space E every mapping p : E → R+

that satisfies the following properties:

1. p(λx) = λp(x), ∀λ ≥ 0, ∀x ∈ E.

2. p(x + y) ≤ p(x) + p(y), ∀x, y ∈ E.

Every norm on E is a semi-norm.

[Zorn’s Lemma] Every non-empty partially ordered set in which every chain has an

upper bound contains a maximal element.

Theorem 2.1 (Hahn-Banach Theorem (Real Case)). Let E be a real vector space, G a

subspace of E, and p : E → R a semi-norm on E. Let f ∈ G∗ be a linear form on G

such that

∀x ∈ G, f(x) ≤ p(x).

Then there exists an extension f̄ ∈ E∗ (a linear form on E) such that

∀x ∈ G, f̄(x) = f(x);

∀x ∈ E, f̄(x) ≤ p(x).

Proof. Assume G ̸= E. Then there exists x0 ∈ E \ G. Define the subspace G1 of E as

follows:

G1 = {tx + x0 : x ∈ G, t ∈ R}.
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We now show the existence of an extension f1 on G1.

For y = tx + x0 ∈ G1, define

f1(y) = f1(tx + x0) = tf(x) + f1(x0) = tc + f(x),

where c = f1(x0) is a constant to be chosen later so that

f1(tx + x0) ≤ p(tx + x0).

By definition, f1 is linear and satisfies ∀x ∈ G, f1(x) = f(x).

For t > 0, inequality (1.2) is equivalent to

f1

(
x +

x0

t

)
≤ p

(
x +

x0

t

)
,

since f1 is linear and x0/t /∈ G. This previous inequality is equivalent to

c + f
(x0

t

)
≤ p

(
x +

x0

t

)
,

i.e.,

p
(
x +

x0

t

)
− f

(x0

t

)
≥ c. (1.2)

Similarly, for t < 0, we obtain the inequality:

−p
(
−x− x0

t

)
− f

(x0

t

)
≤ c. (1.3)

For x′, x′′ ∈ G, from the property of f on G, we have

f(x′′) − f(x′) ≤ p(x′′ − x′) = p((x′′ + x0) − (x′ + x0)) ≤ p(x′′ + x0) + p(−x′ − x0),

which implies

−f(x′′) + p(x′′ + x0) ≥ −f(x′) − p(−x′ − x0).

Define

c′ = sup
x′∈G

(−f(x′) − p(−x′ − x0)) ,

c′′ = inf
x′′∈G

(−f(x′′) + p(x′′ + x0)) .

c′ and c′′ exist. The constant c = f1(x0) can be chosen such that c′ ≤ c ≤ c′′. Then f1,

defined by f1(tx + x0) = tc + f(x), is a linear form on G1 which is an extension of f on

G1 and satisfies

f1(y) ≤ p(y), ∀y ∈ G1.

To complete the proof of the theorem, we consider the following two cases:
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1. If E is separable, then there exists a countable sequence of subspaces Gn such that

G1 = G, Gn+1 is constructed from Gn by adding one vector (as with G1 above), and

E =
⋃∞
n=1 Gn. By induction, we obtain extensions fn on Gn satisfying fn(y) ≤ p(y)

for all y ∈ Gn. Since E =
⋃∞
n=1Gn, there exists an extension f ∗ on E satisfying

f ∗(x) ≤ p(x) for all x ∈ E.

2. In the general case, let A be the set of all possible extensions g of f , defined on

subspaces D(g) ⊃ G, which satisfy

∀x ∈ D(g), g(x) ≤ p(x).

Define a partial order on A by:

g1 ≺ g2 ⇔


D(g1) ⊂ D(g2),

∀x ∈ D(g1), g1(x) = g2(x).

Let {gi}i∈I be a totally ordered subset of A. Define g′ on D(g′) =
⋃
i∈I D(gi) by

g′(x) = gi(x) if x ∈ D(gi). Then g′ ∈ A and is an upper bound for the chain {gi}.

By Zorn’s Lemma, A has a maximal element F .

We show that the domain of this maximal extension F must be all of E. Suppose,

for contradiction, that D(F ) ̸= E. Then there exists x0 ∈ E \D(F ). As shown in

the first part of the proof, F can be extended to a larger subspace D(F ) ⊕ Rx0,

contradicting the maximality of F . Therefore, D(F ) = E, and F is the desired

linear form on E satisfying:

∀x ∈ G, F (x) = f(x);

∀x ∈ E, F (x) ≤ p(x).

Theorem 2.2. Let E be a normed vector space and G a subspace of E. Let f be a

continuous linear form on G. Then f has an extension f̄ on E such that ∥f̄∥E∗ = ∥f∥G∗.

Proof. Simply take p(x) = ∥f∥G∗ · ∥x∥, which is a semi-norm on E, and apply the Hahn-

Banach theorem to obtain the desired result.
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Theorem 2.3 (Hahn–Banach). The maximal element f ∗ is defined on the whole space

E, i.e., E∗ = E, and satisfies

f ∗(x) ≤ p(x), ∀x ∈ E.

Moreover, if f is defined on a subspace G ⊂ E, then f ∗ extends f and

∥f ∗∥E∗ = ∥f∥G∗ .

Proof. Suppose for contradiction that dom(f ∗) ̸= E. Let x0 ∈ E \ dom(f ∗). Define

G̃ = dom(f ∗) ⊕ Rx0 and extend f ∗ to f̃ on G̃ by setting

f̃(x + λx0) = f ∗(x) + λα,

where α ∈ R is chosen so that f̃ ≤ p on G̃. This contradicts the maximality of f ∗. Thus

dom(f ∗) = E.

For the norm equality, take p(x) = ∥f∥G∗∥x∥. Then ∥f ∗∥E∗ ≤ ∥f∥G∗ , and the reverse

inequality is obvious.

Corollary 2.1. Let E be a normed space and x0 ∈ E, x0 ̸= 0. Then there exists f ∈ E∗

such that

∥f∥ = 1 and f(x0) = ∥x∥0.

Proof. Define G = Rx0 and f(λx0) = λ∥x0∥. Then ∥f∥G∗ = 1. Extend f to E by the

Hahn–Banach theorem with p(x) = ∥x∥.

Theorem 2.4 (Extension with Norm Preservation). Let E be a normed space over R (or

C), and let F ⊆ E be a linear subspace. Then:

∀f ∈ F ′, ∃g ∈ E ′ such that g|F = f and ∥g∥E′ = ∥f∥F ′

Proof. Let f ∈ F ′ and let M = ∥f∥F ′ . Apply the Hahn-Banach theorem with the

seminorm p(x) = M∥x∥. We have f(x) ≤ |f(x)| ≤ M∥x∥ = p(x) for all x ∈ F . The

theorem guarantees an extension g : E → K such that g|F = f and g(x) ≤ p(x) = M∥x∥

for all x ∈ E. Furthermore, −g(x) = g(−x) ≤ M∥ − x∥ = M∥x∥, so |g(x)| ≤ M∥x∥ for

all x ∈ E. Thus, g is continuous and ∥g∥E′ ≤ M = ∥f∥F ′ . Since g extends f , we also

have ∥g∥E′ ≥ ∥f∥F ′ . Therefore, ∥g∥E′ = ∥f∥F ′ .
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2.2.2 Hahn-Banach complex theorem

Theorem 2.5. Let E be a complex vector space, G a subspace of E, and p a function

defined on E satisfying the following conditions:

∀x ∈ E, p(x) ≥ 0. (1)

∀x, y ∈ E, p(x + y) ≤ p(x) + p(y). (2)

∀x ∈ E, ∀λ ∈ C, p(λx) = |λ|p(x). (3)

If f is a linear form on G such that for every x ∈ G, |f(x)| ≤ p(x), then there exists

a complex linear form f̃ on E satisfying:

∀x ∈ E, |f̃(x)| ≤ p(x), and ∀x ∈ G, f̃(x) = f(x).

Proof. According to the hypothesis, we have:

f(x) = g(x) + ih(x),

where g and h are real linear functionals. On the other hand, for every x ∈ G we have

f(x) = g(ix) + ih(x) = ig(x) − h(x)

= if(x)

and hence, for x ∈ G, we have x = g(ix) without correction.

According to the real Hahn-Banach theorem, there exists an extension g̃ of g on E

satisfying

∀x ∈ G, g̃(x) ≤ p(x)

⇒ −g̃(x) = g̃(−x) ≤ p(−x) = p(x)

⇒ |g̃(x)| ≤ p(x).

Define f̃ as follows:

f̃(x) = g̃(x) − ig̃(ix).
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But

f̃(ix) = g̃(ix) − ig̃(i(ix)) = g̃(ix) − ig̃(−x)

= g̃(ix) + ig̃(x) = if̃(x).

Thus, f̃ is a complex linear functional. For every x ∈ G, we have

f̃(x) = g̃(x) − ig̃(ix) = g(x) − ig(ix)

= g(x) + ih(x) = f(x).

Hence, f̃ is an extension of f . Now, we prove that

∀x ∈ E, |f̃(x)| ≤ p(x).

Indeed, using the exponential form of a complex number, we find

f̃(x) = g̃(x) − ig̃(ix) = re−iθ

⇒ |f̃(x)| = r = eiθf̃(x) = f̃(xeiθ).

The last value is positive real, and we also have

f̃(xeiθ) = g̃(xeiθ) − ig̃(ixeiθ)

⇒ |f̃(x)| = f̃(xeiθ) = |g̃(xeiθ)|

⇒ |f̃(x)| = |g̃(xeiθ)| ≤ p(xeiθ) = |eiθ|p(x) = p(x).

Therefore,

∀x ∈ E, |f̃(x)| ≤ p(x).
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2.2.3 Geometric Form of the Hahn-Banach Theorem

Theorem 2.6. Let E be a normed vector space, and let G and C be non-empty disjoint

subsets of E such that C is convex, compact, and G is closed and convex. Then, there

exists a continuous linear functional φ ∈ E∗ such that:

sup
x∈G

Re φ(x) < inf
y∈C

Re φ(y).

2.3 Adjoint Operators

Definition 2.4. Let E, F be normed spaces, and let T ∈ L(E,F ) be a bounded linear

operator. The adjoint (or dual) of T , denoted T ∗, is the bounded linear operator from

F ′ to E ′ defined by:

T ∗ : F ′ → E ′

g 7→ T ∗(g) = g ◦ T

That is, for g ∈ F ′ and x ∈ E:

(T ∗(g))(x) = g(T (x))

Example: Let T : Rn → Rm be a linear operator represented by the matrix A ∈

Mm×n(R). Its adjoint T ′ : (Rm)′ → (Rn)′ is represented by the transpose matrix AT .

Proposition 2.2. Let T ∈ L(E,F ). Then T ′ ∈ L(F ′, E ′) and ∥T ′∥ = ∥T∥.

Proof (Sketch):

1. Linearity: For g1, g2 ∈ F ′, α, β ∈ K:

T ∗(αg1 + βg2)(x) = (αg1 + βg2)(T (x))

= αg1(T (x)) + βg2(T (x))

= αT ∗(g1)(x) + βT ∗(g2)(x)

So T ∗(αg1 + βg2) = αT ∗(g1) + βT ∗(g2).
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2. Boundedness: For g ∈ F ′:

∥T ∗(g)∥E′ = ∥g ◦ T∥E′ = sup
∥x∥≤1

|g(T (x))|

≤ sup
∥x∥≤1

∥g∥F ′∥T (x)∥F

≤ ∥g∥F ′∥T∥ sup
∥x∥≤1

∥x∥E = ∥g∥F ′∥T∥

Thus, ∥T ∗∥ ≤ ∥T∥.

3. Equality of Norms (∥T ′∥ = ∥T∥): Using a corollary of the Hahn-Banach theorem,

for any x ∈ E with T (x) ̸= 0, there exists g ∈ F ′ with ∥g∥ = 1 such that g(T (x)) =

∥T (x)∥F . Then:

∥T (x)∥F = |g(T (x))| = |T ′(g)(x)|

≤ ∥T ′(g)∥E′∥x∥E

≤ ∥T ′∥∥g∥F ′∥x∥E = ∥T ′∥∥x∥E

So ∥T (x)∥F ≤ ∥T ′∥∥x∥E for all x ∈ E, implying ∥T∥ ≤ ∥T ′∥. Combined with the

previous inequality, ∥T ′∥ = ∥T∥.

2.3.1 Properties of the Adjoint

Let T, T1, T2 ∈ L(E,F ), S ∈ L(F,G), and λ ∈ K.

1. (T1 + T2)
′ = T ′

1 + T ′
2

2. (λT )′ = λT ′

3. (S ◦ T )′ = T ′ ◦ S ′

4. If T is an isomorphism, then (T−1)′ = (T ′)−1

2.4 operator spectrum

In the rest of this section, assume that X is a complex Banach space, and T ∈ B(X).

Let λ ∈ K. λ is called a spectral value of T , if T −λI is not invertible (or equivalently,

T − λI is bijective, since X is a Banach space).
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Definition 2.5. Let λ ∈ K. We say that λ is an eigenvalue of T , if T − λI is not

injective, or equivalently, there exists a nonzero vector u ∈ X such that (T − λI)(u) = 0.

Definition 2.6. We define the following sets:

1. The spectrum of T , denoted by σ(T ), is defined to be:

σ(T ) = {λ ∈ C : T − λI is not invertible}.

2. The resolvent of T is given by:

ρ(T ) = {λ ∈ C : T − λI is invertible}.

3. The point spectrum, denoted by σp(T ), the set of all eigenvalues, is defined as:

σp(T ) = {λ ∈ C : ker(T − λI) ̸= {0}}.

Remark 2.2. The spectral radius, denoted by r(T ), is the nonnegative real number given

by:

r(T ) = sup
λ∈σ(T )

|λ|.

Remark 2.3. We have:

1. σ(T ) is a nonempty and compact subset of C.

2. It is clear that σp(T ) ⊂ σ(T ).

3. If dimX < ∞, then σp(T ) = σ(T ).

Proof. Proof of (ii): We want to show that σp(T ) ⊂ σ(T ).

For any λ ∈ C, if λ ∈ σp(T ), then T − λI is not injective. Since invertibility implies

injectivity (and surjectivity), if T − λI is not injective, it cannot be invertible. Hence,

λ ∈ σ(T ). Therefore, σp(T ) ⊂ σ(T ).

Proof of (iii): Let T ∈ L(X). If dimX < ∞, we have:

T invertible ⇔ T bijective ⇔ T injective ⇔ T surjective.
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Since

σ(T ) = {λ ∈ C : T − λI not invertible} = {λ ∈ C : T − λI not injective} = σp(T ),

it follows that σp(T ) = σ(T ).

If A ⊂ C∗, we define A−1 = { 1
a

: a ∈ A}.

Theorem 2.7. If T is an invertible operator, then we have:

σ
(
T−1

)
=
(
σ(T )

)−1
, where

(
σ(T )

)−1
= {λ−1 : λ ∈ σ(T )}.

Proof. First, we prove that σ
(
T−1

)
⊂
(
σ(T )

)−1
.

Let λ ∈ σ
(
T−1

)
. Then T−1 − λI is not invertible. Since T is invertible, the operator

T (T−1−λI) is not invertible. Hence, I−λT is not invertible. Then (−λ)
(
T − 1

λ
I
)

is not

invertible.

Since −λ ̸= 0, it follows that T − 1
λ
I is not invertible, hence 1

λ
∈ σ(T ). Therefore,

λ ∈
(
σ(T )

)−1
. Thus,

σ
(
T−1

)
⊂
(
σ(T )

)−1
.

Now, we show that
(
σ(T )

)−1 ⊂ σ
(
T−1

)
.

Let λ ∈
(
σ(T )

)−1
. Then 1

λ
∈ σ(T ), so T − 1

λ
I is not invertible (and λ ̸= 0). Then

λ
(
T − 1

λ
I
)

= λT − I is not invertible. Hence,

T−1 − λ−1I = (−λ)−1T−1(T − λI)

is not invertible (since T − λI is not invertible and (−λ)−1T−1 is invertible). Thus,

λ−1 ∈ σ
(
T−1

)
. Therefore, (

σ(T )
)−1 ⊂ σ

(
T−1

)
.

Hence, we conclude:

σ
(
T−1

)
=
(
σ(T )

)−1
.
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2.5 Special case: Hilbert space

2.5.1 generalities on Hilbert spaces

2.6 Definition

Let E be a vector space over the field K (R or C). An inner product on E is a mapping

⟨·, ·⟩ : E × E → K satisfying the following properties for all x, y, z ∈ E and α ∈ K:

1. ⟨x, x⟩ = 0 ⇔ x = 0

2. ⟨αx, y⟩ = α⟨x, y⟩

3. ⟨x, y⟩ = ⟨y, x⟩ (Conjugate symmetry)

4. ⟨x + z, y⟩ = ⟨x, y⟩ + ⟨z, y⟩

The pair (E, ⟨·, ·⟩) is called a pre-Hilbert space.

Example 2.2. Let ℓ2(C) be the space of complex sequences (xn) such that
∑∞

n=1 |xn|2 <

∞. The inner product on ℓ2(C) is defined by:

⟨x, y⟩ =
∞∑
n=1

xnyn

Example 2.3. On E = Rn, the standard inner product is:

⟨x, y⟩ =
n∑
i=1

xiyi

Example 2.4. On E = Cn, the standard inner product is:

⟨x, y⟩ =
n∑
i=1

xiyi

Example 2.5. Let E = L2([a, b],C) be the space of square-integrable complex-valued

functions on [a, b]. The inner product is defined by:

⟨f, g⟩ =

∫ b

a

f(t)g(t) dt
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2.6.1 Cauchy-Schwarz Inequality

Theorem 2.8. If E is a pre-Hilbert space, then for all x, y ∈ E:

|⟨x, y⟩| ≤ ∥x∥∥y∥

where ∥x∥ =
√

⟨x, x⟩.

Proof. For any α ∈ K, and x, y ∈ E, we have:

⟨x + αy, x + αy⟩ = ⟨x, x⟩ + ⟨x, αy⟩ + ⟨αy, x⟩ + ⟨αy, αy⟩ ≥ 0

For y ̸= 0, choose α = − ⟨x,y⟩
⟨y,y⟩ . Then:

⟨x, x⟩ − |⟨x, y⟩|2

⟨y, y⟩
≥ 0 =⇒ |⟨x, y⟩|2 ≤ ⟨x, x⟩⟨y, y⟩

The inequality holds trivially if y = 0.

Corollary 2.2. Let H be a Hilbert space. For each y ∈ H, the linear functional fy :

H → K defined by fy(x) = ⟨x, y⟩ is continuous, and ∥fy∥ = ∥y∥.

Proof. By the Cauchy-Schwarz inequality:

|fy(x)| = |⟨x, y⟩| ≤ ∥x∥∥y∥ =⇒ ∥fy∥ ≤ ∥y∥

Also, fy(y) = ⟨y, y⟩ = ∥y∥2, so ∥fy∥ ≥ ∥y∥. Hence, ∥fy∥ = ∥y∥.

Definition 2.7. Two elements x, y in a Hilbert space H are said to be orthogonal if

⟨x, y⟩ = 0. For a subset A ⊆ H, the orthogonal complement is defined as:

A⊥ = {x ∈ H : ⟨x, y⟩ = 0 ∀y ∈ A}

Definition 2.8. A pre-Hilbert space H is called a Hilbert space if it is complete with

respect to the norm induced by the inner product.

Example 2.6. • Cn with the inner product ⟨x, y⟩ =
∑n

i=1 xiyi is a Hilbert space.

• L2([a, b],C) with ⟨f, g⟩ =
∫ b
a
f(t)g(t) dt is a Hilbert space.
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2.6.2 Riesz Representation Theorem

Theorem 2.9. Let H be a Hilbert space. For every continuous linear functional f ∈ H∗,

there exists a unique y ∈ H such that:

f(x) = ⟨x, y⟩ ∀x ∈ H

and ∥f∥ = ∥y∥.

Proof. If f = 0, take y = 0. Otherwise, let F = ker f , which is a closed subspace. Then

H = F ⊕ F⊥, and F⊥ is one-dimensional. Take x0 ∈ F⊥ with ∥x0∥ = 1. For any x ∈ H,

we have:

x− f(x)

f(x0)
x0 ∈ F =⇒

〈
x− f(x)

f(x0)
x0, x0

〉
= 0 =⇒ ⟨x, x0⟩ =

f(x)

f(x0)

So, f(x) = f(x0)⟨x, x0⟩ = ⟨x, f(x0)x0⟩. Let y = f(x0)x0. Uniqueness follows from the

properties of the inner product.

2.6.3 Properties of the adjoint of a linear operator

Let (H, ⟨·, ·⟩) be a Hilbert space (a complete inner product space, where the norm is given

by ∥x∥ =
√

⟨x, x⟩).

Definition 2.9. Let H1, H2 be Hilbert spaces, and let T ∈ L(H1, H2) be a bounded linear

operator. The (Hilbert) adjoint of T , denoted T ∗, is the unique operator in L(H2, H1)

defined by the relation:

⟨T (x), y⟩H2 = ⟨x, T ∗(y)⟩H1 ∀x ∈ H1, ∀y ∈ H2

Example 2.7. Let H1 = H2 = Cn with the standard inner product. If T is represented

by a matrix A ∈ Mn(C), then T ∗ is represented by the conjugate transpose matrix A∗.

Example 2.8. (Shift Operator): Consider the right shift operator S on ℓ2(N):

S : ℓ2(N) → ℓ2(N)

(x1, x2, x3, . . .) 7→ (0, x1, x2, x3, . . .)
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Its adjoint is the left shift operator S∗:

S∗ : ℓ2(N) → ℓ2(N)

(x1, x2, x3, . . .) 7→ (x2, x3, x4, . . .)

One can verify that ⟨Sx, y⟩ = ⟨x, S∗y⟩ for all x, y ∈ ℓ2.

Example 2.9. (Integral Operator): Consider the integral operator T on L2([a, b]) with

kernel K:

T : L2([a, b]) → L2([a, b])

f 7→ Tf, where (Tf)(s) =

∫ b

a

K(s, t)f(t)dt

If the kernel satisfies K(s, t) = K(t, s), then T is self-adjoint (T ∗ = T ). The adjoint T ∗

is given by:

(T ∗f)(s) =

∫ b

a

K(t, s)f(t)dt

Corollary 2.3. Let T ∈ L(H).

1. ∥T ∗T∥ = ∥TT ∗∥ = ∥T∥2

2. T ∗T = 0 if and only if T = 0

Proposition 2.3. Let T ∈ L(H1, H2). Then (T ∗)∗ = T and ∥T ∗∥ = ∥T∥.

Proof. Let y ∈ H, then f : x 7−→ ⟨Tx, y⟩ is an element of H∗, therefore by the Riesz

representation theorem, there exists a unique T ∗y ∈ H satisfying

∀x ∈ H, ⟨Tx, y⟩ = f(x) = ⟨x, T ∗y⟩.

We also have

∥T ∗y∥ ≤ ∥T ∗∥∥y∥ ⇒ ∥T ∗∥ ≤ ∥T∥.

On the other hand,

∥Tx∥2 = ⟨Tx, Tx⟩ = ⟨x, T ∗(Tx)⟩,

⇒ ∥Tx∥2 ≤ ∥x∥∥T ∗∥∥Tx∥,

⇒ ∥Tx∥ ≤ ∥x∥∥T ∗∥,

⇒ ∥T∥ ≤ ∥T ∗∥,
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Theorem 2.10. Let S and T be two operators on a Hilbert space.

1. (T + S)∗ = T ∗ + S∗

2. (αT )∗ = αT ∗, α ∈ C

3. (T ∗)∗ = T

4. (ST )∗ = T ∗S∗

Proof. 1. ⟨(S + T )x, y⟩ = ⟨Sx, y⟩ + ⟨Tx, y⟩

= ⟨x, S∗y⟩ + ⟨x, T ∗y⟩ = ⟨x, (T ∗ + S∗)y⟩.

2. ⟨(αT )x, y⟩ = ⟨T (αx), y⟩

= ⟨αx, T ∗y⟩ = ⟨x, αT ∗y⟩.

3. It is evident

4. ⟨(ST )x, y⟩ = ⟨Tx, S∗y⟩

= ⟨x, T ∗(S∗y)⟩ = ⟨x, (T ∗S∗)y⟩.

⇒ (ST )∗ = T ∗S∗.

Proposition 2.4. Let H be a Hilbert space over K and T ∈ L(H). Then

(a) KerT = ( ImT ∗)⊥, KerT ∗ = ( ImT )⊥.

(b) ImT = ( KerT ∗)⊥, ImT ∗ = ( KerT )⊥.

(c) KerT ∗ = {0} if and only if ImT is dense in H.

Here, KerT = {x ∈ H : Tx = 0}, ImT = {y ∈ H : y = Tx, x ∈ H} and ImT is

the closure of ImT in H.

Proof. (a) Let x ∈ KerT , then Tx = 0, so for all y ∈ H

⟨x, T ∗y⟩ = ⟨Tx, y⟩ = 0,

which means x ∈ ( ImT ∗)⊥ and thus KerT ⊂ ( ImT ∗)⊥. If x ∈ ( ImT ∗)⊥ then for

all y ∈ H

63



CHAPTER 2. LINEAR OPERATORS AND APPLICATIONS

⟨Tx, y⟩ = ⟨x, T ∗y⟩ = 0,

which implies x ∈ KerT and therefore ( ImT ∗)⊥ ⊂ KerT . Hence KerT =

( ImT ∗)⊥.

From the above, we have

KerT ∗ = (( ImT ∗)∗)⊥ = ( ImT )⊥.

(b) By part (a), we have

ImT = (( ImT )⊥)⊥ = ( KerT ∗)⊥

ImT ∗ = (( ImT ∗) perp)⊥ = ( KerT )⊥.

(c) If KerT ∗ = {0}, then by part (b)

ImT ∗ = ( KerT ∗)⊥ = {0}⊥ = H.

Therefore ImT is dense in H. Conversely, if ImT is dense in H, then by (a),

KerT ∗ = ( ImT )⊥ = ((( ImT )⊥)⊥)⊥ = (H)⊥ = {0}.

Corollary 2.4. Let H be a Hilbert space, and T ∈ L(H). Then the orthogonal decompo-

sition becomes:

H = ImT ⊕ KerT ∗ = ImT ∗ ⊕ KerT.

2.7 Spectrum of an operator

In the rest of this section, assume that X is a complex Banach space, and T ∈ B(X).

Definition 2.10. Let λ ∈ K. λ is called a spectral value of T , if T −λI is not invertible

(or equivalently, T − λI is bijective, since X is a Banach space).
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Definition 2.11. Let λ ∈ K. We say that λ is an eigenvalue of T , if T − λI is not

injective, or equivalently, there exists a nonzero vector u ∈ X such that (T − λI)(u) = 0.

Definition 2.12. We define the following sets:

1. The spectrum of T , denoted by σ(T ), is defined to be:

σ(T ) = {λ ∈ C : T − λI is not invertible}.

2. The resolvent of T is given by:

ρ(T ) = {λ ∈ C : T − λI is invertible}.

3. The point spectrum, denoted by σp(T ), the set of all eigenvalues, is defined as:

σp(T ) = {λ ∈ C : ker(T − λI) ̸= {0}}.

Remark 2.4. The spectral radius, denoted by r(T ), is the nonnegative real number given

by:

r(T ) = sup
λ∈σ(T )

|λ|.

Remark 2.5. We have:

1. σ(T ) is a nonempty and compact subset of C.

2. It is clear that σp(T ) ⊂ σ(T ).

3. If dimX < ∞, then σp(T ) = σ(T ).

Proof. Proof of (2): We want to show that σp(T ) ⊂ σ(T ).

For any λ ∈ C, if λ ∈ σp(T ), then T − λI is not injective. Since invertibility implies

injectivity (and surjectivity), if T − λI is not injective, it cannot be invertible. Hence,

λ ∈ σ(T ). Therefore, σp(T ) ⊂ σ(T ).

Proof of (iii): Let T ∈ L(X). If dimX < ∞, we have:

T invertible ⇔ T bijective ⇔ T injective ⇔ T surjective.
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Since

σ(T ) = {λ ∈ C : T − λI not invertible} = {λ ∈ C : T − λI not injective} = σp(T ),

it follows that σp(T ) = σ(T ).

If A ⊂ C∗, we define A−1 = { 1
a

: a ∈ A}.

Theorem 2.11. If T is an invertible operator, then we have:

σ
(
T−1

)
=
(
σ(T )

)−1
, where

(
σ(T )

)−1
= {λ−1 : λ ∈ σ(T )}.

Proof. First, we prove that σ
(
T−1

)
⊂
(
σ(T )

)−1
.

Let λ ∈ σ
(
T−1

)
. Then T−1 − λI is not invertible. Since T is invertible, the operator

T (T−1−λI) is not invertible. Hence, I−λT is not invertible. Then (−λ)
(
T − 1

λ
I
)

is not

invertible.

Since −λ ̸= 0, it follows that T − 1
λ
I is not invertible, hence 1

λ
∈ σ(T ). Therefore,

λ ∈
(
σ(T )

)−1
. Thus,

σ
(
T−1

)
⊂
(
σ(T )

)−1
.

Now, we show that
(
σ(T )

)−1 ⊂ σ
(
T−1

)
.

Let λ ∈
(
σ(T )

)−1
. Then 1

λ
∈ σ(T ), so T − 1

λ
I is not invertible (and λ ̸= 0). Then

λ
(
T − 1

λ
I
)

= λT − I is not invertible. Hence,

T−1 − λ−1I = (−λ)−1T−1(T − λI)

is not invertible (since T − λI is not invertible and (−λ)−1T−1 is invertible). Thus,

λ−1 ∈ σ
(
T−1

)
. Therefore, (

σ(T )
)−1 ⊂ σ

(
T−1

)
.

Hence, we conclude:

σ
(
T−1

)
=
(
σ(T )

)−1
.
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2.8 Exercises

Exercise 1

Find the adjoint T ∗ in the following cases:

1. T : L2([0, 1]) → L2([0, 1]), (Tx)(t) = x
(
t+1
2

)
2. T : ℓ2(C) → ℓ2(C), Tx = (α1x1, α2x2, . . .), where (αn) ∈ ℓ∞

3. T : L2(R) → L2(R), (Tx)(t) = a(t)x(t + h), h ∈ R

Exercise 2

Find the eigenvalues and spectrum for:

1. Tx(t) = x(−t)

2. Tx(t) =
∫ π
−π sin(t + s)x(s) ds

3. Tx(t) =
∫ 1

0
ϕ(t)x(t) dt, where ϕ > 0 on [0, 1]

Exercise 3

Let T ∈ L(L2([0, 1])) such that T 2 = λT . Show that there exists λ, and compute the

spectrum.

Exercise 4

Let T : ℓ2(C) → ℓ2(C) be the left shift: T (x1, x2, . . .) = (x2, x3, . . .). Show that the point

spectrum is empty, and the spectrum is {λ ∈ C : |λ| ≤ 1}. Also, consider the right shift

S(x1, x2, . . .) = (0, x1, x2, . . .), and show its spectrum is the same.

Exercise 5

Let T : ℓ2(C) → ℓ2(C) be defined by Tx = (α1x1, α2x2, . . .), with (αn) bounded. Show

that the eigenvalues are exactly the αn, and σ(T ) = {αn}.
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Exercise 6

Let E = L2([0, 1],C), and Tf(t) = tf(t). Show that T has no eigenvalues, and σ(T ) =

[0, 1].

Exercise 7

1. Show that the operator A : (C[0, 1], ∥ · ∥∞) → R defined by Af =
∫ 1

0
f(t) sin t dt is

linear, bounded, continuous, and Lipschitz, and determine its norm.

2. Same questions for A : (L2[0, 1], ∥ · ∥2) → R with Af =
∫ 1

0
f(t) sin t dt (Lebesgue

integral).

3. Same questions for A : C[0, 1] → C[0, 1] defined by Af(t) =
∫ t
0
f(s) ds.

4. Same questions for the left-shift operator A : (ℓ2, ∥ · ∥2) → (ℓ2, ∥ · ∥2) defined by

A(x1, x2, . . . ) = (x2, x3, . . . ).

5. Same questions for the integral operator A : L2[0, 1] → L2[0, 1] defined by

Ay(t) =

∫ 1

0

K(t, s)y(s) ds,

where the kernel K is continuous on [0, 1] × [0, 1].

2.9 Solutions

Solution of Exercise 1

We find the adjoint T ∗

1. T : L2([0, 1]) → L2([0, 1]), (Tx)(t) = x
(
t+1
2

)
.

Let x, y ∈ L2([0, 1]). We have:

⟨Tx, y⟩ =

∫ 1

0

x

(
t + 1

2

)
y(t) dt.

Substitute u = t+1
2

⇒ t = 2u− 1, dt = 2 du.

The limits become t = 0 ⇒ u = 1
2
, t = 1 ⇒ u = 1.

Then:
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⟨Tx, y⟩ =

∫ 1

1/2

x(u)y(2u− 1) · 2 du.

Hence the adjoint is:

(T ∗y)(u) =


2 y(2u− 1), u ∈ [1

2
, 1],

0, otherwise.

2. T : ℓ2(C) → ℓ2(C), Tx = (α1x1, α2x2, . . . ), with (αn) ∈ ℓ∞.

Let x, y ∈ ℓ2. Then:

⟨Tx, y⟩ =
∞∑
n=1

αnxnyn.

So clearly:

⟨x, T ∗y⟩ =
∞∑
n=1

xnαnyn,

hence T ∗y = (α1y1, α2y2, . . . ).

3. T : L2(R) → L2(R), (Tx)(t) = a(t)x(t + h), h ∈ R.

Let x, y ∈ L2(R). Then:

⟨Tx, y⟩ =

∫
R
a(t)x(t + h)y(t) dt.

Let u = t + h ⇒ t = u− h, dt = du. Then:

⟨Tx, y⟩ =

∫
R
a(u− h)x(u)y(u− h) du.

Thus:

(T ∗y)(u) = a(u− h) y(u− h).

Solution of Exercise 2

We find eigenvalues and spectrum

1. Tx(t) = x(−t) on L2([−a, a]) (assume symmetric interval).
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Let λ be an eigenvalue: x(−t) = λx(t) for almost all t.

Applying twice: x(t) = λx(−t) = λ2x(t) ⇒ λ2 = 1 ⇒ λ = ±1.

Check eigenfunctions: λ = 1: even functions; λ = −1: odd functions.

The spectrum σ(T ) = {±1} (since T is unitary and bounded).

2. Tx(t) =
∫ π
−π sin(t + s)x(s) ds.

Note sin(t + s) = sin t cos s + cos t sin s. Let:

u1(t) = sin t, u2(t) = cos t, v1(s) = cos s, v2(s) = sin s.

Then Tx = ⟨x, v1⟩u1 + ⟨x, v2⟩u2. So T is a rank-2 operator.

Eigenvalues come from the matrix representation in basis {u1, u2}. Compute:

∫ π

−π
sin(t + s) cos(s) ds = π sin t,

∫ π

−π
sin(t + s) sin(s) ds = π cos t.

Thus the matrix of T in basis {sin t, cos t} is

π 0

0 π

.

Eigenvalues: λ = π (multiplicity 2). Spectrum σ(T ) = {π, 0} (0 is in spectrum since

T is compact and non-surjective).

3. Tx(t) =
∫ 1

0
ϕ(t)x(t) dt with ϕ > 0 on [0, 1].

Here Tx = ⟨x, 1⟩ϕ(t), a rank-1 operator.

Eigenvalue equation: ⟨x, 1⟩ϕ(t) = λx(t).

If λ ̸= 0, then x(t) = cϕ(t) with c = ⟨x, 1⟩/λ.

Compute ⟨x, 1⟩ = c
∫ 1

0
ϕ(t) dt.

The equation becomes c
∫ 1

0
ϕ(t) dt · ϕ(t) = λcϕ(t).

Thus λ =
∫ 1

0
ϕ(t) dt (non-zero eigenvalue).

If λ = 0, then ⟨x, 1⟩ = 0, so any x ⊥ 1 is an eigenfunction for λ = 0.

Thus point spectrum: λ = 0 and λ =
∫ 1

0
ϕ(t) dt.

Spectrum σ(T ) = {0,
∫ 1

0
ϕ(t)dt}.

Solution of Exercise 3

Let T ∈ L(L2([0, 1])) such that T 2 = λT .
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If λ = 0, then T 2 = 0. Spectrum may contain 0 only.

If λ ̸= 0, let µ ∈ C \ {0, λ}. Then:

(T − µI) (T − (λ− µ)I) = T 2 − λT + µ(λ− µ)I = µ(λ− µ)I.

Thus T − µI is invertible with inverse 1
µ(λ−µ)(T − (λ− µ)I).

So σ(T ) ⊆ {0, λ}.

If T = 0, spectrum is {0}.

If T ̸= 0 and satisfies T 2 = λT , then any non-zero x with Tx ̸= 0 satisfies T (Tx) =

λ(Tx), so λ is an eigenvalue.

Also, if Tx = 0 for some non-zero x, then 0 is eigenvalue.

Thus σ(T ) = {0, λ} or subset thereof.

Solution of Exercise 4

Left shift T (x1, x2, . . . ) = (x2, x3, . . . ) on ℓ2(C).

No eigenvalues: Suppose Tx = λx. Then xn+1 = λxn for all n, so xn = λn−1x1.

If |λ| < 1, x ∈ ℓ2. But x1 ̸= 0 yields ∥x∥2 = |x1|2
∑∞

n=0 |λ|2n < ∞, so indeed

eigenvector exists? Wait, check: For |λ| < 1, x = (1, λ, λ2, . . . ) ∈ ℓ2. Then Tx =

(λ, λ2, . . . ) = λx. So λ is eigenvalue for |λ| < 1. Similarly for |λ| = 1, x /∈ ℓ2. So point

spectrum σp(T ) = {λ : |λ| < 1}.

But spectrum σ(T ) = {λ : |λ| ≤ 1} for the left shift.

Right shift S(x1, x2, . . . ) = (0, x1, x2, . . . ).

Eigenvalues: Sx = λx ⇒ (0, x1, x2, . . . ) = (λx1, λx2, . . . ).

If λ ̸= 0, then x1 = 0, λx2 = x1 = 0 ⇒ x2 = 0, etc., so x = 0. If λ = 0, then Sx = 0

means x1 = x2 = · · · = 0, so no non-zero eigenvectors. So σp(S) = ∅.

Spectrum σ(S) = {λ : |λ| ≤ 1}, same as left shift.

Solution of Exercise 5

Tx = (α1x1, α2x2, . . . ) with (αn) bounded.

Eigenvalue equation: αnxn = λxn for all n.
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If for some n, αn = λ, choose x = en (standard basis vector), then Tx = λen, so λ is

eigenvalue.

Conversely, if λ is eigenvalue with eigenvector x, then for each n either xn = 0 or

αn = λ. Since x ̸= 0, some xn ̸= 0, so λ = αn for that n. Thus eigenvalues are exactly

{αn}.

Spectrum σ(T ) = {αn} (closure in C).

Solution of Exercise 6

E = L2([0, 1],C), Tf(t) = tf(t).

Eigenvalue equation: tf(t) = λf(t) a.e.

Then (t− λ)f(t) = 0 a.e., so f(t) = 0 for t ̸= λ. Since λ is fixed and {t : t ̸= λ} has

full measure, f = 0 a.e. So no eigenvalues.

Spectrum: T is multiplication by t, so σ(T ) = ess range of t = [0, 1].

Solution of Exercise 7

Linearity: Let α ∈ R and f, g ∈ C[0, 1]. Then

A(αf + g) =

∫ 1

0

(αf + g)(t) sin t dt = α

∫ 1

0

f(t) sin t dt +

∫ 1

0

g(t) sin t dt = αAf + Ag.

Boundedness: Let f ∈ C[0, 1]. Then

|Af | =

∣∣∣∣∫ 1

0

f(t) sin t dt

∣∣∣∣ ≤ ∫ 1

0

|f(t) sin t| dt =

∫ 1

0

|f(t)| | sin t| dt ≤ ∥f∥∞
∫ 1

0

| sin t| dt.

Thus there exists M =
∫ 1

0
| sin t| dt ≥ 0 such that

|Af | ≤ M∥f∥∞ for all f ∈ C[0, 1]. (*)

Continuity and Lipschitz property: Since A is linear and bounded, it is continuous

and Lipschitz.

Norm of A: From (*) we obtain

∥A∥ ≤ M =

∫ 1

0

| sin t| dt. (1)
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Now consider the sequence of continuous functions on [0, 1] defined by

fn(t) =
n sin t

n| sin t| + 1
, t ∈ [0, 1], n ≥ 1.

On one hand,

Afn =

∫ 1

0

fn(t) sin t dt =

∫ 1

0

n sin2 t

n| sin t| + 1
dt.

Hence,

0 ≤
∣∣∣∣Afn − ∫ 1

0

| sin t| dt
∣∣∣∣ =

∣∣∣∣∫ 1

0

[
n sin2 t

n| sin t| + 1
− | sin t|

]
dt

∣∣∣∣ =

∫ 1

0

| sin t|
n| sin t| + 1

dt ≤ 1

n
.

This implies

Afn −−−→
n→∞

∫ 1

0

| sin t| dt.

On the other hand,

∥fn∥∞ = sup
t∈[0,1]

|fn(t)| = sup
t∈[0,1]

n| sin t|
n| sin t| + 1

≤ 1.

Therefore,

Afn ≤ |Afn|
∥fn∥∞

≤ ∥A∥,

which gives ∫ 1

0

| sin t| dt ≤ ∥A∥. (2)

From (1) and (2) we conclude

∥A∥ =

∫ 1

0

| sin t| dt.

2. Recall that the Lebesgue space

L2[0, 1] =

{
f : [0, 1] → R

∣∣∣∣ f measurable,

∫ 1

0

|f(t)|2dt < ∞
}

is a Hilbert space with inner product

⟨f, g⟩ =

∫ 1

0

f(t)g(t) dt, f, g ∈ L2[0, 1],

and norm

∥f∥2 =
√

⟨f, f⟩ =

(∫ 1

0

|f(t)|2dt
) 1

2

.

Linearity: As before, A(αf + g) = αAf + Ag.
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Boundedness: For f ∈ L2[0, 1],

|Af | =

∣∣∣∣∫ 1

0

f(t) sin t dt

∣∣∣∣ = |⟨f, sin⟩| ≤ ∥f∥2∥ sin ∥2 (Cauchy–Schwarz) = ∥f∥2
(∫ 1

0

| sin t|2dt
) 1

2

.

Thus

|Af | ≤ M∥f∥2 with M =

(∫ 1

0

| sin t|2dt
) 1

2

. (*)

Continuity and Lipschitz property: Follows from linearity and boundedness.

Norm of A: From (*) we have

∥A∥ ≤ M =

(∫ 1

0

| sin t|2dt
) 1

2

. (1)

Now take f∗ = sin ∈ L2[0, 1]. Then

|Af∗|
∥f∗∥2

=

∣∣∣∫ 1

0
sin2 t dt

∣∣∣(∫ 1

0
sin2 t dt

) 1
2

=

(∫ 1

0

sin2 t dt

) 1
2

.

Since |Af∗|
∥f∗∥2 ≤ ∥A∥, we obtain

(∫ 1

0

sin2 t dt

) 1
2

≤ ∥A∥. (2)

From (1) and (2),

∥A∥ =

(∫ 1

0

sin2 t dt

) 1
2

.

3.

Linearity: For α ∈ R, f, g ∈ C[0, 1], and any t ∈ [0, 1],

A(αf + g)(t) =

∫ t

0

(αf + g)(s) ds = α

∫ t

0

f(s) ds +

∫ t

0

g(s) ds = αAf(t) + Ag(t).

Boundedness: For f ∈ C[0, 1],

∥Af∥∞ = sup
t∈[0,1]

∣∣∣∣∫ t

0

f(s) ds

∣∣∣∣ ≤ sup
t∈[0,1]

∫ t

0

|f(s)| ds ≤ sup
t∈[0,1]

∫ t

0

∥f∥∞ ds = sup
t∈[0,1]

(∥f∥∞t) = ∥f∥∞.

Thus ∥Af∥∞ ≤ 1 · ∥f∥∞.

Continuity and Lipschitz property: Follows from linearity and boundedness.
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Norm of A: From (*), ∥A∥ ≤ 1.

Take f∗(t) = 1. Then

∥Af∗∥∞
∥f∗∥∞

=
supt∈[0,1]

∣∣∣∫ t0 1 ds
∣∣∣

supt∈[0,1] 1
=

supt∈[0,1] t

1
= 1.

Since ∥Af∗∥∞
∥f∗∥∞ ≤ ∥A∥, we get 1 ≤ ∥A∥.

From (1) and (2), ∥A∥ = 1.

4.

Linearity: For α ∈ R and x = (x1, x2, . . . ), y = (y1, y2, . . . ) ∈ ℓ2,

A(αx + y) = (αx2 + y2, αx3 + y3, . . . ) = α(x2, x3, . . . ) + (y2, y3, . . . ) = αAx + Ay.

Boundedness: For x ∈ ℓ2,

∥Ax∥22 =
∞∑
i=2

|xi|2 ≤
∞∑
i=1

|xi|2 = ∥x∥22.

Thus ∥Ax∥2 ≤ 1 · ∥x∥2.

Continuity and Lipschitz property: Follows from linearity and boundedness.

Norm of A: From (*), ∥A∥ ≤ 1.

Take x∗ = (0, 1, 0, 0, . . . ) ∈ ℓ2. Then

∥Ax∗∥2
∥x∗∥2

=
∥(1, 0, 0, . . . )∥2
∥(0, 1, 0, . . . )∥2

=
1

1
= 1.

Since ∥Ax∗∥2
∥x∗∥2 ≤ ∥A∥, we obtain 1 ≤ ∥A∥.

From (1) and (2), ∥A∥ = 1.

5.

Linearity: For α ∈ R, f, g ∈ L2[0, 1], and any t ∈ [0, 1],

[A(αf+g)](t) =

∫ 1

0

K(t, s)(αf+g)(s) ds = α

∫ 1

0

K(t, s)f(s) ds+

∫ 1

0

K(t, s)g(s) ds = α(Af)(t)+(Ag)(t).
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Boundedness: For f ∈ L2[0, 1] and any t ∈ [0, 1],

|(Af)(t)| =

∣∣∣∣∫ 1

0

K(t, s)f(s) ds

∣∣∣∣ = |⟨K(t, ·), f⟩| ≤ ∥K(t, ·)∥2∥f∥2 =

(∫ 1

0

|K(t, s)|2ds
) 1

2

∥f∥2.

Hence,

∥Af∥22 =

∫ 1

0

|(Af)(t)|2dt ≤
∫ 1

0

(∫ 1

0

|K(t, s)|2ds
)
∥f∥22 dt =

(∫∫
[0,1]2

|K(t, s)|2ds dt
)
∥f∥22.

Therefore,

∥Af∥2 ≤ M∥f∥2 with M =

(∫∫
[0,1]2

|K(t, s)|2ds dt
) 1

2

. (*)

Continuity and Lipschitz property: Follows from linearity and boundedness.
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Chapter 3

Introduction to the spectral theory

of compact operators

3.1 Definitions and results

3.1.1 compact operators

We recall that L(E,F ) denotes the Banach space over K of linear operators from E to

F , while  L(E,F ) denotes the Banach space over K of bounded linear operators from E

to F .

Definition 3.1. We say that T is a compact operator from E to F if T ∈ L(E,F ) and

T (BE) is a compact subset of F . The set of compact operators from E to F is denoted

Kc(E,F ). When E = F , we simply write Kc(E,E) = Kc(E).

We recall that if (X, d) is a metric space, a subset Y of X is said to be relatively

compact if its closure in X is compact. Then, Definition 4.1.1 is equivalent to: T ∈

Kc(E,F ) if and only if T (BE) is relatively compact.

In particular, it is immediate that T ∈ Kc(E,F ) if and only if T (B) is relatively

compact for every bounded subset B of E. We deduce the following result:

Proposition 3.1 (Characterization of compact operators). If T ∈ L(E,F ), then the

following statements are equivalent:

1. T ∈ Kc(E,F );
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2. For every bounded sequence (xn)n∈N in E, the sequence (Txn)n∈N admits a subse-

quence that converges in F .

Below we recall Ascoli’s theorem, which is a classic and powerful tool for showing that

an operator is compact.

Theorem 3.1 (Ascoli). Let (K, d) be a compact metric space and (X, d′) a complete

metric space. A subset H ⊂ C(K;X) is relatively compact for the uniform convergence

norm if and only if:

1. H is equicontinuous, i.e., for every x ∈ K,

∀ϵ > 0,∃V ∈ V(x),∀g ∈ H, ∀y ∈ V, d′(g(x), g(y)) < ϵ,

where V(x) denotes the set of neighborhoods of x for the distance d(·, ·).

2. For every x ∈ K, the set H(x) = {g(x) | g ∈ H} is relatively compact.

Example 3.1. The Volterra operator T (primitive vanishing at 0) defined on E =

C([0, 1];K), equipped with the uniform convergence norm ∥ · ∥∞, is compact.

Indeed, we use Ascoli’s theorem with K = [0, 1], X = K, and H = T (BE). Let

f ∈ BE. For x, y ∈ [0, 1], we have

|Tf(x) − Tf(y)| =

∣∣∣∣∫ y

x

f(t) dt

∣∣∣∣ ≤ |x− y|∥f∥∞ ≤ |x− y|.

Let x ∈ K be fixed. Then, for every ϵ > 0, there exists V = {y ∈ K | |x− y| < ϵ} ∈ V(x)

such that for every g ∈ H and every y ∈ V , we have |g(x) − g(y)| < ϵ. In other words,

H is indeed equicontinuous. Moreover, for every x ∈ [0, 1], H(x) is a subset of K, so if

H(x) is bounded then H(x) is relatively compact. Now, for every x ∈ [0, 1], we have

∀f ∈ BE, |Tf(x)| ≤
∫ x

0

|f(t)| dt ≤ x ≤ 1,

which gives the result.

Example 3.2. Let E = C([a, b], K) equipped with the uniform convergence norm ∥ · ∥∞

and K ∈ C([a, b]2, K). Then, the integral operator TK defined by

∀f ∈ E, TKf(x) =

∫ b

a

K(x, y)f(y) dy, ∀x ∈ [a, b],

is compact.
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We will repeatedly use Riesz’s theorem, which we recall below in the form of a lemma.

Lemma 3.1 (Riesz’s theorem). Let X be a normed vector space. Then, the closed unit

ball of X is compact if and only if X is finite-dimensional.

Remark 3.1. 1. A direct application of Riesz’s theorem is that the identity map on

X is compact if and only if X is finite-dimensional.

2. If E and F are infinite-dimensional, Riesz’s theorem implies (see tutorial sheet no.

3) that if T ∈  L(E,F ) is invertible then T is not compact.

Theorem 3.2. Kc(E,F ) is a closed vector subspace of L(E,F ); in particular, Kc(E,F )

is a Banach space over K.

Remark 3.2. If F is not complete, the result may be false.

Proof. For every T ∈ Kc(E,F ), we have

sup
x∈BE

∥Tx∥F = sup
y∈T (BE)

∥y∥F ≤ sup
y∈T (BE)

∥y∥F < +∞,

hence Kc(E,F ) ⊂ L(E,F ). Moreover, 0 ∈ Kc(E,F ). Let us show that Kc(E,F ) is

stable under linear combinations. Let S, T ∈ Kc(E,F ) and λ ∈ K, for every bounded

sequence (xn)n∈N in E, there exists a subsequence (Sxϕ(n))n∈N of (Sxn)n∈N that converges

to a point y in F . Similarly, there exists a subsequence (Txϕ(n))n∈N of (Txϕ(n))n∈N that

converges to a point z in F . Finally, we obtain

(S + λT )xψ(ϕ(n)) −→
n→+∞

y + λz.

In conclusion, for every bounded sequence (xn)n∈N in E, the sequence ((S+λT )xn)n∈N ad-

mits a subsequence ((S+λT )xψ(ϕ(n)))n∈N that converges in F . We deduce, by Proposition

4.1.2, that S + λT ∈ Kc(E,F ); hence Kc(E,F ) is a vector subspace of  L(E,F ).

It remains to show that the vector space Kc(E,F ), equipped with the norm induced

by that of  L(E,F ), is closed. Let T ∈ Kc(E,F ). Then, there exists a sequence (Tn)n∈N

in Kc(E,F ) that converges in  L(E,F ) to T . We want to show that T ∈ Kc(E,F ), i.e.,

that T (BE) is a compact subset of F .
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Lemma 3.2. If K is a closed subset of a complete metric space (X, d), then K is compact

if and only if for every ϵ > 0, there exist n ∈ N∗ and y1, . . . , yn ∈ X such that

K ⊂
n⋃
i=1

B(yi, ϵ),

where B(yi, ϵ) = {x ∈ X | d(x, yi) < ϵ}.

Let ϵ > 0. There exists n0 ∈ N such that ∥Tn0 − T∥ < ϵ/4. Now Tn0 ∈ Kc(E,F ), so

Tn0(BE) is a compact subset of F . In particular, by Lemma 3.2, there exist n ∈ N∗ and

y1, . . . , yn ∈ F such that

Tn0(BE) ⊂
n⋃
i=1

B
(
yi,

ϵ

4

)
.

If x ∈ BE, there exists i0 ∈ {1, . . . , n} such that

Tn0x ∈ B
(
yi0 ,

ϵ

4

)
.

Thus, we obtain

∥Tx− yi0∥ ≤ ∥Tx− Tn0x∥ + ∥Tn0x− yi0∥ ≤ ∥T − Tn0∥ +
ϵ

4
≤ ϵ

4
+

ϵ

4
=

ϵ

2
.

Hence,

Tx ∈ B
(
yi0 ,

ϵ

2

)
⊂

n⋃
i=1

B
(
yi,

ϵ

2

)
.

We deduce

T (BE) ⊂
n⋃
i=1

B
(
yi,

ϵ

2

)
.

Therefore,

T (BE) ⊂
n⋃
i=1

B
(
yi,

ϵ

2

)
⊂

n⋃
i=1

B
(
yi,

ϵ

2

)
⊂

n⋃
i=1

B (yi, ϵ) ,

which gives the result by Lemma 3.2.

We conclude this section with a property on the composition of compact operators.

Proposition 3.2. Let T ∈ L(E,F ) and S ∈  L(F,G). If S or T is compact then ST is

compact.

Proof. If T ∈ Kc(E,F ). Then, for every bounded sequence (xn)n∈N in E, the sequence

(Txn)n∈N admits a subsequence (Txϕ(n))n∈N that converges to a point y ∈ F . Since S is

continuous, (S(Txϕ(n)))n∈N converges to Sy ∈ G. Hence ST ∈ Kc(E,G).
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If S ∈ Kc(F,G). Then, for every sequence (xn)n∈N of elements of E bounded by a

constant M , the sequence (Txn)n∈N is a bounded sequence in F . Indeed, for every n ∈ N,

we have

∥Txn∥F ≤ ∥T∥∥xn∥E ≤ M∥T∥.

Since S ∈ Kc(F,G), the sequence (S(Txn))n∈N admits a subsequence (S(Txϕ(n)))k∈N

that converges to a point z ∈ G. Hence ST ∈ Kc(E,G).

3.2 Finite-Rank Operators

In this section, we focus on particular compact operators.

Definition 3.2. Let T ∈ L(E,F ). We say that T is a finite-rank operator if Im(T )

is finite-dimensional.

Example 3.3. Let E = Lp(]0, 1[,R) and T the operator defined on E by

∀f ∈ E, Tf(x) =

∫ 1

0

xy(1 − xy)f(y) dy, ∀x ∈]0, 1[.

Then, T takes values in F = R2[X] (the space of polynomials with real coefficients of

degree at most 2). Since F is finite-dimensional, the operator T is of finite rank.

Proposition 3.3. Every bounded finite-rank operator is compact.

Proof. Let T ∈ L(E,F ) be a finite-rank operator. The operator T is continuous, so for

every x ∈ BE, ∥Tx∥ ≤ ∥T∥. Then, T (BE) is bounded in F and, consequently, T (BE) is

also bounded. Moreover, Im(T ) is closed because it is a finite-dimensional vector space,

whence T (BE) ⊂ Im(T ) = Im(T ). Finally, T (BE) is a closed and bounded subset of

the finite-dimensional vector space Im(T ); hence it is a compact subset of Im(T ), and

therefore T ∈ Kc(E,F ). □

The space Kc(E,F ) is closed and every bounded finite-rank operator is compact.

We deduce the following result:

Corollary 3.1. Every limit in L(E,F ) of finite-rank operators is a compact operator.
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The converse is false in general, but if F is a Hilbert space, we have the following

result:

Theorem 3.3. Let (H, (·, ·)) be a Hilbert space over K and T ∈ Kc(E,H). Then,

there exists a sequence (Tn)n∈N in L(E,H) of finite-rank operators that converges to T

in L(E,H).

Proof. Let n ∈ N be fixed. By Lemma 3.2, since T (BE) is a compact subset of H, there

exist kn ∈ N∗ and y1, . . . , ykn ∈ H such that

T (BE) ⊂
kn⋃
i=1

B

(
yi,

1

n + 1

)
. (3.1)

Now Ln = vect{y1, . . . , ykn} is a finite-dimensional vector space, hence a closed subspace

of the Hilbert space H, so H = Ln⊕L⊥
n . Let Pn ∈  L(H) be the orthogonal projection of

H onto Ln. Then, Tn = PnT ∈ L(E,H) is a finite-rank operator since

dim( Im(Tn)) = dim( Im(PnT )) ≤ dim(Ln) ≤ kn.

Finally, for x ∈ BE, by (3.1), there exists i0 ∈ {1, . . . , kn} such that

∥Tx− yi0∥ <
1

n + 1
.

But yi0 ∈ Ln and PnTx is the orthogonal projection of Tx onto Ln, so

∥Tx− PnTx∥ = d(Tx, Ln) ≤ ∥Tx− yi0∥ <
1

n + 1
.

Finally, we obtain

∀x ∈ BE, ∥Tx− Tnx∥ <
1

n + 1
,

hence ∥T − Tn∥ ≤ 1
n+1

.

We conclude this section with a last property on finite-rank operators.

Proposition 3.4. Let T ∈ Kc(E,F ). Then, (T ) is closed if and only if T is of finite

rank.

Proof. If Im(T ) is closed in the Banach space F , it is also a Banach space. Then, T

is a continuous and surjective operator from the Banach space E onto the Banach space
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Im(T ). By the open mapping theorem, T is open, i.e., T maps every open set of E to an

open set of F . The closed ball BE is a neighborhood of 0 in E and T is open, so T (BE)

is a neighborhood of T (0) = 0 in Im(T ). Then, there exists r > 0 such that

B Im(T )(0, r) = {y ∈ Im(T ) | ∥y∥ < r} ⊂ T (BE).

Then, the closure B Im(T )(0, r)
F

of B Im(T )(0, r) in F is a closed subset of the compact

set T (BE), hence it is a compact subset of F . Moreover, we have

B Im(T )(0, r)
F
⊂ T (BE)

F
⊂ Im(T )

F
= Im(T ),

so B Im(T )(0, r)
F

is a compact subset of Im(T ). We deduce that the unit ball of Im(T )

is a compact subset of Im(T ), which proves that Im(T ) is finite-dimensional by Lemma

4.1.6. The converse is evident: if T is a finite-rank operator, then Im(T ) is a finite-

dimensional vector space and therefore is closed. □

3.3 Spectrum of a compact operator

Theorem 3.4. Let T ∈ K(E).

1. If E is infinite-dimensional, then 0 ∈ σ(T ).

2. V p(T )\{0} = σ(T )\{0}, and for every λ ∈ σ(T )\{0}, the corresponding eigenspace

Ker(λI − T ) is finite-dimensional.

3. The spectrum σ(T ) is countable. Moreover, if it is infinite, the elements of σ(T )\{0}

form a sequence (λn)n∈N in K such that

|λn+1| ≤ |λn| and lim
n→+∞

λn = 0.

Proof. 1. If 0 /∈ σ(T ), then T is invertible in L(E) and I = T−1T ∈ K(E), then the

identity operator on E is compact if and only if E is finite-dimensional.

2. We have λ ∈ σ(T ) \ {0} if and only if λ ̸= 0 and λI − T is not invertible in L(E),

which is equivalent to λ ̸= 0 and I−λ−1T not being invertible in L(E), the operator

I − λ−1T is not invertible if and only if it is not injective. Hence λ ∈ σ(T ) \ {0} iff
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λ ̸= 0 and λ ∈ V p(T ). Then, Ker(I−λ−1T ) is finite-dimensional, so Ker(λI−T )

is finite-dimensional.

3. For every ϵ > 0 the set {λ ∈ σ(T ) | |λ| ≥ ϵ} is finite. Fix n ∈ N∗. Then the

set {λ ∈ σ(T ) | |λ| ≥ 1/n} is finite; denote its elements (ordered by decreasing

modulus) by

|λ0| ≥ · · · ≥ |λn0| ≥
1

n
.

Similarly, the set

Λn =

{
λ ∈ σ(T ) | 1

n + 1
≤ |λ| < 1

n

}
is finite. Write Λn = {λn0+1, . . . , λn1} with

1

n + 1
≤ |λn1| ≤ · · · ≤ |λn0+1| <

1

n
≤ |λn0| ≤ · · · ≤ |λ0|.

Proceeding inductively, we can arrange all elements of σ(T ) \ {0} into a sequence

(λn)n∈N whose moduli decrease to 0.

Lemma 3.3. Let T ∈ K(E) and ϵ > 0. Then the set

{λ ∈ V p(T ) | |λ| ≥ ϵ}

is finite.

Proof. Assume the contrary. Then there exists a sequence (λn)n∈N of distinct eigenvalues

of T such that |λn| ≥ ϵ for all n ∈ N. By definition of V p(T ), there exists a sequence

(en)n∈N in E \ {0} such that

Ten = λnen.

Since the eigenvalues are distinct, the family (en)n∈N is linearly independent. For each

n ∈ N, set

En = vect{e0, . . . , en}.

By Lemma 4.3.9, there exists a linearly independent family (fn)n∈N in E such that for all
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n ∈ N,

En = vect{f0, . . . , fn}, (3.2)

∥fn∥ = 1, d(fn+1, En) ≥ 1

2
, (3.3)

(λn+1I − T )fn+1 ∈ En. (3.4)

Let yn = λ−1
n fn ∈ En. Since |λn| ≥ ϵ and ∥fn∥ = 1, we have ∥yn∥ ≤ ϵ−1.

Now take p, q ∈ N∗ with q > p. From (3.3),

λ−1
q (λqI − T )fq ∈ Eq−1.

From (3.2) we have the inclusions

Typ ∈ T (Ep) ⊂ Ep ⊂ Eq−1.

Hence Typ + λ−1
q (λqI − T )fq ∈ Eq−1. Using (3.3) we obtain

∥Tyq − Typ∥ = ∥fq − (Typ + fq − Tyq)∥

= ∥fq − (Typ + fq − λ−1
q Tyq)∥

= ∥fq −
(
Typ + λ−1

q (λqI − T )fq
)
∥

≥ d(fq, Eq−1) ≥
1

2
. (3.5)

But (yn)n∈N is bounded (since ∥yn∥ ≤ ϵ−1), and because T is compact, the sequence

(Tyn)n∈N admits a convergent subsequence, contradicting. This completes the proof.

3.4 Fredholm’s theorems

Definition 3.3. Let F ⊂ E be a vector subspace (not necessarily closed). The codimen-

sion of F is the dimension of the quotient space E/F . We denote codimF = dim(E/F ),

where E/F is the quotient vector space, an algebraic notion. When F is closed, we have

the direct sum E = F ⊕ F⊥, hence E/F is isomorphic to F⊥ and codimF = dim(F⊥).

Definition 3.4. Let T ∈ L(E). We say that T is a Fredholm operator if the following

three conditions are equivalent:

(a) The image of T is closed,
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(b) the kernel of T is finite-dimensional,

(c) the image of T has finite codimension.

We then denote Ind(T ) = dim(Ker(T ))−codim(Im(T )), and the integer I(T ) is called

the index of T .

Example 3.4. The operator f 7→ f ′′ is a Fredholm operator from C2([0, 1],R) into

C([0, 1],R). Clearly it is surjective and its kernel is of dimension 2 (affine functions).

Theorem 3.5 (Fredholm Alternative). Let H be a Hilbert space over K and T ∈ K(H)

a compact operator. Then

i) Ker(IH − T ) is finite-dimensional.

ii) Im(IH − T ) is closed.

iii) Ker(IH − T ) = 0 if and only if Im(IH − T ) = H.

Proof. i) Suppose that M = Ker(IH − T ) is infinite-dimensional. Since the kernel of

a bounded linear operator is closed, the space M is then an infinite-dimensional Hilbert

space, and there exists an orthonormal sequence {en} in M. It follows that Ten = en

for all n ∈ N. As {en} is orthonormal, the sequence {en} has no convergent subsequence.

This contradicts the compactness of T . Hence dim Ker(IH − T ) < +∞.

ii) Let {yn} be a sequence in Im(IH − T ) with yn → y as n → ∞. We must show

that y ∈ Im(IH − T ).

For each n ∈ N, there exists xn ∈ H such that yn = (IH − T )xn. From the

above, Ker(IH − T ) is closed, so that xn = un + vn with un ∈ Ker(IH − T ) and

vn ∈ Ker(IH − T )⊥. We claim that the sequence {vn} is bounded. Otherwise, by pass-

ing to a subsequence, we may assume that ∥vn∥ ̸= 0 for all n and that ∥vn∥ → ∞. Let

wn = vn/∥vn∥, then wn ∈ Ker(IH − T )⊥ with ∥wn∥ = 1 for all n ∈ N and

(IH − T )wn =
yn
∥vn∥

→ 0 as n → ∞

since {yn} is bounded. By the compactness of T , {Twn} converges (after passing to

a subsequence if necessary). Thus we obtain that {wn} converges to an element w ∈ H.

Clearly ∥w∥ = 1 and
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(IH − T )w = lim
n→∞

(IH − T )wn = 0,

which gives w ∈ Ker(λIH − T ). However wn ∈ (λIH − T )⊥ implies

∥w − wn∥2 = ⟨w − wn, w − wn⟩ = 1 + 1 = 2,

which contradicts wn → w as n → ∞. Hence the sequence {vn} is bounded.

Now, by the compactness of T we may assume that {Tvn} is convergent (after passing

to a subsequence if necessary). From vn = ((IH−T )vn+Tvn) = (yn+Tvn) for all n ∈ N,

it follows that the sequence {vn} converges to v ∈ Hr. Then

y = lim
n→∞

yn = lim
n→∞

(IH − T )vn = (IH − T )v,

This proves that Im(IH − T ) is closed.

iii) Let V = IH − T and suppose that V −1({0}) = {0}. Set En = V n(H) and note

that

En = V n(H) = V n−1(V (H)) ⊂ V n−1(H) = En−1 ∀n ⩾ 1.

From i), we know that En is closed for all n ⩾ 1. Suppose that En+1 ̸= En for all

n ⩾ 1. Then there exists a sequence {xn} ⊂ En with ∥xn∥ = 1 such that

∥Txn − Txm∥H >
1

2
for all n ̸= m,

contradicting the compactness of T . Hence, En+1 = En for some n ⩾ 1. We will show

that H = E0 = E1. Suppose this is not true, i.e., E0 ̸= E1. Let m ⩾ 1 be the smallest

positive integer such that

Em−1 ̸= Em = Em+1.

We choose y ∈ Em−1 \ Em, then V (y) ∈ Em = Em+1. Consequently, we can find

z ∈ Em such that

V (y) = V (z) and y ̸= z
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since y /∈ Em = Em+1. Thus V (y − z) = 0 and so y − z ∈ KerV , contradicting the

hypothesis that V −1({0}) = {0}. Hence V is surjective.

Conversely, if Im(IH − T ) = H, then {0} = Im(I − T )⊥ = Ker(IH − T ∗) whence

Im(IH − T ∗) = H and then Im(IH − T ∗)⊥ = {0} whence Ker(IH − T ) = {0}.

Theorem 3.6 (Adjoint of Fredholm operator on Hilbert spaces). Let H1, H2 be Hilbert

spaces and T ∈ L(H1, H2) a Fredholm operator. Then T ∗ ∈ L(H2, H1) is Fredholm and

ind(T ∗) = − ind(T ).

Proof. For Hilbert spaces, by the closed range theorem:

ranT = (kerT ∗)⊥, ranT ∗ = (kerT )⊥.

Since T Fredholm implies ranT closed, we have ranT = (kerT ∗)⊥. Thus kerT ∗ ∼=

H2/ ranT = cokerT , so

dim kerT ∗ = dim cokerT.

Similarly, ranT ∗ is closed (since T ∗ has finite-dimensional kernel and cokernel as we will

see) and cokerT ∗ ∼= kerT , so

dim cokerT ∗ = dim kerT.

Thus

ind(T ∗) = dim kerT ∗ − dim cokerT ∗

= dim cokerT − dim kerT

= −(dim kerT − dim cokerT )

= − ind(T ).

This shows T ∗ is Fredholm because both dim kerT ∗ and dim cokerT ∗ are finite, and the

range is closed.

Remark 3.3. These properties reflect the homological nature of the index: it is additive

under composition and changes sign under dualization (adjoint).
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3.5 Exercises

Exercise 1

Let E = C([a, b],K) equipped with the uniform convergence norm ∥ · ∥∞. Consider the

integral operator with kernel k ∈ C([a, b]2,K) defined by

∀f ∈ E : Tf(x) =

∫ b

a

k(x, t)f(t) dt, ∀x ∈ [a, b].

Show that T ∈ K(E) (i.e., T is compact).

Exercise 2

Let H = l2(N,R) be the space of sequences x = (xn)n such that
∑

n≥1 |xn|2 < +∞,

equipped with the norm

∥x∥ =

(∑
n≥1

|xn|2
) 1

2

.

Define the Hilbert–Schmidt matrix operator T on H by

T (xn)n = (yn)n, with yn =
∑
j≥1

anjxj, n = 1, 2, . . .

where the coefficients (anj) satisfy
∑

n≥1

∑
j≥1 |anj|2 < +∞.

Show that A is a compact operator on H.

Exercise 3

Let E be a Banach space and T ∈ L(E). The goal of this exercise is to show the

equivalence of the following two statements:

(i) There exists an operator S ∈ L(E) such that IE − TS and IE − ST are compact.

(ii) Ker(T ) is finite-dimensional and Im(T ) is a closed subspace of finite codimension.

1. Assuming (i), show that Ker(ST ) is finite-dimensional, Im(TS) has finite codimen-

sion, and deduce (ii).
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2. Let F ⊂ E be a closed subspace. Show that F admits a complement if and only if

there exists P ∈ L(E) satisfying P 2 = P and Im(P ) = F .

3. Prove the implication (ii) =⇒ (i).

Exercise 4

Let H = L2((0, 1),R). Define the operator T on H by

∀f ∈ H, ∀x ∈ (0, 1), T f(x) =

∫ 1

0

ex+tf(t) dt.

1. Show that T is a bounded operator of finite rank.

2. Determine the eigenvalues and associated eigenvectors. Deduce σ(T ) (the spectrum

of T ).

Exercise 5

Let H be a separable Hilbert space and (xk)k a Hilbert basis of H. Denote the set

of Hilbert–Schmidt operators from H to H by LHS(H). Recall that a linear operator

T : H → H is Hilbert–Schmidt (or simply HS) if

∞∑
k=1

∥Txk∥2 < +∞.

Define

∥T∥HS =

(
∞∑
k=1

∥Txk∥2
) 1

2

.

Show that:

(1) If T, S ∈ LHS(H), then T + S ∈ LHS(H).

(2) If T ∈ LHS(H), then T ∗ ∈ LHS(H) and ∥T∥HS = ∥T ∗∥HS.

(3) If T ∈ L(H) and S ∈ LHS(H), then ST ∈ LHS(H) and TS ∈ LHS(H). Moreover,

max (∥TS∥HS, ∥ST∥HS) ≤ ∥T∥ · ∥S∥HS.
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(4) For all T, S ∈ LHS(H), the form

⟨T, S⟩ =
∑
k

⟨Txk, Sxk⟩

is well defined (independent of the choice of (xk)) and defines an inner product on

LHS(H).

Exercise 6

Let H be a Hilbert space and T : H → H a continuous linear operator. Recall that

∥T∥ = sup{∥T (x)∥; ∥x∥ = 1}.

1. Prove that ∥T∥ = sup{∥⟨T (x), y⟩∥; ∥x∥ ≤ 1, ∥y∥ ≤ 1}.

2. Prove that there exists a unique linear operator T ∗ : H → H such that the following

three properties are satisfied:

(a) ⟨T (x), y⟩ = ⟨x, T ∗(y)⟩ for all x, y ∈ H,

(b) ∥T∥ = ∥T ∗∥,

(c) (T ∗)∗ = T .

The continuous linear operator T ∗ is called the adjoint of T .

3. If T = T ∗ (we say that T is self-adjoint or symmetric), prove that

∥T∥ = sup{∥⟨T (x), x⟩∥; ∥x∥ = 1}.

Exercise 7

Let K : R2 → R be a measurable function. Whenever for every f ∈ L2(R) the function

T (f) =

∫
R
K(·, y)f(y) dy

is well defined in L2(R), we say that T : L2(R) → L2(R) is an integral operator and that

K is its kernel.

If K ∈ L2(R2), we say that T is a Hilbert–Schmidt operator. In the following, we

consider a Hilbert–Schmidt operator T with kernel K.
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1. If f ∈ L2(R), show that for almost every x ∈ R the map y 7→ K(x, y)f(y) is

integrable.

2. Show that the linear operator T is continuous and that ∥T∥ ≤ ∥K∥L2(R2).

3. Prove that the adjoint T ∗ of T is an integral operator with kernel (x, y) 7→ K(y, x).

Exercise 8

Let X be a Banach space, A ∈ L(X), and λ ∈ C an element of the spectrum of A that is

not an eigenvalue. Show that for every compact operator K ∈ K(X), λ belongs to the

spectrum of A + K.

Exercise 9

1. Consider the operator

T : ℓ1(N) → ℓ1(N), (u0, u1, . . . ) 7→ (u1, u2, . . . ).

Determine the spectrum of T . Do T and its adjoint T ∗ have the same spectrum? The same

eigenvalues? 2. Let E be the Banach space of bounded continuous functions f : R → C

with the sup-norm. Define T : E → E by T (f)(x) = f(x + 1). Determine the spectrum

of T .

Exercise 10

Show that the unbounded operator T on L2(0, 1), taking values in C, whose domain is

C([0, 1]) and which is defined by Tf = f(1/2), is not closable.

More generally, show that a linear form that defines a closable operator on a Banach

space is bounded.

92



CHAPTER 3. INTRODUCTION TO THE SPECTRAL THEORY OF COMPACT
OPERATORS

Exercise 11

Consider an arbitrary sequence (αn)n∈N of scalars, and the vector space

V =

{
(xn)n∈N ∈ CN :

∑
n

(1 + |αn|2)|xn|2 < +∞

}
.

For x = (xn)n∈N ∈ V , define Tx = (αnxn)n∈N; show that T is a closed, densely defined

operator on ℓ2(N); determine its adjoint and its spectrum.

Exercise 12

If T1 ∈ L(X, Y ) and T2 ∈ L(Y, Z) are two Fredholm operators, show that T2 ◦ T1 is

Fredholm from X to Z, and that

ind(T2 ◦ T1) = ind(T2) + ind(T1).

If T is Fredholm between two Hilbert spaces, show that its adjoint T ∗ is Fredholm, with

ind(T ∗) = − ind(T ).

3.6 Solutions

Solution of Exercise 1

Let E = C([a, b],K) with the uniform norm ∥ · ∥∞. Define

Tf(x) =

∫ b

a

k(x, t)f(t) dt,

with k ∈ C([a, b]2,K).

Since [a, b] is compact, k is uniformly continuous. Hence, for any bounded sequence

(fn) in E, (Tfn) is equicontinuous and uniformly bounded. By the Arzelà–Ascoli theorem,

(Tfn) has a uniformly convergent subsequence, so T maps bounded sets to relatively

compact sets. Thus T is compact.
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Solution of Exercise 2

Let H = ℓ2(N,R) and define

yn =
∑
j≥1

anjxj,

with
∑

n,j |anj|2 < ∞.

Define finite-rank operators TN by

(TNx)n =
N∑
j=1

anjxj, n = 1, . . . , N,

and zero otherwise. Each TN is compact (finite rank). One checks that

∥T − TN∥2 ≤
∑
n>N

∑
j≥1

|anj|2 → 0

as N → ∞. Since the set of compact operators is closed in the operator norm, T is

compact.

Solution of Exercise 3

Let E be a Banach space, T ∈ L(E).

1. Assume (i): IE − TS and IE − ST compact.

Then ST = I − (I − ST ) is a Fredholm operator, so Ker(ST ) finite-dimensional.

Similarly, TS is Fredholm, so Im(TS) has finite codimension. Since Ker(T ) ⊂ Ker(ST )

and Im(T ) ⊃ Im(TS), we deduce (ii).

2. Closed subspace F ⊂ E has a complement iff there exists a bounded projection

P with Im(P ) = F .

3. Assume (ii): dim Ker(T ) < ∞, Im(T ) closed with finite codimension.

Then T is Fredholm. There exist S ∈ L(E) such that I − TS and I − ST are

finite-rank, hence compact. Thus (i) holds.

Solution of Exercise 4

Let H = L2((0, 1),R),

Tf(x) =

∫ 1

0

ex+tf(t) dt.
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1. Write Tf(x) = ex
∫ 1

0
etf(t) dt. Hence Tf = ⟨f, e·⟩ex, so T is rank one, hence

bounded and compact.

2. For eigenvalue λ ̸= 0, solve Tf = λf :

ex
∫ 1

0

etf(t) dt = λf(x).

Thus f(x) = Cex with C = 1
λ

∫ 1

0
e2tC dt. That gives λ =

∫ 1

0
e2tdt = e2−1

2
. For λ = 0,

kernel is all f with
∫ 1

0
etf(t)dt = 0. So σ(T ) = {0, e

2−1
2

}.

Solution of Exercise 5

Let H separable Hilbert space, (xk) orthonormal basis. T is Hilbert–Schmidt if

∥T∥2HS =
∑
k

∥Txk∥2 < ∞.

(1) T, S ∈ LHS(H):

∥T + S∥HS ≤ ∥T∥HS + ∥S∥HS < ∞.

(2) ∥T ∗∥2HS =
∑

k ∥T ∗xk∥2 =
∑

k ∥Txk∥2 = ∥T∥2HS.

(3) For T ∈ L(H), S ∈ LHS(H):

∥ST∥2HS =
∑
k

∥STxk∥2 ≤ ∥S∥2HS∥T∥2.

Similarly for TS.

(4) ⟨T, S⟩ =
∑

k⟨Txk, Sxk⟩ is independent of basis choice and defines an inner prod-

uct.

Solution of Exercise 6

T : H → H continuous linear.

1.

∥T∥ = sup
∥x∥=1

∥Tx∥ = sup
∥x∥=1,∥y∥=1

|⟨Tx, y⟩|.

2. For each y, map x 7→ ⟨Tx, y⟩ is continuous linear functional. By Riesz, exists

unique T ∗y such that ⟨Tx, y⟩ = ⟨x, T ∗y⟩. T ∗ is linear, bounded, ∥T ∗∥ = ∥T∥, (T ∗)∗ = T .

3. If T = T ∗, then

∥T∥ = sup
∥x∥=1

|⟨Tx, x⟩|.

95



CHAPTER 3. INTRODUCTION TO THE SPECTRAL THEORY OF COMPACT
OPERATORS

Solution of Exercise 7

K ∈ L2(R2), Tf(x) =
∫
R K(x, y)f(y) dy.

1. For a.e. x, y 7→ K(x, y) ∈ L2(R). By Cauchy–Schwarz,∫
|K(x, y)f(y)| dy ≤ ∥K(x, ·)∥L2∥f∥L2 < ∞.

2. By Minkowski integral inequality,

∥Tf∥L2 ≤ ∥K∥L2(R2)∥f∥L2 .

Thus ∥T∥ ≤ ∥K∥L2 .

3. For f, g ∈ L2,

⟨Tf, g⟩ =

∫∫
K(x, y)f(y)g(x) dydx.

Swap x and y to see

⟨f, T ∗g⟩ =

∫∫
K(y, x)f(y)g(x) dydx.

Thus T ∗ has kernel K(y, x).

Solution of Exercise 8

Suppose, for contradiction, that λ /∈ σ(A + K). Then (A + K − λI) is invertible. Write

A− λI = (A + K − λI) −K.

Since (A + K − λI) is invertible and K is compact, the operator

I − (A + K − λI)−1K

is of the form I − compact. If it is invertible, then A− λI is invertible (by the Fredholm

alternative), contradicting λ ∈ σ(A). If it is not invertible, then 1 is an eigenvalue of the

compact operator (A + K − λI)−1K, which implies that λ is an eigenvalue of A (by a

standard argument), contradicting the hypothesis. Hence λ ∈ σ(A + K).

Solution of Exercise 9

1. The operator T is the (unweighted) backward shift on ℓ1. Its norm is ∥T∥ = 1, so

σ(T ) ⊂ D (the closed unit disk). In fact, one can show that σ(T ) = D: for |λ| < 1, the
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vector (1, λ, λ2, . . . ) is an eigenvector in ℓ1 with eigenvalue λ. For |λ| = 1, T − λI is not

surjective (by a standard argument). Hence σ(T ) = D.

The adjoint T ∗ acts on ℓ∞ by T ∗(v0, v1, . . . ) = (0, v0, v1, . . . ). Its spectrum is also D,

but its eigenvalues are exactly the open disk {|λ| < 1} (the same as T ). However, T ∗

also has points in D that are not eigenvalues but belong to the residual or continuous

spectrum. 2. First, T is invertible with inverse T−1(f)(x) = f(x − 1), and both T and

T−1 have norm 1. Hence σ(T ) ⊂ S1 (the unit circle). In fact, σ(T ) = S1. Indeed, for

λ = eiθ, the function f(x) = eiθx satisfies Tf = eiθf , but it is not in E because it is

not bounded unless θ is real (which it is). Wait: eiθx is bounded for θ ∈ R. Actually, it

is bounded only if θ is real, and then its modulus is 1, so it belongs to E. Thus every

λ = eiθ is an eigenvalue. Conversely, if |λ| ≠ 1, then T − λI is invertible (since ∥T∥ = 1,

the Neumann series works for |λ| > 1, and for |λ| < 1 one uses the inverse operator

explicitly). Hence σ(T ) = S1.

Solution of Exercise 10

Part 1: The operator T . Domain: D(T ) = C([0, 1]) ⊂ L2(0, 1), T : D(T ) → C is

Tf = f(1/2).

Suppose T were closable. Let (fn) ⊂ D(T ) with fn → 0 in L2 and Tfn = fn(1/2) → ℓ

in C for some ℓ. For closability we would need ℓ = 0.

We construct two sequences with the same L2-limit 0 but different limits of Tfn:

First sequence: fn(x) = 0 for all n, then fn → 0, Tfn = 0.

Second sequence: Let gn be a continuous ”spike” at x = 1/2:

gn(x) =


n(1 − n|x− 1/2|), |x− 1/2| ≤ 1/n,

0, otherwise.

Then gn(1/2) = n and ∥gn∥2L2 ≈
∫ 1/n

−1/n
[n(1 − n|t|)]2 dt (substitute t = x− 1/2). This is

∥gn∥22 = 2n2

∫ 1/n

0

(1 − nt)2dt = 2n2 · 1

3n
=

2

3n
→ 0.

Thus gn → 0 in L2, but Tgn = gn(1/2) = n → +∞. We can adjust to get finite limit:

e.g., take hn = 1
n
gn: then hn → 0 in L2 (since ∥hn∥2 = 1

n
∥gn∥2 ∼ 1

n
√
n
→ 0), but Thn = 1

for all n.
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So hn → 0 in L2 but Thn → 1 ̸= 0. This shows T is not closable.

Part 2: General statement. Let X be a Banach space, D ⊂ X a dense subspace,

F : D → C a linear functional, viewed as an operator F : D ⊂ X → C.

Suppose F is closable. Let xn → 0 in X, xn ∈ D, and Fxn → α in C. Since 0 ∈ D

and F (0) = 0, closability implies α = 0.

Thus: For any sequence xn ∈ D with xn → 0, if (Fxn) converges, then its limit is 0.

We now show F is bounded. Suppose not: then ∃ yn ∈ D with ∥yn∥ = 1 and |Fyn| →

∞. Let tn = 1/
√
|Fyn| → 0 (if Fyn = 0, modify slightly; generically Fyn ̸= 0 for large n).

Set xn = tnyn, so ∥xn∥ = tn → 0, so xn → 0 in X. But Fxn = tnFyn =
√

|Fyn| → ∞,

so (Fxn) diverges, not convergent. That alone does not contradict yet, but we can force

convergence:

Pick subsequence such that Fynk
all have same sign and |Fynk

| → ∞. Choose snk
=

1/|Fynk
|. Then snk

ynk
→ 0, F (snk

ynk
) = ±1, so F (snk

ynk
) → ±1 ̸= 0, contradiction to

closability.

Thus F must be bounded on D. Since D is dense, F extends uniquely to a bounded

linear functional on X. Hence any closable everywhere-defined linear form on a dense

subspace of a Banach space is bounded.

Solution of Exercise 11

Consider an arbitrary sequence (αn)n∈N of scalars, and the vector space

V =

{
(xn)n∈N ∈ CN :

∑
n

(1 + |αn|2)|xn|2 < +∞

}
.

For x = (xn)n∈N ∈ V , define Tx = (αnxn)n∈N; show that T is a closed, densely defined

operator on ℓ2(N); determine its adjoint and its spectrum.

We work on H = ℓ2(N) with standard inner product ⟨x, y⟩ =
∑

n xnyn.

Domain D(T ) = V = {x ∈ ℓ2 :
∑

n |αn|2|xn|2 < ∞}, i.e., (αnxn) ∈ ℓ2.

Density: Let ek = (δnk)n≥0; each ek ∈ D(T ) since |αk|2|1|2 < ∞. Finite linear

combinations of ek (i.e., sequences with finitely many nonzero terms) are in D(T ) and

are dense in ℓ2. So D(T ) is dense.
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Closedness: Suppose x(m) ∈ D(T ), x(m) → x in ℓ2, and Tx(m) → y in ℓ2. We must

show x ∈ D(T ) and Tx = y.

Convergence in ℓ2 implies componentwise convergence: for each n, x
(m)
n → xn as

m → ∞, and (Tx(m))n = αnx
(m)
n → yn. So αnxn = yn for each n. Hence y = (αnxn)n, so

x ∈ D(T ) and Tx = y. So T is closed.

Adjoint: For x ∈ D(T ), y ∈ D(T ∗), we need ⟨Tx, y⟩ = ⟨x, T ∗y⟩ for all x ∈ D(T ).

⟨Tx, y⟩ =
∑

n αnxnyn =
∑

n xnαnyn when the series converges absolutely for all x ∈

D(T ).

This equals ⟨x, z⟩ with zn = αnyn provided z ∈ ℓ2 and y is such that
∑

n |xn||αn||yn| <

∞ for all x ∈ D(T ). The largest y for which this holds for all x ∈ D(T ) is those with

(αnyn) ∈ ℓ2, i.e.,
∑

n |αn|2|yn|2 < ∞, so y ∈ D(T ) and then T ∗y = (αnyn).

Thus D(T ∗) = D(T ) and T ∗y = (αnyn).

Spectrum: Since T is a multiplication operator on its domain, we analyze σ(T ).

Point spectrum σp(T ): Solve (T − λI)x = 0, x ∈ D(T ), x ̸= 0: (αn − λ)xn = 0

for all n. If λ = αk for some k, choose x = ek; ek ∈ D(T ), so αk ∈ σp(T ). Thus

{αn : n ∈ N} ⊂ σp(T ).

Now, is every λ /∈ {αn} in ρ(T )? We check if T −λI is bijective from D(T ) to ℓ2 with

bounded inverse.

For λ ̸= αn, (T − λI)−1 would be multiplication by 1/(αn − λ) on its range. But we

need this inverse defined on all ℓ2 and bounded, with range exactly D(T ).

Given y ∈ ℓ2, define xn = yn/(αn − λ). We need x ∈ D(T ): (1) x ∈ ℓ2 — requires

supn 1/|αn − λ| < ∞, i.e., |αn − λ| ≥ δ > 0 for all n. (2) (αnxn) ∈ ℓ2 automatically

if x ∈ ℓ2 and αn bounded? Not necessarily: if αn unbounded, need also αn/(αn − λ)

bounded, i.e., |αn|/|αn − λ| ≤ M . This fails if λ is a limit point of αn from ”outside”

such that ratios blow up.

Thus λ ∈ σ(T ) if either:

• λ ∈ {αn} (point spectrum).

• λ /∈ {αn} but infn |αn−λ| = 0 (then inverse exists but not bounded, so λ ∈ σc(T )),

or inverse exists, bounded, but range not dense? Actually, if infn |αn−λ| > 0, then

1/(αn − λ) bounded, so R(T − λI) = ℓ2 and bounded inverse, so λ ∈ ρ(T ). Wait:
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If infn |αn − λ| > 0, then 1/(αn − λ) bounded; then xn = yn/(αn − λ) is in ℓ2 for

y ∈ ℓ2, but is (αnxn) ∈ ℓ2? (αnxn) = (αnyn/(αn − λ)) = yn + λxn, so clearly in ℓ2

since y ∈ ℓ2 and x ∈ ℓ2. So indeed x ∈ D(T ). So λ ∈ ρ(T ).

Thus σ(T ) = {αn}, the closure in C. σp(T ) = {αn}, σc(T ) = {αn}\{αn} (limit points

not in the sequence), no residual spectrum because T is normal on its domain (and T ∗

has same domain).

Solution of Exercise 12

A bounded linear operator T is Fredholm if dim kerT < ∞, cokerT = Z/ ranT satisfies

dim cokerT < ∞, and ranT is closed. Its index is

ind(T ) = dim kerT − dim cokerT.

Step 1: Kernel of T2 ◦ T1.

We have ker(T2 ◦ T1) = T−1
1 (kerT2). Restrict T1 to T̃1 : ker(T2 ◦ T1) → kerT2, which is

surjective by definition. Its kernel is kerT1. The exact sequence of vector spaces

0 → kerT1 ↪→ ker(T2 ◦ T1)
T̃1−→ kerT2 → 0

implies

dim ker(T2 ◦ T1) = dim kerT1 + dim kerT2.

Step 2: Cokernel of T2 ◦ T1.

Consider the restriction T̂2 : Y/ ranT1 → Z/ ran(T2 ◦ T1) induced by T2. One checks this

is well-defined and surjective, and its kernel is (kerT2 + ranT1)/ ranT1
∼= kerT2/(kerT2∩

ranT1).

Also consider T̂1 : cokerT1 → (kerT2 + ranT1)/ ranT1 by y + ranT1 7→ y + ranT1 (for

y ∈ kerT2), which is surjective with kernel ranT1 ∩ kerT2/ ranT1 = 0, so actually

cokerT1
∼= (kerT2 + ranT1)/ ranT1.

Then using T̂2 above, we get exact sequence

0 → cokerT1 → coker(T2 ◦ T1) → cokerT2 → 0,
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where the last map comes from Z/ ran(T2 ◦ T1) → Z/ ranT2 being surjective with kernel

ranT2/ ran(T2 ◦ T1) ∼= cokerT1 (by the isomorphisms above).

Hence

dim coker(T2 ◦ T1) = dim cokerT1 + dim cokerT2.

Step 3: Closed range.

Since T1 and T2 have closed range, one can show T2 ◦ T1 has closed range using the finite

dimensionality of kernels and cokernels in previous steps and the closed range theorem

applied suitably.

Step 4: Index formula.

From Steps 1 and 2,

ind(T2 ◦ T1) = dim ker(T2 ◦ T1) − dim coker(T2 ◦ T1)

= [dim kerT1 + dim kerT2] − [dim cokerT1 + dim cokerT2]

= (dim kerT1 − dim cokerT1) + (dim kerT2 − dim cokerT2)

= ind(T1) + ind(T2).
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