REPUBLIQUE ALGERIENNE DEMOCRATIQUE ET POPULAIRE
aladl Sl g Al adaill 5 ) 5

Ministére de I'Enseignement Supérieur et de la Recherche Scientifique

U.ﬂ"l ?_Lr-}”l_’ 'S.J;all & ,_l.r. ZL;\IS

Université Djilali Bounaama, Khemis Miliana
Faculté des Sciences de la Matiére et d’informatique

Conseil Scientifique de la Faculté Al sl daall
Ref: 02 AS/CSF/ 2026
EXTRAIT DU PV
DE LA REUNION ORDINAIRE DU CONSEIL SCIENTIFIQUE
Du 02/05/2026

Objet : : Expertise de polycopié pédagogique

EnI'an deux mille vingt-six (2026), le deux (02) mai 09 h 30, une réunion ordinaire du
Conseil Scientifique de la Faculté des Sciences de la Matiére et de I'Informatique s'est tenue

dans la salle de réunion de la faculté (Bloc B).

Suite aux rapports favorables recus de la part des experts cités ci-aprés concernant
I'expertise du polycopié pédagogique, le CSF a prononcé favorablement pour la conformité du

polycopié pédagogique en vue de préparer son professorat.

e Auteur du polycopié : Dr. BEZZIOU Mohamed (MCA)

Intitulé du polycopié : Course and Exercises on the Normed vector space

Destiné aux étudiants de : L3 Mathématiques.

Experts du polycopié :

) BERKANI Amrouche MCA Univ-Bouira
® KRELIFA Ali MCA UDB-Khemis Miliana




People’s Democratic Republic of Algeria

MINISTRY OF HIGHER EDUCATION AND SCIENTIFIC RESEARCH
Djilali Bounaama University of Khemis Miliana (Algeria)
Faculty of Matter Sciences and Computer Science

Department of Mathematics

MATTER:

Course and exercises on the normed

vector spaces

For 3rd Year bachelor’s degree in mathematics - Semester 5

Teaching Unit: Fundamental
Coefficient: 3
Credits: 5

Prepared by: Dr. BEZZIOU Mohamed

Academic year 2025-2026




Contents

Notation|

(1 Banach space]

(1.2 Equivalence of norms| . . . . . . .. ... ..o

{1.3  Normed subspaces and product vector space| . . . . . ... ... ... ..

(1.3.1 Examples of normed subspaces| . . . ... ... ... ... ....

(1.3.2  Product vector space| . . . . . .. ... oL

(1.4 Banachspaces . . . . . . . . . . . .. ...

(1.4.1 Some notions on SEqUENCES| . . . . . . . . . . ..

(1.4.2  Complete vector space| . . . . . . . .. ... ... ...

(1.5 Finite dimensional normed vector spaces| . . . . . . . .. ... ... ...

1.6 Examples of Banach spaces| . . . . . ... ... ... ... ... ..

[1.7  Continuous linear applications| . . . . . . . . . ... .. ... ... ....

(L.7.1 Definitions and properties . . . . . . . . . ... .. ... ... ..

[1.7.2  Norm of a continuous linear application.| . . . . . . .. ... ...

(1.7.3  Dual of a normed vector space| . . . .. ... .. ... ... ...

2 Hilbert space|

2.1 Scalar product|. . . . . .. ...
[2.1.1  Pre-Hilbert space] . . . . . . . .. ... ... 0.
2.2 Hilbert spacel . . . . . . . . ...

© oo N N



CONTENTS

[2.2.1  Properties of the scalar product| . . . . . . . ... ... ... ... 43
[2.2.2  Cauchy-Schwarz inequality| . . . . . . .. .. ... ... ... ... 44
[2.2.3  Parallelogram equality] . . . . . . ... ... .. ... ... ... 45
2.3 Orthogonalityl . . . . . . .. .. .. ... ... ... 47
[2.3.1 Projection theorem| . . . . . . . ... ... ... ... ... ... 48
232 Riesz theoreml . . . . . .. .. ... oo o 52
[2.4  Orthogonal and orthonormal systems.|. . . . . . .. ... ... ... ... 54
[2.4.1 Bessel-Parseval’s inequality] . . . . ... ... .. ... .. .... 55
2.0 Hilbert bases . . . . . . . . . 60
2.6 Fourler seriesl . . . . . . . ... 61
[2.7  Complete orthonormal systems in concrete spaces| . . . . . . .. ... .. 66
8 Exercisesl. . . . . . .. 67
2.9 DSolutions| . . . . . . oL 71




Intoduction

This manuscript educational, entitled ” Course and exercises on the normed vector spaces”
is the result of several years of teaching Analysis 1-3, Topology, and Linear Algebra. It
is intended for third-year bachelor’s degree in mathematics students, and was taught at
Djilali Bounaama University in Khemis Miliana.

The importance of Banach spaces and the particularity of Hilbert spaces as a class of
normed spaces. It also aims to present results specific to these spaces. I have followed the
official program published in the ministerial decision in the semester course organization
sheet for the academic year: 2025-2026.

This manuscript is divided into two chapters. The goal of the first Chapter is to
present the notion of a norm on a vector space, defining the norm, and presenting various
examples of normed vector spaces. It explores the equivalence of norms, which are essen-
tial for the study of convergence and continuity. Fundamental topological concepts, such
as limit and we also defined the Banach spaces, characterized by their completeness, by
introducing Cauchy sequences and illustrating their properties with concrete examples.
Finally, in the last part we study continuous linear applications in normed vector spaces.
It deals with linear forms, topological duality and properties of finite-dimensional spaces.
Practical exercises illustrate these concepts.

The objective of the second chapter would be to introduce some basic notions, def-
initions and properties about Hilbert space, orthogonality, orthogonal families and or-
thonormal systems. We will also give the basic theorems on orthogonal projection in
a pre-Hilbert space, the dual of a Hilbert space and the Riesz representation, Bessel-
Parseval’s inequality and the Hilbert basis.

At the end of this chapter, we present some notions about Fourier coefficients, trigono-



CONTENTS

metric series. We will also give some basic definitions about piecewise continuity, periodic
functions and prove the convergence of the Fourier series and its applications.

I have included at the end of each chapter sets of corrected exercises as well as some
final exam topics.

Finally, T hope that the student and mathematics teacher find their needs in this
manuscript and I believe that this work is always in need of revision, so I welcome all

constructive and useful criticism.




Notation

N Natural numbers {0, 1,2,3,...}.
N* Non-zero natural numbers {1,2,3,...}.
Z Integers {...,—3,—-2,-1,0,1,2,3,...}.

Real numbers (—o00, 00).

R, Positive real numbers (0, 00).

R* Non-zero real numbers (—oo,0) U (0, c0).

C Complex numbers, z € C, then z = x + iy, where z,y € R, and 2 = —1.
K Denotes a field (in this course K = R or C).

E Denotes a vector space or a pre-Hilbert space.

Il e Denotes a norm on a vector space F.

n.v.s. Normed vector space denoted by the pair (F, || - ||).

) Denotes the scalar product.

H Hilbert space.

Re(a) The real part of a complex number a.

Im(«) The imaginary part of a complex number «.

L'(2,R)  Lebesgue space of measurable functions f on €, for which || f|z: = [, |f(s)|ds < oc.
LP(2,R) Space of measurable functions f, with |f|? € L'(2,R), for all 1 < p < occ.

C(,R)  Space of all continuous applications on €.

C™(Q,R) Space of applications (with its derivatives of order n) continuous on 2 in R.



Chapter 1

Banach space

This chapter presents fundamental concepts about norms, equivalent norms, Banach
space, properties of the norm, ..., examples of Banach spaces, continuous linear maps

and Dual of a normed vector space.

1.1 Norms

Let E be a vector space over a field K, which will be either R or C.

Definition 1.1 (Norm). A norm on E is a positive mapping N : E — R satisfying:
1. N(u) =0 <= u=0 (separation)
2. N(Au) = |A|[N(u) (homogeneity)
3. N(u+v) < N(u)+ N(v) (triangle inequality)

The norm N(-) is sometimes denoted by || - ||.

Example 1.1. For any r € R":

[l = fza] + |o| + - - + [

lolle = fa? + a3+ + a2

H‘%HOO = max{\xl\, |.1'2‘, to 7|xn’}

Exercise: Verify that || - |1, || - |2, and || - ||oc are norms on R™.
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Definition 1.2 (Normed Vector Space). A real [or complex] normed vector space (n.v.s.)

is a pair consisting of a real [complex] vector space E and a norm || - || on E. Generally

denoted (E, | -||)-

Example 1.2. Some examples of n.v.s.:
1. The vector space E = R with the absolute value function: r — |x|
2. The vector space E' = C with the modulus function: z — |z|

3. For any a,b € R with a < b, the space of continuous real functions E = C([a,b],R)

with norms:

b 3
Il = s 1ol Hfupz(/ If(t)!”dt) for1 < p<oc

z€la,b

Proposition 1.1. Let (E,|| - ||) be a n.v.s. Then the mapping

d:ExE—-R,, (u,v)— ||u—uv

is a distance (called the distance associated with the norm || - || ).
Proof. One can easily verify that d is a distance on E associated with the norm ||-|. O
Proposition 1.2. A normed vector space (E,|| - ||) is a metric space where the distance

d is defined by d(u,v) = ||lu — v|| for all u,v € E and we have:
1. d(u+w,v+w) = d(u,v) for all u,v,w € E (i.e., d is translation invariant)
2. d(Au, W) = [Nd(u,v) for allu,v € E and all X € K

Proof. Evident. O]

1.2 Equivalence of norms

Definition 1.3. Let E be a K-vector space. Two norms || - ||, and || - ||y on E are said to

be equivalent if and only if da, B > 0 such that:

Ve e B, aljzlle < [zlly < Bl
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Remark 1.1. Let E be a K-vector space.

1. Two norms on E are equivalent if and only if they define equivalent distances, or

if and only if they define the same topology on E.

2. For two norms || - ||, and || - ||» to be equivalent on E, it is necessary and sufficient
that:
da, >0, Ve E: a< I lla <Bora< Il < B.
[]lo 1]l

Proposition 1.3. On R", the three norms ||z||1, ||z|l2, and ||z| are equivalent if and

only if n < oo.
Proof. Exercise. m

Remark 1.2. In general, to prove that two norms ||z||; and ||z||2 on a vector space E

are not equivalent, it suffices to find a sequence (x,)nen C E such that:

el
o Jlall; =7 e el

For example, the norm defined by || f||; = fol f(t)dt is a norm on C([0,1],R) that is
not equivalent to the uniform convergence norm || f||« = sup |f(z)].
0<z<L1
Indeed, consider the sequence of functions (f,,)nen defined by:
1—(n+1)z, if0§x§n+r1

falz) =

: 1
0, lf;;T §;$ S 1

We have || folloo = 1 while || f,|[s = 5 such that:

Al
lim = lim (n+1) = oo.
st [l o

1.3 Normed subspaces and product vector space

Proposition 1.4 (Normed subspaces). If F' is a vector subspace of a normed vector space

E, the restriction to F' of the norm of E is a norm on F, called the induced norm.

Proof. Evident since the properties hold for all elements of E, hence for those of F. The

induced norm on F' will be denoted the same as the norm on F. O
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1.3.1 Examples of normed subspaces
Definition 1.4. Let (E, | -||) be a n.v.s., a € E and r > 0, then:
1. The sphere with center a and radius r 1s:
S(a,r)={z € E||x—al|=r}
(Remark: S(a,0) = a, and the unit sphere S(0,1))
2. The open ball with center a and radius r is:
B(a,r)={x € E|||lx —a|] <r}
(Remark: B(a,0)=10)
3. The closed ball with center a and radius r 1s:
Bla,r)={x € E |||z —al| <r}
(Remark: B(a,0) = a, and S(a,r) C B(a,r))
4. The open (resp. closed) unit ball is B(0,1) (resp. B(0,1))
Simple ball example: In R we have
B(a,7) =]a—r,a+r|[ and B(a,r) = [a —r,a+7].

Definition 1.5. A subset D of E is bounded if there exists a real M > 0 such that
Yu e D, |jul| < M.

Example 1.3. Open or closed balls are bounded subsets of E. Any segment [a,b] is a

bounded subset of R for the usual norm.

1.3.2 Product vector space

Definition 1.6 (Product vector space). Let (Ey, || - ||g,), (E2,| - ||&,) be two normed

vector spaces. The product set E = Fy X FEy 1s a normed vector space with the norm:
[#lle = llz1lle + |22llE,y Vo= (21,22) € E.

(E, |- ||g) is called the product normed space of the given spaces.

10
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This notion can be generalized as follows:

Definition 1.7 (Finite Product of Normed Spaces). Let (E1, | - ||g,), (Eo || - |5), -- -
(En, || - |E,) be normed vector spaces. The product set E = Ey X Ey X - -+ X F, is a n.v.s.

with the norm:

n
lzlle =) i

=1

g, VT = (r1,29,...,2,) € E.

1.4 Banach spaces

1.4.1 Some notions on sequences

Definition 1.8 (Convergent Sequence). Let (E,||-||) be a n.v.s. We say that a sequence
(Un)nen of elements of E converges to a unique limit uw € E (for the norm || - ||) if and
only if:

Ve > 0, dng € N, such that Vn > ng, |lu, —ul| <e,

and we denote lim u, = u.
n—oo

Theorem 1.1. Every convergent sequence is bounded.

Proposition 1.5. Let (u,)nen and (u)))nen be two sequences of E that converge to u and

u’ respectively for the norm || - ||, then for all A\, u € R, the sequence \u,, + pu,, converges
to Au + pu'.
Proof. Exercise. O]
Theorem 1.2. Let E be a vector space and || - ||, and || - ||, two norms on E. Then if
| - |la and || - ||» are equivalent, for any sequence (uy)nen of E and for any u € E,

Un, — u for the norm || - ||o < w, — w for the norm || - ||p.
Proof. Exercise. m

Definition 1.9 (Cauchy sequence). Let (E, | - ||) be a n.v.s. We say that (un)nen 1S a

Cauchy sequence (for the norm || - ) if and only if:

Ve >0, Ing € N, such that VYn,m > ng, [|u, — un| < e.

11
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Lemma 1.1. Every convergent sequence is a Cauchy sequence (the converse is false).

Proof. Let (E, | -||) be a n.v.s. and (u,)nen a convergent sequence (for the norm || - ||)

to a unique limit v € E. Then we have:
€
Ve > 0, Ing € N, such that VYn > ng, ||u, —ul| <& = 3

and moreover Ym > ng, we have:

[n = v | = [Jun =+ w = || < Jlun =l + [lum = u]
- e+5_
5t5=¢

Therefore, every convergent sequence (u,),en is a Cauchy sequence. For the converse,

one can use the example:

BN = (@ o) and = (143

for the contradiction. O

1.4.2 Complete vector space

Definition 1.10 (Complete n.v.s., Banach space). A K-normed vector space (E,|| - ||)
is said to be complete if every Cauchy sequence of elements of E converges in (E,|| - ||).

Similarly, every complete n.v.s. with respect to || - || is called a Banach space.

The advantage of complete spaces is that in such spaces, it is not necessary to know
the limit of a sequence to show that it converges; it suffices to show that it is a Cauchy

sequence.

Example 1.4. (R,]|-|), (C,|-]), and (C([a,b],R),| - ||s) are Banach spaces.

Example 1.5. (C([a,b],R),| - ||2) is not a Banach space.

Proposition 1.6. Let F' be a vector subspace of a normed vector space (E, || - ||):
1. If F' is a Banach space for the induced norm, then I is closed in F.

2. If E is a Banach space and F is closed in E, then F is a Banach space for the

induced norm.

12
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Proposition 1.7. Let (Ev, || ||g,), (B2, |- l|&,)s - -+ (En, |- ||&,) be normed vector spaces
with E = E1 X Ey X -+ - x E, the product normed vector space. We say that E is a Banach

space if and only if for every i € {1,2,...,n}, E; is a Banach space.

Definition 1.11 (Subsequences). We call a subsequence or extracted sequence of the
sequence (Up)nen of vectors of (E, | -||), any sequence of the form (uum))nen where ¢ is

a strictly increasing function from N to N.

Proposition 1.8. If (u,)nen @5 a sequence of elements of (E,| - ||) that converges to

u € E, every subsequence of (un)nen converges to u. But the converse is false.

1.5 Finite dimensional normed vector spaces

Fundamental theorems for a K-vector space E of finite dimension.
Lemma 1.2. From any sequence of real numbers, one can extract a monotone sequence.

Theorem 1.3 (Bolzano-Weierstrass). From any bounded sequence, one can extract a

convergent sequence.
Theorem 1.4. All norms are equivalent on E.
Lemma 1.3. Fvery Cauchy sequence is bounded.

Lemma 1.4. Let (upn))nen be a subsequence of a Cauchy sequence (un)nen. Suppose:

lim u = U.
s e

Then u,, converges to u.

Theorem 1.5. A sequence (up)nen of elements of the normed vector space E converges

if it is a Cauchy sequence.

Proof. Every convergent sequence is a Cauchy sequence (Lemma 1.1). Conversely: if
(un)nen is a Cauchy sequence, it is bounded (Lemma 1.3), so we can extract a conver-
gent subsequence (Bolzano-Weierstrass). It therefore converges by virtue of the previous

lemma 1.4. O

13
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Theorem 1.6. FEvery normed vector space of finite dimension over R or C is complete.
Proof. Same proof as the previous theorem. n

Corollary 1.1. Let E be any normed vector space and F' a finite-dimensional subspace

of E, then F' 1is closed.

Proof. F is complete for the induced norm (by the theorem 1.6) so it is closed. [

1.6 Examples of Banach spaces

Example 1.
We show that (C([a,b],R), || - |l) is & Banach space.
We verify that the space (C([a,b],R), || - |lo) is complete:

Let (fn)nen be a Cauchy sequence. Therefore
Ve > Oaano € vapvq € Np> qzno = ”fp_quoo S &,

hence:

Vp,q € N:p>q>mnp Ve € la,b = |f(x) — f(z)] <e. (1.1)

Therefore, for all x € [a,b], the sequence of real numbers (f,(x)),en is a Cauchy
sequence. Since (R, |- |) is complete, this Cauchy sequence converges to a real number

which we denote by f(z). We define the function:
filab] >R
z— f(z)
Letting p tend to +oo in (1.1), we obtain (since f,(x) — f(x)):
Vge N:q>np, Ve € [a,b] = |f(z) — fi(x)] <e.

Since this inequality is true for all = in [a, b], we have:

If = fallo < e

This is true for all ¢ > ng, and thus (f,) converges uniformly to f. Uniform limit of

continuous functions is continuous, so f € C([a,b],R). Finally, every Cauchy sequence

14
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(fn) in C([a,b],R) converges (to a limit in the space), therefore C([a,b], R) is complete.

Example 2.

Let E = C(]—1,1],R) endowed with the fundamental norm:

i1 = ([ If(t)!2dt)1/2.

Consider the sequence (u,,) defined by

(

0, if —1<a<=h
up(z) = nr + 1, if%§x<0;
1, if0<z<l1.

1. Show that (u,) is Cauchy in E.
2. Show that (u,) does not converge in E.

3. What can we conclude?

Solution
1. First, note that the functions u, are continuous for all n € N, so (u,) C E. It is
Cauchy; indeed, let ¢ > 0 and let p,q € N such that p > ¢, we estimate ||u, — u,||. We

rely on the following table: [h!]

Table 1.1: Behavior of u,(z) — u,(z)

x Interval -1,-1/q) [-1/¢,—1/p) [-1/p,0) [0,1]
uy () 0 0 pr+1 1
uy(z) 0 gz + 1 gr+1 1

up(x) — ug(7) 0 —(gz+1)  (p—qz O

Hence: .
o =l = [y = g

1

—1/p 0
:/ |qa:+1|2dx+/ l(p — q)z|*dx

1/q -1/p
RPRY: N2
_ =9 (p—q

3qp? 3p?

2
<-—0 as qg— +oo (for p>q).
q

15
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Thus, (u,) is Cauchy.
2. On the other hand, it is clear that the sequence (u,) converges pointwise to the
function u defined by:

0, if —1<z<0;
u(r) =

1, ifo<z <1

Suppose for contradiction that (u,) converges to some function ¢ in (£, || - ||2). Conver-
gence in || -||2 implies convergence in mean square, which implies convergence in measure,
and thus a subsequence must converge pointwise almost everywhere to g. Since u,, — u
pointwise everywhere, we must have g(z) = u(x) for almost every x. However, u is dis-
continuous at 0 and thus not continuous on [—1, 1], meaning u ¢ £ = C([—1,1],R). Any
function ¢ equal to u almost everywhere would also be discontinuous at 0 (or differ from
a continuous function on a set of positive measure, which is impossible for a continuous
function g). This contradicts g € E. Therefore, (u,) cannot converge in E. (The pro-
vided calculation |lu, — ul|* = 3= — 0 shows convergence in L? norm to u, but u ¢ E,
confirming the lack of convergence within E).

3. (E,]| - |]2) is not complete, therefore it is not a Banach space.

1.7 Continuous linear applications

1.7.1 Definitions and properties

Definition 1.12. Let E and F be two vector spaces over the same field K. A map
f i+ E — F s called linear from E into F if it satisfies for all o, € K and all x,y € E:

flax + By) = af(z) + Bf(y).

We denote by L(FE, F) the set of linear maps defined from E into F. This set has the
structure of a vector space over K when equipped with the following two usual composition

laws:

L(E,F) x L(E,F) = L(E, F)

16
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(f,9)=1f+g,
K x L(E,F) = L(E, F)
(A f) = Af

Definition 1.13. (Linear Form). A linear form on a K-vector space E is any linear

map defined from E into K.

1.7.2 Norm of a continuous linear application.

The following proposition provides an important characterization for the continuity of a

linear application.

Proposition 1.9. Let (E,||-||g) and (F,| - ||r) be two normed K-vector spaces. A linear

map [ E — F s continuous if and only if there exists a constant C' > 0 such that

vee B, [|f(@)lr < Cllz]z (1.2)

Proof. (=) Suppose that f is continuous on E; in particular, it is continuous at 0, so by

definition we have:

Ve > 0,30 > 0,Va, ||z||lg <6 = ||f(2)]|r <e.

Taking € = 1, for all z € E '\ {0}, we set y = ——=. Since ||ly||g = 0, then we have:

IIl‘II

I @lr = o 1 @)le <

and consequently:

1 @)lr < Slalls.

It suffices to take C' = =
(<) If inequality (1.2) is satisfied, then there exists a constant C' > 0 such that for

all z,y € E, we have:

1 () = FWllr = lf(z = y)llr < Cllz = ylle

17
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and the linear application f is Lipschitz and therefore f is (uniformly) continuous on

E. [l

1.7.3 Dual of a normed vector space

Definition 1.14. (Algebraic Dual). We denote the set of linear forms defined on E by:

E* = L(E,K).
and we call it the algebraic dual of E.

It is easy to see that E* has the structure of a K-vector space.

Definition 1.15. (Topological Dual). We call the topological dual of E, and denote it

by E' = L(E,K), the space of continuous linear forms on E.

Example 1.6. From exercise 5 and taking the associated norms, we note that f € (R"),
T e (C([0,1,R))’, L € £L(C([0,1],R),C*([0,1],R)) but S & (C([0,1],R))"

Space L(E, F)

Proposition 1.10. Let (E,|| - ||) be a finite-dimensional normed space, then for any

normed space F' we have:

L(E,F) = L(E, F).

In other words: every linear map defined from E into F is continuous. In particular,

we have BE* = F'.

Proof. We fix a basis {e;}1<i<,, of E and endow it with the norm

n
lzli = lul, VaekE,
i=1

where (1, xs, ..., ;) are the coordinates of x in the considered basis. Suppose that f

is a linear map from E into some normed space (F,| - ||). We have

1f (@)l = Hf(z ziei)|| = |l Z zif (el < Z ][ £ (ea) I

18
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Set C' = maxi<;<n || f(e;)||, hence:

If @) < Cllzlly

which shows that f is continuous. Moreover, if we take F' = K, then we obtain

E*=F. [l

Proposition 1.11. Let (E, || - ||g), (F,||-||r) be two normed K-vector spaces. The space

L(E, F) is a normed vector space with the norm:

2B\ {0} HxHE
Proof. 1t is easy to see that L(E, F) is a K-vector subspace. We will show that || - || :
L(E,F) — K defines a norm; let f € L(E, F).

1. It is obvious that if f = 0 then || f|| = 0. If || f]] = 0, then for all z € E non-zero

we have Hﬂ(l =0, hence || f(z)||r = 0 and since || - || is a norm on F', we deduce that

f(z) =0,Vz € E'\ {0}, furthermore, we have f(0) =0, so we obtain f = 0.
2. Let x € E'\ {0} and let A € K, we have

Al = sup M@Ie Ilf @)l

vepNoy  ||7]E cepnvioy zlle

3. Let f,g € L(E, F), we have

= M-

flz) +g(x)|r
If + 9l = sup 1#2) + s(o)l ,
z€B\{0} ]| &

Using the fact that || - ||z is a norm on F' and the additivity property of the supremum,

we obtain:
x + x
Fagl< sp W@Irtls@le o0 W@l @l
zeE\{0} (E1F z€E\{0} [Eal¥ zeE\{0} ||37||E
Thus, |[f+ gl < [If][+ llg]- O O

Remark 1.3. From the definition of || f||, we can write the following inequality:

Vee B |f(@)le < [|f]llz]le
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Theorem 1.7. Let f € L(E,F). Then the following statements are equivalent:

(1) f is continuous on E.

(2) f is continuous at Op.

(8) f is bounded on B(0,1).

(4) f is bounded on S(0,1).

(5) There exists M € RT such that Vx € E, ||f(z)||r < M|z 5.
(6) f is uniformly continuous on E.

Proof. (1) = (2) is evident.
(2) = (3): If f is continuous at Op, then there exists § > 0 such that
if v € B(0,6): f(z) € B(0,1).
Let x € B(0,1), then dz € B(0,6), so f(6x) € B(0,1). Since f € L(E, F), we have
Vo € B(0,1), f(x)eB (0, %) :
(3) = (4) is evident.

(4) = (5): If f is bounded on S(0, 1), then there exists M > 0 such that
vz e 5(0,1),  [[f(x)l <M.

Let x € E with x # 0; then ﬁ € 5(0,1), so
()| =
]

vee B, |[f(2)] < M]z|.

Hence

(5) = (6): Let x,y € E; then

1 () = FWll = lf (= = y)ll < Ml[z —y]|.

Thus f is M-Lipschitz, hence f is uniformly continuous on E.

(6) = (1) is evident.
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Theorem 1.8. Let f be a continuous from E to F. Define:

N s L@

cepnioy Nzlle

Ny = sup ||f(z)llr,
z€S5(0,1)

N3 = sup |[|f(2)llF,
z€B(0,1)
N, = inf {M eERY || f(x)||r < MHxHE} )
Then N; = Ny = N3 = Njy.

Proof. Let x € E. Then

| f(z)||lr < Ny for z € S(0,1).

If z # 0, then H 1€ S(0,1), s
||f( )HF < N, forxe E\{0}7
NEE
hence
Nz s W@l

zeE\{0} HxHE

Let z € E(O, 1). Then ||f(x)||r < N3, so
|f(x)||p < N3 for z € S(0,1),

hence

Ny < sup |[[f(x)][r < Ns.
z€S5(0,1)

By the definition of Ny, for every ¢ > 0, there exists M, € R* such that
0< M. <e+ Ny and [ f(z)||r < Mz||p forall xe E.

Then
|f(@)|lr < M||z||g < (e + Ny)||z||p for all z € E.

Consequently,

Ny = sup | f(x)]|r <e+ Ny

z€B(0,1)
Letting ¢ — 0, we obtain N3 < Ny.
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By the definition of N, we have
If(@)||r < Ni||z||p forall z € E.

Thus
Ny € {MeR": | f(@)llr < M5}

Therefore

Ny=inf {M e R* : ||[f(z)||lr < M|z||p} < M.

Finally, we have established the chain of inequalities
Ny < Ng < N3 < Ny < Ny,

which implies

Ny = Ny = N3 = N,. [l

Proposition 1.12. The norm ||f|| = sup||f(z)||r on the unit ball is always finite for

every continuous application.

Proof. Suppose that the norm || f|| is not finite. This means that we can find an element
x of E such that

[zl <1 and  sup [ f(z)[[r = oo,

or equivalently, there exists a sequence x,, in F such that
[zall <1 and  [[f(z0)|r = a,

with

lim «, = occ.
n—-+00
Define the sequence y,, by
T
Yn = —-
an
Note that this sequence converges to the element 0, i.e., lim, ..y, = 0. Hence, it

follows that

. , 1 o,
lim ||f(y)|lr = lim —||f(zn)||p = lim — =1.

n—+00 n—+00 Oy, n—+00
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This contradicts the fact that A is a continuous linear application, because we should

have the relation for continuity:

lim y, =0= lim |[f(y)]r=0,

n—-+00

which affirms that the constant C' = || f|| is finite for every linear and continuous appli-

cation A. O]

1.8 Exercises

Exercise 1.

Show that the fundamental norms || - |1, || - ||2, || - || defined on R™ are equivalent.

Exercise 2.
Let E = C'([0,1],R) be the vector space of continuously differentiable functions from
[0,1] to R. For all f € E, we set

1fllv = sup (If ()] + [f'(=)]).
z€[0,1]
1. Show that || - || is a norm on E.

2. Is it equivalent to the norm || f|[2 = sup ey [f(%)] + supeo 1y [f/(2)]7

Exercise 3.
Show that the norm || f|; = fol | f(t)|dt is not equivalent to the uniform convergence norm

| fllo = maxo<a<i1|f(2)]in C([0,1],R). Use the sequence of functions (f,,), defined by

Exercise 4.
Show that the following applications are linear:
i)
F:R"—>R
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r = (T1,.0, Tp) — Z/\ixi, A= (A, .., \) €R™

ii)
T:0(0,1,R) - R
fes TS /f
iii)
D :CY([0,1],R) — C([0,1],R)

fr—D(f) =1

Exercise 5.
Study the continuity of the following linear applications:

1. Let E = R™ endowed with the Euclidean norm ||z|l; = >, = ) for all z € R™.

zlz

The linear map

2. Let E = C([0,1],R) endowed with the supremum norm ||-||». The following linear

application:

T:F—R

s T(f) = / f(2)da

3. We endow the spaces F = C([0,1],R) and F' = C'([0,1],R) with the supremum

norm || - |- The map defined by

L:FE—F
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fr— L(f);

where L(f)(z) = [y f(z)dz.
4. We endow the space C([0, 1], R) with the norm || f||; = f01 | f(z)|dx, the linear form

S:FE—R

f—S(f) = f(0).

Hint: use the sequence of functions (f,) defined by

I1—(n+1z, f0<z< -1

0, if =5 <z<1.
Exercise 6.
Let (E, |- ||g), (F, ] ||r) be two normed K-vector spaces and f a continuous linear form.

Show that we have:

fa |
sup HOIE o 1 @lle = sup [F@)llr = nf{e > 0: [f@)]lr < cllalls).
wer\o} ZllE  ja)p=1 el p<1

Exercise 7.
Calculate the norm || T|| in the following cases:

1. Let E = C([0,1],R) endowed with the supremum norm || - |-

T:F—R

s T(f) = /0 f()d.

2. Let E = C([0,1],R) endowed with the norm

1l = / £ (2)|dz.
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Consider the map T : E — E defined by:

T(f)(x) = / " pt)dt.

Use the sequence of functions (f,) defined by:

fo(x) =ne ™™ x €0, 1].

Exercise 8

Let E be the vector space of continuous functions on [0, 1] with values in R. For f € E,

define
1
[ flloo = sup{|f(?) : t € 0,1]} and | f[ :/0 | f(t)] dt.

1. Show that for all f € E, ||f|li < || f]lco-

2. Using the sequence of functions f,(z) = z", prove that these two norms are not

equivalent.

Exercise 9

We equip the space E = C(]0, 1], R) with the following two norms:

1
[flloo = sup [f(x)] and [[fll = / |f ()] da.

0<a<1 0

1. Consider the sequence of functions (f,), defined by:

ne, if0<z< %,
fa(z) =
1

Y

if 1 <<l
2. Consider the function 7" defined on the complete space (E, || - ||) by:

T:(E o) = (B - lloo); = T(S),

such that T'(f) : [0,1] — R is given by

= T(f)(z) = c+/0 K(z,t)f(t)dt,
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where K is a continuous function on [0,1]? and ¢ € R.

1
Show that if sup |K(z,t)| < 3 then there exists a unique element f of E such
(z,t)€[0,1]?

that T(f) = f.

Exercise 10

Let E = C([—1,1],R) be the real vector space of continuous functions from [—1, 1] to R

equipped with the norm || - || defined by:

VfeE, |flew= sup |f(z)]

z€[—1,1]

Let ¥ be the mapping defined on E by:

' EFE — R
e W) = (1) = f(=1)

1. Show that U is a linear form on F.

2. Find 8 > 0 such that |U(f)| < B f|| for all f € E.

3. Deduce that ¥ is continuous on (£, || - ||ec)-

Consider the function g defined by:

1,1 — R
g:
T — g(x) ==

4. Does g belong to E?
5. Compute [|g||oo-

6. Compute [¥(g)]|.

7. Show that:

W]} = sup [W(f)]>[¥(g)]

[[flloo=1

8. Deduce the value of ||V]].
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Exercise 11

Let E = C([0,1],R) be the real normed vector space of continuous functions from [0, 1]
to R, equipped with the norm || f||; = fol |f(t)] dt.

Let ¥ be the mapping defined by:

E ) — (&)

v
foes )
where
0.1 — ® )
() .
v (U())() = / F(t)dt

1. Give the definition of a continuous linear mapping.

2. Give the definition of the norm of a continuous linear mapping.
3. Show that W is linear.

4. Show that W is continuous from (£, || - ||1) into (E,] - |l1).

5. Deduce that
|

Lo = sup [[¥(f)|
Ifll<1

Let the function h, € E be defined for all n € N by:

0,1 — &[]

r > hy(x) =ne"*
6. Compute ||h,||; and show that ||h,|; < 1.
7. Compute ||V (h,)]1.
8. Show that ||W||. (g > 1.

9. Deduce the value of ||¥

Lc(E) :
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1.9 Solutions

Solution of Exercise 1

It is obvious that ||z = sup |z;] < 2N, |2] = ||z

N
Izl =) Jzil < Nsup || = NJ|-

i=1
By Cauchy-Schwarz we obtain ||z||; = vazl lzi| < VN||zl|2.

On the other hand, we have:

]2 =

N N N
DolalP <Y Vil =) lul =izl
i=1 i=1 i=1

Thus, the norms are equivalent.

Solution of Exercise 2.

1. || - |l1 is a norm, because:
(a) Let f € E = C([0,1],R). Tf || f||l; = 0, then:

1l = 0= sup (|f()| + [/ (z)]) =0

z€[0,1]
= [f@)+[f(z)| =0 Vveel0,1]
= |f(z)|=0and |f(z)|=0 Vzel0,1]
= f(z)=0 Vzel0,1]

So f=0.
(b) Let f € E and A € R:

[IAfllr = sup (IAf(2)] + [Af"(2)])

z€[0,1]

= sup M(|f ()] +|f ()]

z€]0,1]

= [Al Se%%}(lf(w)| + @) = A

() Let f.g € E; we have: || + glls = sup,co.(1/(2) + g(a)] +f/(2) + ¢/()]). For all
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x € [0,1], we have:

(@) + g(@)| +[f'(z) + g'(2)] < |f(@)] +1g(@)] + [ ()] + |g' ()]
< (IF @+ 1)) + (g(@)] + 1g'(=)])

< sup (|f(z)| + |f'(@)]) + sup (lg(z)] + |g'(x)])

z€[0,1] z€[0,1]
and consequently:
sup | f(z)+g(x)[+|f'(x) +¢'(@)] < sup (|f(@)|+[f(2))+ sup (lg(x)]+]|g' ()],
z€[0,1] xz€[0,1] z€[0,1]

which shows that ||f + gl < ||f|li + ||lg|l:. Therefore || - ||; defines a norm on F.

2. On one hand, for all = € [0, 1] we have:
[f @)+ 1f (@) < sup [f(z)]+ sup |f'(z)],
z€0,1] z€0,1]

therefore

sup (|f(z)] + |f'()]) < sup [f(z)]+ sup |f'(z)],

z€[0,1] z€[0,1] z€[0,1]
hence: |[f]lv < || f]2-
On the other hand, for all 2 € [0, 1], we have:
[f(@)] = |f@)]+[f'(2)] = |f ()] < Sl[l()%](!f(ff)| +[f'(@)]) = [ (@),
x€|0,

therefore

sup |f(x)] < sup (If (@) +[f'(2)]) = |f" ()]

z€[0,1] z€[0,1]

which implies:
|f'(@)] < sup (If (@) + [f'(2)]) = sup |f(z)|, Vo € [0,1],
z€[0,1] z€[0,1]

then we have:

sup}!f’(x)\ < sup (|f(z)| + |f'(x)]) = sup [f(z)],

z€[0,1 z€[0,1] z€[0,1]
consequently:
sup [f(z)[ + sup |f'(z)] < sup (|f(z)] +[f()]), Vo € [0,1].
z€[0,1] z€[0,1] z€[0,1]
We deduce that ||f]la < ||f]l1- The conclusion is that the norms are equivalent

(Ifll2 < Ifllx < [Ifll2) and moreover ||f|l1 = ||f]|l2- (Note: The text concludes
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equivalence based on showing both || f||; < || f|l2 and ||f]]2 < ||f||1, which indeed
means ||f||; = ||f]|2 and thus they are trivially equivalent. The phrasing in the

original is slightly ambiguous but the math is correct.)

Solution of Exercise 3

We have || folloo = 1 while || fu||s = =7 so that

lim | fnlloe = lim (n+1) = +oo.
n—+oo ||fn||1 n—+oo

By Remark 1.2, the norms are not equivalent.

Solution of Exercise 4

The solution is trivial.

Solution of Exercise 5

1. By the Cauchy-Schwarz inequality, for all € RY, we have:

@ =13 el < Qo1 ): = Vil

therefore, it suffices to take C' = y/n.
2. For all f € C([0,1],R), we have:

/0 s

T(f)] = < / f(@)lde < sup |f()| / dr,

z€[0,1]

therefore

T < 11 oo (1.3)

it suffices to take C = 1.
3. For all f € F we have:

1Ll = sup

z€[0,1]

It suffices to take C = 1.

/Om f(t)dt‘ < sup (fv sup |f(t)|> = [[fllse-

z€[0,1] te[0,1]
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4. Tt suffices to find a sequence (f,,) C E such that

O 1S(f)]
1
ntoo [ full

Indeed, we take the sequence of functions (f,) defined by

:+oo

l—-(n+ 1)z, if0<z<— n+1’
fa(z) =
e 1
0, lfn—_Hngl

We have f,(0) =1 while [|f, |l = hence lim,,_, , o Un@] _ 4 o

Tl —
(We are inspired by this method from the negation of inequality (1.3)).

g

Solution of Exercise 6

Set A = sup,ep\ (o) Hﬂgfu)va = SUp|iy| =1 ||/ (@) 7, C = supjp <1 |/ (@) || p, D = inf{A >
0:lf(@)l[r < Allzllz}-
(i) For all x € E'\ {0}, we have:

1

[Eal

A s W@l
z€E\{0} ||-T||E z€E\{0}

)

F

o

2 er\{O} HHSHE

so we obtain:

|z ”E

A= sup [[f(y)llp=B.

lyllz=1

(i) Noting that {||f(x)||r; |zllz = 1} C {||f(@)||F; ||z||r < 1}, we deduce that B < C.
(iii) We verify that C'is a lower bound of the set {A > 0: || f(2)||r < A||z||g}; indeed,

let A > 0 such that ||f(x)||r < Al|z]|g. So for all z € E with ||z||g < 1, we have

1f(@)lr < Alzlle < A,

hence sup, <1 | f(z)|lr < A and consequently C' < D.
(iv) For all z € E '\ {0}, we have

Lf (@)l

]| 2

ie. ||f(@)|lr < Allz|g, so by the definition of D, we deduce that D < A because
Ae{A>0:f(@)llr < Alzlle}-

< A,
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We conclude that A = B < C' < D < A which shows that the four numbers are equal.

Solution of Exercise 7
1. Let E = C(]0,1],R) endowed with the supremum norm || - ||. We have already shown
that the map
T:EF—-R

1
=10 = [ fla)ds
0
belongs to L(E,R). Now, we calculate ||T'[| = supz_—; [T(f)|. From inequality (1.3)
and by virtue of the definition of ||| (||7']| = D), we see that ||T']] < 1. On the other

hand, we look for, if it exists, an element of B(0,1) such that |T(fy)| > 1. Indeed, we

take fo = 1 which satisfies:

1
Ifolle = sup 1] =1, and TKjb)zzjg folw)ds = 1

z€[0,1]
which implies that ||T']| > 1. We conclude that ||T|| = 1.
2. Let £ = C([0,1],R) endowed with the norm

Wm=AU@Wx

Consider the map 7' : E — E defined by:

ﬂﬁwzlﬁmw

First, we see that T is linear. We verify that i is continuous; let f € FE, for all

x € [0, 1] we have:

uvmm;[uwwglvww—wm

hence
Wmmzlwmmmséwmm:wm (1.4)

it suffices to take ¢ = 1 for T' to be in L(FE). We calculate ||T||; from inequality (2.4.2),
we obtain ||77]| < 1.

To prove the reverse inequality, consider the sequence of functions (f,) defined by:
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ne ", x € [0,1].

fn()

We know that

IT(f)lle < T fall1, (1.5)

Moreover:

1—e™

n

dr=1—

X
/ ne " dt
0

1
| fulli = / ne "dr=1—e".
0

I = [ T @)l = / 1

Substituting into (1.5) we get

- n7

Ifulli 1=
Taking the limit in this inequality, we conclude that |T|| > 1 which shows that

1T} = 1.

Solution of Exercise 8

1. Tnequality [|f]}y < |l
Let f € E. By definition,

[f1loe = g [F ()]

te(o,1

For every t € [0, 1], we have |f(¢)] < || f]lc- Hence

O < [ fllsc forall t €[0,1].
Integrating from 0 to 1:

1 1
/ \f(t)ldté/ [flloo dt = [ flloo - (1 = 0) = [[fll~-
0 0

That is,
L1l < M f 1l
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This inequality holds for any continuous function f on [0, 1].
2. The norms are not equivalent

Two norms || - ||, and || - ||, are equivalent if there exist constants ¢, C' > 0 such that
cllflla < fllo < Cllflla forall fe E.

We already have ||f]l1 < ||f]l, i-€. the second inequality with C' = 1 if we take a =

1,b = oco. For equivalence we would also need a constant ¢ > 0 such that
[ flle < [[flx forall feFE.

We show such ¢ cannot exist by constructing a counterexample sequence.

Consider f,(z) = 2" for n € N*, which belongs to E£. We compute the norms:

Then

Ml _ 1
Mulleo ~ nt 1w

If the norms were equivalent, there would exist ¢ > 0 with ||f|l1 > ¢[|f]l~ for all
f € E. But for f = f,, this would imply n+r1 > ¢ -1 for all n, which is false for large n.

Therefore, the two norms are not equivalent on E.

Solution of Exercise 9

1. Analysis of the sequence (f,,)

First, let’s analyze the properties of f,,. Each f, is continuous on [0, 1]:
e For 0 <z < %: fn(z) = nx, linear.
e For z =2: f,(1) =n-L1 =1, matching the constant value on [*,1].

Now compute the norms:
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[falls = sup |fu(2)] = 1.
z€[0,1]

For the L! norm:

WMth\h@ﬂm

1/n 1
/ nxdx—i—/ 1dx
0 1/n

nxQT/n_FH

= _— €T n

2 |, 1/
n 1 1

- . 1— =
2 n2+< n)
1 L 1

2 n

B 1

- 2n

Thus:

T [l =Ll [full = 1

2. Fixed point of T

We want to show T has a unique fixed point when sup, , |K(z,t)| < 3.

2.1. T is well-defined and maps E to E Forany f € E, T(f)(z) = c—i—fol K(z,t)f(t)dt.
Since K is continuous on [0, 1]* and f is continuous on [0, 1], the integrand K (z,t)f(¢) is
continuous in ¢ for each x, and the integral exists. Moreover, continuity of K in x implies
T(f) is continuous in x. Hence T': E — E.

2.2. (E,]-|ls) is a Banach space C([0, 1], R) with the sup norm is complete (uniform
limit of continuous functions is continuous).

2.3. T is a contraction Let f,¢g € E. For any x € [0, 1]:

T(f)(2) = T(9)(x)| = /0 Kz, )[f (1) — g(1)] dt‘

§A|K@w+uw—gwMt
SAIKWJNMf—mmﬁ

1
< Hf—glloo/0 | K (,t)] dt.
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Now, let M = sup, ;yej0.12 | K (,t)]. Then:
1
/ |K (z,t)|dt <M-1=M.
0

Thus:
T(f)(z) = T(g)(x)] < M||f - gl forall ze]0,1].

Taking supremum over x:

IT(f) = T(9)lloo < MI|f = gllo-

By hypothesis, M < %, so M < 1. Therefore T is a contraction on the complete
metric space (E, ||+ ||oo)-
2.4. Conclusion by Banach fixed-point theorem By the Banach fixed-point theorem,

there exists a unique f € F such that T'(f) = f.

Solution of Exercise 10
Let E = C(]—1,1],R) equipped with the norm:
[fllc = sup [f(z)]
ze[—1,1]

and let U(f) = f(1) — f(—1).

1. Linearity of U:
Let f,g € F and X € R.

e Additivity:
U(f+g) = (f+9)(V)=(f+9)(=1) = F()+g(D)—f(=1)—g(=1) = ¥ () +T(g).
e Homogeneity:
UAS) = (AN)(D) = (AN)(=1) = Af(1) = Af(=1) = AU().

Thus V¥ is a linear form on F.
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2. Bound for |U(f)|:

For any f € E:

WA= 1O = FED <M+ A(=D <2 sup [f(@)] = 2] flloo-

z€[—1,1]

Hence we can take § = 2.

3. Continuity of W:
Since [U(f)| < 2||f|le for all f € E, ¥ is Lipschitz continuous (and thus continuous)

on (B, [| - [loo)-

4. Does g belong to E?

The function g(x) = z is continuous on [—1,1],s0 g € E.

5. Compute ||g||oo:
Since ¢ is increasing;:

19lloc = sup fazf =1.
z€[—1,1]

6. Compute |V(g)]:

U(g)=g(1)—g(-1)=1-(-1)=2 = |¥(g)|=2.

7. Lower bound for || V|

The operator norm of ¥ is defined by:

W] = sup [¥(f)].
I £llo=1

For the particular function g, we have ||g||.c = 1 and |¥(g)| = 2. Therefore:

]} = [ (g)] = 2.

8. Value of ||¥|:
From part 2, we have |[U(f)| < 2| f|l for all f € E, so ||¥| < 2.
From part 7, we have | V]| > 2.

Hence:

V][ = 2],
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Solution of Exercise 11
Let E = C([0,1],R) with norm || f||, = [ |f(t)| dt. Define ¥ : E — E by:

(W(f))(x) = / “ftyde, xeo,1)

1. A mapping T : (E,|| - ||g) — (F,|| - ||r) between normed vector spaces is said to be a

continuous linear mapping if:
o T is linear: T(af 4+ Bg) = oT(f) + pT(g) for all f,g € E,«a, 5 € R.
e T is continuous: for every £ > 0, there exists § > 0 such that ||f — g||g < § implies
IT(f) = T(9)llr <e.

Equivalently, T" is continuous iff there exists C' > 0 such that ||T'(f)||r < C|f||g for all
fekL.

For a continuous linear mapping 7' : E — F, its operator norm is:

17

reer) = sup [[T(f)llr= sup |T(f)|lr
Iflle<1 Ifll =1

1. Linearity of WU:
Let f,g € E and A € R. Then for all z € [0, 1]:

T

U(f + g)(a) = / o)ty di = / Cp(t)di+ / g(t) dt = U(f)(x) + U(g) (x),
T(Af)(x) = / A dt = A / " F() dt = A ().
Hence VU is linear.

2. Continuity of V:

For any f € E:

/Oxf(t)dt dxg/()l/;yf(mdtdx.

Interchange the order of integration (Fubini’s theorem) over the region 0 <t <z <

[ [ senaa= [z ([ a)a= [0 -oa

g/o £ dt = (1]l

el = [ 1= [

1:
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Thus ||W(f)]x < ||f|l:. Hence ¥ is continuous (take C' = 1).

Since WV is linear and continuous, its operator norm is:

I

roe) = sup |[[¥(f)|1.

<1

3. Compute |h,|:
For h,(z) = ne "*:
' =1
thH1 = / ne "*dr = [—efmd]i;o =1—e"
0

Clearly 1 —e ™ < 1 for all n € N, so ||h,][; < 1.

4. Compute ||[W(h,)]::

First,
: -n —nt]t=2 —nx

(W) @) = [ nerti = [T =1
Then

1 1 _ 1 _

nx n 1

ekl = [ rl—e"ﬂdm:/u—emmw:[xﬁ ] et L

0 0 n 1o n n

5. Lower bound for ||¥|:

We have ||h,|[1 =1 —e™" < 1. Define f, = Wilﬁ so that || f,||1 = 1. Then:

(b))l 1+ -+
W n p— pu— n n‘
|| (f )Hl ||hn||1 1 —en

As n — oo, numerator — 1 and denominator — 1, so [|U(f,)|l1 — 1.

Therefore, ||V||L ) > 1.

6. Value of ||¥|:
From 2, we have ||[W(f)|li < ||fll1, so ||¥] < 1.
And from 5, we have | V| > 1.

Hence:

V|| Loy = 1}
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Hilbert space

2.1 Scalar product
Definition 2.1. Let X be a vector space over R. A real scalar product on X is a mapping
(): X xX —R,
which satisfies the following conditions:
i) (x,z) >0, VreX,

i) (x,z) =0 if and only if x =0,

iii) (z,y) = (y,z), Vr,ye€ X,

) (ax + By, z) = alz, z) + By, 2), Vx,y,z € X,Va,p € R.
Example 2.1. Let X = R? and define the form {-,-) by

(T,9) = 1191 + T2y2 + T3Ys5.

It is clear that this is an scalar product on R3.

Example 2.2. On X = L*(0,7), define

(19) = [ f)gla)do.
0
This is a real inner product on L*(0, ).
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Definition 2.2. Let X be a vector space over C. A complex scalar product on X is a
form
(): X xX —C,

which satisfies i), i), iv) and

v) (z,y) = (y,z), Vr,y€X.

In this case, the complex inner product is said to be anti-symmetric or semi-linear.
Example 2.3. In C?, the form
(T,y) = 2171 + 220 + 2373
18 a complex scalar product.
Example 2.4. On X = (2, define the form
(2,9) =TT
n=1
This is an scalar product on X.

Example 2.5. Let X be a vector space of dimension n with basis (e1, e, ..., e,). Then

any x,y € X can be written as

n n
Tr = E ri€;, Y= E Yi€;.
i=1 i=1

Define an scalar product on X by setting

=1

Remark 2.1. The only difference between a real and a complex scalar product is the
appearance of the conjugate in condition v) of Definition 2.2. In what follows, we will
consider the complex case; the real case is a special case where the conjugate of a real

number is itself.
Definition 2.3. A bilinear form B : X x X — K (K =R or C) is said to be positive if
B(z,z) >0, VzelX.

It is said to be definite if

B(z,x) =0 <= x = 0.

Remark 2.2. A real scalar product on X is a definite positive bilinear form.
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2.1.1 Pre-Hilbert space

Definition 2.4. A vector space equipped with an scalar product is called a pre-Hilbert
space.

If X is a finite-dimensional real vector space, then (X, (-,-)) is called a Fuclidean
space.

If X is a finite-dimensional complex vector space, then (X, (-,-)) is called a Hermitian

space.

2.2 Hilbert space

Definition 2.5. A pre-Hilbert space that is complete with respect to the norm induced by

the scalar product is called a Hilbert space.
Example 2.6. 1. Fvery finite-dimensional pre-Hilbert space is a Hilbert space.
2. L? and (? are Hilbert spaces.

Lemma 2.1. Let H be a Hilbert space and E a vector subspace of H. Then, E is a

Hilbert space if and only if it is closed.

Proof. The proof is based on the following equivalence:

FE is complete if and only if F is closed. O]

2.2.1 Properties of the scalar product

Lemma 2.2. Let X be a pre-Hilbert space with scalar product (-,-), and let z,y,z € X
and o, B € C. Then:

i) (z,0) =(0,y) =0,
i) (z,ay + Bz) = a(z,y) + Bz, 2),
i) {ax + By, ax + By) = |af* (v, 2) +|6*(y, y) + 2Re(aB{z,y)).

Proof. Exercise. m
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Lemma 2.3. Let X be a pre-Hilbert space with scalar product (-,-). Then for all z,y,u,v €

X, we have:
1. <U+’U,l’+y> - <U—U,J]—y> - 2<U,y> +2<U,[E>,
2. in the complex case,

(ut+v,x+y) —(u—v,x—y)+i{u+iv,x + iy) —ilu — v,z — iy) = 4(u, y).

Proof. 1) (u+v,z+y) = (u,z) + (v, 2) + (u, ) + (v, ), (u—v,z—y) = (u,z) + (v,y) —
(u,y) — (v, ). Adding the two expressions yields identity 1.

2) Similarly,
(u+ v,z +iy) = (u,x) —i{u,y) +i{v, z) + (v, y),
(u—1v,x —1y) = (u,z) + i(u,y) —i(v,x) + (v,y).

Adding yields identity 2. m

2.2.2 Cauchy-Schwarz inequality

Lemma 2.4. Let X be a pre-Hilbert space with scalar product (-,-). Then, for all z,y €

X, we have:
i) |(x,y)]* < (z,2){y,y) (Cauchy-Schwarz inequality),
i) ||z|| = v/(z,x) is a norm on X.

Proof. 1) If x = 0 or y = 0, the result is clear.

T,x

0§< (z,7) +v, (7, 7) +y>

Assume z # 0 and y # 0. Take a = — g”i and § =1, and compute (ax +y, ax + y):

) 2 L (z,v) o (z,1) )
- |(@,2) ) (x,x)< ) <I,x><ya )+ (s y)
~ Nyl e y)l?
= o 2w T WY
Hence,
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ii) We have [|z|| = y/(z,z) > 0, and ||z = 0 < (z,z) = 0 <= = = 0. Also,

lazl = V{az, az) = V/]a*(z,z) = |al|z].

Furthermore,
o4 91 = o+ 9.+ 9) = e+ Dl + 2Re(a. )
< el + lyll* + 2l lllyll = (]l + ly[)?,
so ||z +y|| < |lz|| + ||y||, which completes the proof. O

A direct result of the previous lemma is that a vector space equipped with an scalar

product is a normed space. Moreover, point i) can be written as

[{z 9)| < llzllllyll;

this inequality is called the Cauchy-Schwarz inequality.

2.2.3 Parallelogram equality

Proposition 2.1. Let X be a pre-Hilbert space with scalar product (-,-), and let || - || be

the norm induced by (-,-). Then, for all z,y € X, we have:

a) Parallelogram identity:
lz +yl* + llz = ylI* =2 (l=l” + lyl*)
b) In the case of a real vector space:
Iz +yl* = llz — ylI* = 4z, y),
c) In the case of a complex vector space:
U, y) = |z +yl|* = ||z — yl|* +illx +iy|]* —il|lx —dy||* (Polarization identity).
Proof. a) We have

|z +ylI* = (@ +y,z+y) = ||lz[]* + [lyl]* + 2Re(z, ),
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and

lz =yl = ll=]I* + lly]I* — 2 Re(z, ).

Adding gives the result.
b) We have

lz + yll* — ll= — ylI* = 4Re(z, ),
and since (x,y) is real, we have
Iz + yll* = llz = ylI* = 4z, y).
c) We have:

lz +iyll* = (@ + iy, 2 +iy) = ||=]* + [y]* — i(2,y) +ily, z),
o = ayll* = (@ — iy, & — i) = [J2|* + lyl]* + iz, y) — iy, 2).
Then,
illz + iyl — ille —ayll® = i(llz)? + lylI* — iz, v) + iy, 2) — illlzl® + [yl + iz, y) —ily, 2))
::2<$7y>'—'2<y71» =:4i1n1(x,y>.
Actually, careful calculation shows:
il +iyl]® —illz —ay||* = 2i Im(z, y)?

(The provided text seems to have a miscalculation here. Standard polarization identity is:)

Az, y) = llo+yl* =z = ylI* +illz +ayl* - ille — iyl

The proof verifies this by combining the real and imaginary parts correctly. O]

Remark 2.3. For a norm to be induced by an scalar product, it is necessary and sufficient

that it satisfies the parallelogram identity.

Example 2.7. The norm on C|0, 1] defined by

If[l = sup [f(z)]
0<z<1
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1s not induced by an scalar product.

Indeed, let f(x) =z and g(x) = 1. Then ||f+gll =2, [|f—gll =1, Ifl =1, |lgll = 1.

1 +gll® +11f = al* =5, 201717 + llgl*) = 4.

Since b # 4, the parallelogram identity fails.

Lemma 2.5. Let X be a pre-Hilbert space with scalar product (-,-), and let (x,), (yn) be

two convergent sequences such that lim, . x, =  and lim,_ .y, =y. Then

lim (z,, yn) = (z,y).

n—oo

Proof.

(T Yn) — (@2, 9| < K@y Yn) — (@0, )| + ({20, y) — (2,9)]
< @, Y — )| + [0 — 2, 9)|

< [lzallllyn =yl + llzn — [yl

Since (x,,) converges, it is bounded. Therefore,

(@ ) = (2, 9)] < Cllyn = yll + lzn — z[lllyl] — 0.

2.3 Orthogonality

In the case of a real scalar product, if x,y € X are non-zero, by the Cauchy-Schwarz

inequality we have
<‘/L‘7 y> S 1’
(|l

which allows us to define the angle between the vectors x and y as

o= cost (500

In the case of a complex scalar product, it is possible that (z,y) ¢ R, so it is impossible

—1<

to define an angle between two vectors x,y € X. However, if (z,y) = 0, we can consider

the vectors x and y to be perpendicular or orthogonal.
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Definition 2.6. Let X be a vector space equipped with an scalar product and let x,y € X.

We say that x and y are orthogonal if (x,y) = 0.

Remark 2.4. We have
lz+yl* = lz]|* + llylI> + 2 Re(z, ).

If z,y are orthogonal, then ||z + y||> = ||z||* + [ly||?, but the converse is false.

2.3.1 Projection theorem

Theorem 2.1. Let H be a Hilbert space and K a non-empty closed convex subset of H.

Then for every f € H there exists a unique ¢ € K such that
If —all =mf{||f — 2| ;2 € K}. (2.1)
Moreover, if H is a real Hilbert space, q is characterized by the property

€K,
I (2.2)

(f —qu—q) <0, Vu€ K.

Proof. The set {||f — || ;x € K} is non-empty and bounded below by 0, hence it admits
an infimum v = inf {|| f — z|| ;2 € K}.

By definition of the infimum, we have
x 2 2 2 1
Vi €N 3gn € K:iy” < |If = aal® <77 +

The sequence (g,) is Cauchy. Indeed, applying the parallelogram rule with x = f — g,

and y = f — ¢,, we obtain

1CF = @u) + (f = @) II* + 1(f = @) = (f = @) II* = 2[1f = @ull* + 21 = amll”

SO

11
12f = (g + @) |I? + lgn — @mll* < 49° +2 <— + _) ,
n m

On the other hand, since K is convex, 1 (¢, + ¢m) € K and we have

12f = (g0 + gm)||* > 47°
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and consequently

1 1
n m

SO
1 1
H%—%MQSQ(—+—)
n m

and the sequence (g,) is Cauchy; it converges to ¢ € H, but since K is closed, g € K.

Furthermore,
2 . 2 . 2 1 2
7 < lim [|f —qul" = — ¢l < lim <v +—)=7,
n—»00 n—»o0 n

which shows that v = || f — ¢||.
To show the uniqueness of ¢, suppose there exists w € K such that v = || f — w||.

Then 3 (¢ + w) € K and we have

Hf—%(quw)H > 1.

Applying the parallelogram rule with x = f — g and y = f — w, we get

I(f =)+ (F =w) P+ I(f —a) = (f —w)IP=2]f —al* +2]|f — ]’

SO

2

If = wll =21 = 421 =l 17 -0+ (-0l =047 = 5 (g + )| <o

This implies that ¢ = w, hence uniqueness.
Let us show the equivalence between (2.1) and (2.2).
Let ¢ satisfy (2.1) and take u € K. Then forevery 0 <t <1, v=(1—-t)g+tu e K

and we have
1f=all <Ilf =ol =(f —q) —t(u—9q)
consequently

If=al> < (f—a)—t(w=a),(f~a)—t(u—q) < [I[f—al* =2t (f —qu—q)+* [lu—q|,

that is,

(f —q,u—q) < tlu—q|*
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Letting ¢ tend to 0 we obtain (2.2).
Conversely, let ¢ satisfy (2.2). Then, for every u € K we have
2(f—qu—a)=(f-qu—f+f-a+(f—qu—2q)
=f=olP+(f=aqu—f)+(u-qf—q
=la=fIP+(f —u+u—gu—f)+@u—-qf—q
=llg=fIIP = llu=fIP+ (w=qu—f)+(w=q,f~q
2(f—qu—q)=f =pl* = llu—FI* + llg — ul*
Consequently,
2(f—qu—q) = llg—ull® = llg = fII* = flu— fI* <0
which implies
llg = fII* < [lu— fII*,Vu € K
hence (2.2). O

Remark 2.5. The element q is called the projection of f onto K and is denoted q =
px (f)-

Proposition 2.2. Let K be a non-empty closed convex subset of a Hilbert space H, and

let f1, fo € H. Then,
lpx (f1) — pre (f2)ll < |Ifr — fall-

Proof. Let u; = pi (f1) and us = pg (f2). Then, by (1.2) we have

(fi —u,v —uy) <0, Vv € K,
(fo —wug,v —up) <0, Vv € K.

Replacing v by us in the first inequality and by u; in the second and adding, we obtain

(f1 — U, Ug —U1) + (f2 — U2, Uy — U2) = (fl —uy — fo+ Uz, uy — Ul)
= (fi = fouz —up) + [Jug — U2H2 <0
and consequently

Jur — us||® < (fi = fasus —wi) < || fr — foll lJua — wil,

hence the result. O
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Corollary 2.1. Let M C H be a closed vector subspace. Let f € H. Then q = pxf is

characterized by
qe M,

(f—q,v) =0, Yo e M.
Proof. By (2.2) we have
(f—q,v—q) SO, Vv e M.

Since tv € M for all t € R, we have
(f —q,tv—q) <0, Yv € M, Vt €R,
which can be written as
t(f—q,v)—(f—q,q9) <0, Vvoe M, VteR.

Suppose (f —q,v) # 0. Then ¢t (f — q,v) — (f — ¢, q) changes sign as t varies in R, which
is absurd, hence the result.

Conversely, if (f — q,v) = 0,Yv € M, then, for ¢ € M, v — g € M and we have
(f_Q7U_Q):OaVUEM
and consequently (2.2) is satisfied and g = px f. ]

Theorem 2.2. Let F' be a closed subspace of a Hilbert space H. For every u € H, there

exists a unique v € F and a unique y € F*+ such that uw = x +y and we have
2 2 2
[ull ™ = {lz]]” + [ly]”

Proof. Since F is closed and convex, implies that there exists © € F' such that |u — x| <

u—v||ltorallve F. Lety=u—2 (sou=2x+1y). dSince x +v € I we have
for all F. L Si F we h
ly —oll = llu = (& +0)[ = [lu =]} = [ly[l.

Applying Lemma 2.8 we see that y € F*, which proves the existence of # and y such
that u =2 +y.

Suppose there exist z1,zy € F and y;,y» € F* such that

U =21+ Yy = T2+ Yo,
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then x1 — 29 = y» — y1. Since F and F'* are vector subspaces, we have x; — x5 € F and

Yo —y1 € X, but F N F+ = {0}, so x; = x5 and y, = y;. Furthermore, we have
[ull* = (z +y,x +y) = [|=]* + [|ly]I*.
]

Definition 2.7. Let F' be a closed subspace of a Hilbert space H. Then for everyu € H,
the expression u = x +y with v € F and y € F* is called the orthogonal decomposition

of u with respect to F'. The subspace F* is called the orthogonal complement of F.
Remark 2.6. By the previous theorem, H = F & F*.
Corollary 2.2. Let F' be a closed subspace of H. Then (FL)L =F.

Proof. If x € F, then (x,y) = 0,Vy € F*, which means F C (FL)L.
Suppose x € (FL)L. By the previous theorem, x = y + z with y € F and z € F*.

Since = € (Fl)L and z € F*, we have

(z,9) = (2,y) =0

SO

0=(2,2) = (y+2,2) = (y,2) + |2l = [|=II"

and consequently x =y € F' and (F l)L C F, hence equality. O]
Remark 2.7. Note that (FL)L is a closed vector subspace of H.

Corollary 2.3. Let F' be a subspace of H. Then (FL)L =F.

2.3.2 Riesz theorem

Theorem 2.3 (Riesz). Let H be a Hilbert space with the norm || - || associated with the
inner product, and let H' be the topological dual of H. Then: For every f € H’, there

exists a unique element yy € H such that for all x € H, we have:

f(x) = (z,y5).
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Moreover,

[l = Nysllar-
Proof. Let f € H = L(H,K).
1. If f=0¢€ H', it suffices to take y; = 0.

2. Suppose f # 0, and define G = ker{f} = {x € H | f(x) = 0}.

Clearly G is a closed subspace of H, with G # H (since if G = H we are in the

first case). Then there exists g € H such that f(zg) # 0 and =y ¢ G.

Let z = Pg(x9) € G. Then

5 _~ %0 ¢ G, Dbecause f(z) #0, and ||z||g = 1.
|z — xo||lu

We can write for all z € H:

f(@)

f(a), .
f)”

r="—=Z+4+2Z, whereZ =2x—

f(2)

and moreover

(@) = f ( - %) — f(a) - %f(z) — f(e)— J(x) = 0.

Thus z € G. By the orthogonality theorem, since z = Pg(xg), we have

Therefore, there exists yy = f(2)Z € H such that
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f(x) =(x,yf), VYxeH.

On the other hand, || f||g = supy,, <1 [(f,7)|. Forall z € H,

[f (@) = [{z,y)| < N2llallyslla = [1flla < lyslla

and

1l > F @l _ el _ ||
T Myrllr Nyslla

Yylla

Hence || fllar = llys]la- O

2.4 Orthogonal and orthonormal systems.

Definition 2.8. Let (E, (-,-)) be a pre-Hilbert space and let (x;);cr be a family of elements
of E.

1. The family (x;);es is called an orthogonal family or an orthogonal system if the x;
are pairwise orthogonal, i.e. for all i,j € I with i # j we have (x;,x;) = 0.

2. The family (z;);er is orthonormal if for alli,5 € I,

L ifi=,

0 ifi .

(Ti,05) = 0ij =

3. EBvery orthogonal family is algebraically independent. Indeed, let J be a finite subset
of I and (X\;)jes a family of scalars ink such that Zjej Njz; = 0. By Pythagoras’ theorem

we have

2 2 2
= NIl

jedJ

0= HZ )\jxj
JjeJ

hence A\; = 0 for every j € J.

Example 2.8. In the space (%, the sequence (e,,) where e,, is the sequence (0,0,...,0,1,0,...

(all zeros except the n-th term, which equals 1) is an orthonormal system.
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2.4.1 Bessel-Parseval’s inequality

Corollary 2.4. (Bessel-Parseval’s Inequality) Let X be a pre-Hilbert space and {e, } nen-

an orthonormal system. Then, for every x € X, the real series Y. - |{z,e,)|* converges

and we have

>l < .

n>1

Proof. For every k € N*, let y, = 3¢ _ (z,en)e,. Then [Jyel> = S35, [(z, e,)|?, and we

have
0< ||z —wll® = (& — yn, v — ys)
Eo k L
= [lal> = (@ en)(@ en) = > (zen) (@ en) + sl
n=1 n=1
k
= Jlz)* = [z, en)]”.
n=1
Therefore,

k

>l < .

n=1

The series Y ., |(z,e,)[* is thus increasing and bounded above, hence convergent, and

its limit satisfies

> e < .

n>1

]

Definition 2.9. Let A be a non-empty subset of X. The orthogonal complement of A,

denoted A*, is the set of all vectors orthogonal to every vector in A:
At ={r e X :(x,y) =0, Vyec A}

Example 2.9. {0}t = X and X+ = {0}. Indeed, if v € X*, then (x,z) = 0, which

implies x = 0.
Proposition 2.3. Let X be a pre-Hilbert space and A a subset of X. Then:
1. 0 € A+,

2. If0 € A, then AN AL ={0}; if 0 ¢ A, then AN AL =10,
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3. If AC B, then B+ c A*,
4. At is a closed linear subspace of X.

Proof. 1. Clear.
2. If there exists x € AN AL, then ||z]]? = (z,2) =0, so z = 0.
3. Let x € B+. Then Vy € B, (x,y) = 0, which remains true for all y € A.
4. Let z,y € A+ and «a, 8 € C. Then,

Furthermore, let (z,,) C At be a sequence converging to x € X, and let a € A. Then

0= lim (z, — z,a) = lim (z,,a) — (z,a) = —(z,a),
n—oo n—oo

since (r,,a) = 0. Hence (x,a) = 0 for all @ € A, which shows that z € A*. Therefore,

A+ is closed. O

Lemma 2.6.

Va € X, (x,a) = (y,a) <= x =y.

Proof. 1f Ya € X, (z,a) = (y,a), then (x —y,a) = 0,Va € X, and hence z — y = 0. The

converse is clear. O

Lemma 2.7. Let A be a non-empty subset of a pre-Hilbert space X. If A contains an
open ball B(a,r), then A+ = {0}. In particular, if A is open, then A+ = {0}.

Proof. Suppose there exists 0 # z € A+ and let y = z/||z|| # 0. By definition, (y, a) = 0.
On the other hand, |la + §y — al| = 3, so a + 5y € A. Therefore,

T

2<y,y>7

0= <y,a+gy> = (y,a) +

which leads to ||y||* = (y,y) = 0, so y = 0, a contradiction. O

Proposition 2.4. At is a non-empty linear subspace of X, and we have A C (A+)*.

If. moreover, A is a linear subspace of X, then the sum A ® A+ is direct.
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Proof. 1) 0 € A*+. Furthermore, if x,y € A+, we have
(ax + By, a) = oz, a) + By, a) =0, Va € A,

and hence az + By € At
2) If z € A, then (a,z) =0,Va € A so x € (A+)*.
3) If r € AN At then (x,z) = 0, which implies = 0; hence AN AL = {0} and the

sum 1is direct. ]

Remark 2.8. If X is finite-dimensional and F is a linear subspace of X, then F = (F*+)*
and X = F @ F+.

Lemma 2.8. Let E be a linear subspace of X. Then,
ve Bt =z —yl > |lz]l, VYyekE.
Proof. 1) Suppose x € E+. Then
lz =yl = (z — y.x — y) = [|l=[* + [ly[|* — 2Re(, y).
If y € E, then (x,y) =0, and
lz = ylI* = ll=]* + llyl* = fl=]*.

Conversely, suppose ||z — y||* > ||z||*,Vy € E. Since E is a linear subspace of X, we

have \y € FE for all A € C, and hence

0 < [l = Ayll* — [l=[* = [AP[lyll* = My, 2) — Xz, y), VAEC,Vy€E.

Take
Clwwl o
)\—t~< B if (x,y) #0, and A=tif (x,y) =0, witht¢>0.
Y, x
Then Ay, x) = t|{(z,y)|. So, for A\ =1¢- |gzi‘ (which has modulus ), we get:

0 < EllylP = ti{e )| — i)l = Clyl? - 26wl Ve >0
This implies
o) < SlylP, V>0,
Hence,
)] < lim 2yl = 0.

Therefore, (z,y) =0,Vy € E, and x € E*+. O
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Definition 2.10. Let E and F be two linear subspaces of X. We say that E and F' are

orthogonal complements if:
1. X=FE®F,ie, ENF={0} andVxr € X,Jue E,ve F :z=u+w,
2. E and F' are orthogonal.

Definition 2.11. A subset K of a vector space is said to be convex if
Ve,y € K,V e [0,1];te+ (1 —t)y € K.

Proof. We have F'C F,so ' C F and(F) :<F> =F.

On the other hand, F C (F L)L which is closed, so F' C (F L)L, hence equality. [

Theorem 2.4. Let H be a Hilbert space and {e,} an orthonormal sequence. Let {ca,} C C

be a sequence. Then the series Y. aye, converges in H if and only if the series . | |*
n>1 n>1

converges in R. In this case we have

2

0 0
S o] =Sl
n=1 n=1

o
Proof. Suppose the series Y ape, converges and let © = > «a,e,. Then, for every
n>1 n=1

m € N* we have
k

Applying Bessel’s inequality, we obtain
Dol =) laen)® < lz))* < oo
n=1 n=1

k
Conversely, suppose the series > |a,|? converges. For every k € N* let 2, = > apen.
n>1 n=1

Then, for 5 < k we have

2 k
2, — 241> = = > ol

n=j+1

k
E Onnp

n=j+1

Since the series > |a,|? is convergent, the sequence of partial sums converges, hence it
n>1

is Cauchy. Consequently, the sequence (z,) is Cauchy in H, which is complete, so it

converges.
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Furthermore,
o0 2 k 2 k
. T 2 2
E anen|l = lim E anen|l = lim g o, |” = g la, |
k—o00 k— 00
n=1 n=1 n=1

]

Corollary 2.5. Let {e,} be an orthonormal sequence in a Hilbert space H. For every

x € H, the series Y (x,ey,) e, converges.
n=1

Proof. By Bessel’s inequality, Y. |(z,e,)|* < co. Then applying the theorem above with

n=1

oo
a, = (z,e,), we see that the series ) (z,e,) e, converges. O
n=1

Theorem 2.5. Let H be a Hilbert space and {e,} an orthonormal sequence in H. The

following conditions are equivalent:

(1) {enin € N} = {0},

o0

(2) every x € H can be written as x = Y (x,ey) €n,

n=1

(3) for every x € H we have ||z|* = Z (z, en)]?.

Proof. (1) = (2): Let x € H and y =z — )_ (z, e,) e,. For every m € N* we have

n=1

k—o0

(y,em) = (x,€m) — lim (Z(w,en> €n, em) = (z,em) — (z,em) =0,

n=1
then y € {e,;n € N*}+ 50 y = 0, and consequently z = > (z,¢,) e,.
n=1
(2) = (3): Suppose z = > (z,€e,) e,. Then
n=1

I
=
o
<
o

3
&
|
=
o
3

) S
| = (9: : = , )en>
n=1

k k
= lim_ z_j Z_ (2, ) (2, €m) (€ns €m)
k 00
— 2 _ 2
= lim 3 [(z.e) =D |(zen)
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(3) = (1): Let z € {e,;n € N} so (z,e,) = 0 for all n € N* and consequently

=1 = l(z,en)? =0
n=1

which implies that {e,;n € N*}+ = {0}. O

2.5 Hilbert bases

Definition 2.12. A family {e,,n € I} of elements in a Hilbert space H is said to be
total in H if the closed subspace it generates is equal to H. Equivalently, the only vector

orthogonal to all e, is the zero vector.

That is:

VneN, (z,e,) =0 = x=0.

An orthonormal and total family in H is called a Hilbert basis of H.

Example 2.10. The space L*([0,1]; C) is equipped with the inner product defined by

o) = [ st
We will show that the family (e,)nez, defined by e,(x) = €™ for x € [0,1], is a
Hilbert basis of L*(]0,1];C).
Indeed:

1. Orthogonality: For n,m € 7Z,

1 1 1
<6n7 6m> = / €nm dr = / 62z7rnxe—217rmaz dr = / 6217r(n—m)x dz.
0 0 0

If n # m, then

€2i7r(n—m) -1

(€nym) = m = 0.
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2. Orthonormality: If n = m, we have:

1
(€, €n) :/ ldz = 1.
0

This shows that (e,)nez is an orthonormal family.

2.6 Fourier series

3.4.1 The trigonometric Hilbert basis

In this section, we present a first application of the theory of Hilbert spaces.
We will study the space L*(]0, 27]), equipped with the inner product and norm given
by

o =5 [ sws@a 1= (5 [ o).

For all n € Z, denote by e, the function defined on R with values in C by

en(T) = (ZW)_%eW”, n € Z.

The functions (e,,) form an orthonormal family, and we will show that it is a Hilbert

basis of L([0, 27]).
Theorem 2.6 (3.4.1). The sequence (e,)nez is an orthonormal basis of L*([0,27]).

Proof. To show that our sequence is complete, it suffices to show that every continuous
and periodic function f (i.e., satisfying f(0) = f(2)) is the uniform limit of trigonometric
polynomials, or finite linear combinations of the functions e,.

Indeed, it is known that the 2m-periodic and continuous functions on [0, 27| form a
dense vector subspace of L?([0,27]). This means that for every element f of L?([0,27])
and every € > 0, there exists a function g, 2m-periodic and continuous on [0, 27|, such
that ||f — glla < €. Therefore, there exists a trigonometric polynomial P such that
If = Pllec <e.
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A fortiori, we have || f — P||o < € (this is expressed by saying that uniform convergence

implies convergence in quadratic mean). Using the triangle inequality, we deduce that

If = Pll2 < 2.
[l

The trigonometric polynomials are thus dense in the space L*([0, 27]), which translates
to the fact that the sequence (e,), n € Z, is complete in L?([0,27]) and is therefore a
Hilbert basis.

Theorem 2.7. The sequence (e,), n € Z, is a Hilbert basis of the space L*([0,2n]). The

Fourier series of a function f in L*([0,27]) converges in L*([0,2x]) and its sum is equal

to f, i.e.,

lim |[f =) e(fler|| =0, where co(f) = (f en).
2

Moreover, for two functions f and g in L*([0,27]), we have Parseval’s formulas:

I8 = S leal NP and 5 [ f0a@ dt = 3 calnta)

neL neZ

When dealing with real functions and using the Fourier coefficients a,(f) and b,(f),

where

wlf) =5 [ S

and for n > 0,

1 27 1 21
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Corollary 2.6. Let f be an element of L*([0,27]). Among all trigonometric polynomi-
als P of degree less than or equal to n, the Fourier polynomial S, f = Z\k\gn ce(f)exr

minimizes || f — P||2, and it is the only one with this property.

Proof. The set P, of trigonometric polynomials of degree less than or equal to n is a vector
subspace of L*([0,27]) generated by the family {ex, |k| < n}. The Fourier polynomial

Spf is the orthogonal projection of f onto P,, hence the result. O

Corollary 2.7 ((Bessel-Parseval)). For f,g € L*([0,27]) we have

| i@ra =k, [ f@a@ide =3 e,

where ¢, and d,, are respectively the Fourier coefficients of f and g.

Example. 2.4.1.

We equip I = [—, 7] with the Lebesgue measure and consider the space L*(I) of real
square-integrable functions on I, on which we define the usual inner product (f,g) =

J7_f(x)g(x) dz. Recall that the family

constitutes a Hilbert basis of the Hilbert space L*(I) and that || f[|3 = [" (f(z))? dx.

2. Show that

n

- Z(_Dksing{;x)

k=1

—0 as n — +oo.
2

3. Compute ||z||2, then use the Bessel-Parseval equality to show that

—+00
1 2

— = .
n
n=1 6
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Solution

1. The quantities to compute are the coefficients of the function f(z) = x in the given

Hilbert basis. The calculations are elementary:

()= [rgme=s
T, — ) = r——dx =0,
2T - 2T

2. Since the function f(x) = z is in L*(I), it can be expressed in the Hilbert basis S

as
+oo
=) (r,¢n)¢n, with ¢, €S.
n=0
We obtain
+o0
x:Z(—l)”HZﬁsm nr) _22 n+1s1n )
n=1

These equalities hold in the sense of L?(I), meaning that the series 2 31> (—1)"“%

converges in the normed space L?(I) to the function z. This is written as

2
T 2
|z]|5 = / v dr = §7r3.

On the other hand, by the Bessel-Parseval formula, we have

n

L9 Z(_l)ksin(kx)

’ —0 as n — +oo.
k=1

2

x_QZ k+181n x)

3. We have

TE 2 < sin(nx)> 2 Xin
tll=_ [ —
n=1 ﬁ n=1 n

(the other terms are zero by part (i)). Thus,
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We deduce the required equality:

— ,
—n 6

Example 2.11. We equip L*([—1,1]) with the inner product (f,g) f f(x

1. Verify that the polynomials

1 3 V5
Xy = 7 X, = \gx X, = m(3ar2 —1)

are pairwise orthogonal. Compute the norm || X1z of Xy in L?([—1,1]).

2. Let V be the vector subspace of L*([—1,1]) generated by { Xy, X1, X2}, and let P be
the orthogonal projection of L*([—1,1]) onto V. Compute P(z?).

Solution

1. We must verify that (X, X;) f Xi(x)X;(z)dr = 0 for all i # j, with 4,5 =
0,1,2. We have

1
1
(Xo, X1) /—xdx—O <X1,X2):/ ?w(&v?—l)dx:o.

-1

The norm of X; in L?([—1,1]) is

2
1
3
1113 = (X1, X1) :/ ( 5:1:) de=1, so [Xilz2=1.

1

2. From the course, we have

P(f) = (f, Xo)Xo + (f, X1)X1 + (f, X2) X5, forall fe L*([-1,1]).

For f(z) = 23, we compute:

1 x3 1 3 \/6
<$3,X0>:/_1Ed$:0, <ZL'3,X1>:/;1.I'3 i.fdl':?,
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1
(@, X,) = [1, 25 (327 — 1) dz = 0.
) 2 5

2.7 Complete orthonormal systems in concrete spaces

Thus,

Example 2.12. Denote by (*(N,C) the set of all complex square-summable sequences,

1.€.,

n=1

*(C) = {x = (Zp)nen C C: Z |z, | < oo} :

equipped with the usual inner product:
+oo
=Dl
n=1

The family (e™),en+, where e™ :=(0,...,0,1,0,...) (i.c., each e™ is the sequence
whose terms are all zero except the n-th term, which equals 1), is a countable Hilbert basis

of (*(N,C). Indeed, let e™ = (e,(cn))k . with
E *

Then:

(i) For all n,m € N* with n # m, we have

“+oo
<€("), e(m)> — e}(C )eém) 0.
k=0

(i1) For all n € N*, we have

This shows that the family (e™),cx is orthonormal.

(i4i) Let us show that the family (e™),en- is total in £2(N,C).
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An orthonormal family (e™),en- is called total if the only element x € (*(N,C)

orthogonal to all e™ is x =0, i.e., if:
vz € A(N,C), (z,e™)=0 VneN=z=0.

Suppose an element x € (2(N,C) is orthogonal to all ™, i.e.,

+o0
(z,e) =0, Vn e N <= Zxkﬁzxn =0, Vn e N.
k=0

Thus the family (e™),en« is total in (*(N,C). Combined with its orthonormality, this

proves that it constitutes a Hilbert basis, and we have

+o0 +o0
Vo e *(N,C): z = Z(x, e™)el = Z:Ene(").
=1 n=1

n=

Another Hilbert basis for ¢*(N, C)

Another Hilbert basis for £(N, C) is {ey, k € N}, where

ey; = (cos(fy),sin(#),0,0,...),

ey = (—sin(6y),cos(0;),0,0,...),

es = (0,0, cos(6s),sin(6s),0,0,...),
eqs = (0,0, —sin(fy), cos(6s),0,0,...),

2.8 Exercises

Exercise 1.

Show that the following applications are scalars products.

(1)

u: RY xRY 5 R

N
(a:,y) = ul(xvy) = szyz
i=1
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(2) Let E = C(]0,1],R) be the space of real continuous functions on [0, 1],

us  Ex E— R

(f.9) = us(f. g) = / F(Hg()dt

Exercise 2.

(1) Let (RN, || - [Joo); With || X|ec = sUP;<;cp [2i] and X = (21,22, ..., 2,) € RY. Show
that (RY, ] - ||) is not a pre-Hilbert space.

(2) Let E = L'([-1,1],R) equipped with the norm ||f|| = f_ll | f(t)|dt; show that this

space is not a pre-Hilbert space.

Exercise 3.
E=C(-mn],R = [T f(t)g(t)dt. Consider the family of functions (f,)nen such
that

fn(t) = cos(nt).

Show that f, L f.., Vn # m.

Exercise 4.
(1) Find {Og}* and E*.

(2) Let the space R* be equipped with the canonical inner product and let F be the

vector subspace of R* defined by
F={x=(v,,09,03,74) €ERY 21+ 219 + 23+ 24 =0,29 + 25 = 0}
Compute F*.

(3) Let E = C([0,1],R) equipped with the inner product (f, g) fo t)dt. Con-

sider the vector subspace F of E defined by

F={feE:f0) =0}

Show that F*+ = {0}.
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Exercise 5.

Let A be a non-empty subset of E. At is a closed vector subspace of E. Hint: First verify:

At =

yeA

Exercise 6.
Let H be a Hilbert space and F = B(0,1) = {z € H : ||z|| < 1} the closed ball in H.

For all x € H there exists a projection Pr(x) such that

x, if x € F,

el otherwise.

Exercise 7.

Let £ = C([0,1],R) be equipped with the inner product defined by

(f.g) = / F(Hg(b)dt,

for all f,g € E. Let F = {1,t}, consider the function f € FE defined by f(t) = €.

Compute Prg(e).

Exercise 8.

Determine explicitly the quantity:

1
a = min |2® — ax® — br — c]*dx
a,b,ceR 1

For this, [Incomplete instruction in original.]

Exercise 9.

Let the space E = C([—1,1],R) be equipped with the scalar product

(f.9) = / f(@)glw)da
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Consider the family {zg = 1,2, = z, 25 = 2?}. Construct an orthonormal family.

Exercise 10.
Let E be the vector space of real polynomial functions defined on R* of degree at most

3, equipped with the inner product
+oo

(f.9) = F()g(t)e tdt.

0

Let F' be the vector subspace of E of real polynomial functions defined on R, of degree

at most 2. Denote ¢;(X) = X" for i =0, 1,2, 3.

(1) Verify that for all n € N, [[" t"e~tdt = nl.
(2) Determine an orthonormal basis of F.

(3) Compute Pp(X™) and d(X", F') for all n € N.

Exercise 11.

Let H = L?([0, 1]) be the space of functions f : [0,1] — R such that
/1 f(z)*dx < oco.
0
It is admitted that L?([0,1]) is a Hilbert space when equipped with the inner product
WoeH: o) = [ S
(1) Let T be an application defined by
T:H—R
s T(f) = /0 (o)
(a) Show that T is a linear and continuous application.

(b) Find a function ¢ € H such that T'(f) = (f,g), (note that g exists and is

unique; Justify g).
(2) Let F be a subset of H defined by: F = {f € H: [} f(t)dt = 0}

(a) Show that F is a closed subspace.
(b) Verify that F' = {g}*.

(¢) Determine the projection of the function €' on to F.
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2.9 Solutions

Solution of Exercise 1
(1). is evident.

(2). Let f,g,h € E and let A\ € R:

ws(f + Mg h) = / (f + Ag) (Oh(t)dt

- /1f(t)h(t)dtJrA/lg(t)h(f)dt
= us(f, h) + Aua(g, h).

— ug is symmetric due to the symmetry of the integral.

— Let f € E, it is obvious to see that us(f, f) = fol f2(t)dt > 0. Suppose that

[ o=

as f is continuous on [0,1], then f? = 0 on [0, 1] and consequently f = 0 on [0,1]. This

shows that us is positive definite and therefore it defines an inner product.

Solution of Exercise 2.

(1) If we take
X, =(1,0,0,...,0), Xy = (0,1,0,...,0) € RN

then we will see that
X7+ X |2 4[| X1 — Xo |2 = 12412 = 2 £ 4 = 2|1 X, |12, + 2| Xa |2 = 2(1)%+2(1)2

The parallelogram identity is not satisfied, so the norm does not come from an inner

product.

(2) The following two functions

-1, ifte[-1,0]
ft)y=1 fortel[-1,1]; g¢g(t) =

1, iftelo1].

do not satisfy the parallelogram identity under the given L1 norm.
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Solution to Exercise 3.

For all n # m, we have: (fy, fm) = ffﬂ cosnt cosmtdt. Using the formula:
1
cosacos B = 5[008(04 + B) + cos(a — B)]

we obtain

(fn, frm) = %/ﬂ [cos((n + m)t) + cos((n — m)t)]dt
N sin((n — m)t)

n—m

1 {Sin((n%— m)t)|"
2 n+m

—T

=0

because sin(km) — sin(—k7n) = 0 for any integer k. This shows that f,, L f.,, Vn # m.

Solution of Exercise 4.
(1) We have: {0}t = E and E+ = {0g}.

(2) Let the space R* be equipped with the canonical inner product and let F be the

vector subspace of R* defined by
F={x=(v,09,73,74) €ERY 21+ 215 + 23+ 24 =0,29 + 25 =0}

By a simple calculation (solving the system), we find that {v; = (—1,1,—1,0), v =
(—1,0,0,1)} is a basis of F'. Then, by proposition 3.2.1,

Fr={z = (z1,29,73,14) €ERY;, (2,0) =0;Va € F}
= {r = (11,19, 73,74) €R*  (x,v;) =0 and (z,v,) = 0}
={r = (21,79, 73,14) ERY;,  —z) + 129 —23=0,—2; + 24 =0}

Solving this system (e.g., ¥4 = x1, 3 = x9—x1), a basis for F+is {(1,0,—1,1),(0,1,1,0)}.
Thus
F+=1{(1,0,—1,1),(0,1,1,0)}.

(3) Let E = C([0,1],R) equipped with the inner product (f,g) fo t)dt. Con-

sider the vector subspace F' of E defined by

F={feE:f0)=0}
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We have F+ = {0}. Indeed, it suffices to show that F+ c {0}. Let f € F*,
then for all ¢ € F, we have (f,g) = 0. In particular, note that the function
go : © — xf(x) belongs to F' because gy € E (product of continuous functions) and

g0(0) =0- f(0) = 0. Therefore, we have

(o) = [ ) r@)is = [ s(so)an =0

The application x — z(f(z))? is continuous on [0, 1], non-negative (since x > 0 and
(f(z))? > 0), and its integral is zero. It is therefore identically zero. We deduce
that x(f(z))? = 0 for all € [0,1]. For z > 0, this implies f(z) = 0. By continuity,
we also have f(0) = 0. Thus f = 0. We have shown that F+ = {0}.

Solution of Exercise 5. First, 0 € At because (0,y) = 0 for all y € A. For all

x,7' € A+, o € R we have ax + 2’ € A+ because for all y € A
(ax +2',y) = alx,y) + (2',y) =a-0+0=0.

Thus A+ is a subspace.

First, we can verify

At = (y}

yeA

indeed: for all z € E, we have
rEAT = VycA:(r,y)=0

— WyeA ze{y}t

— ze |y}

yeA

Now, consider the linear form defined for a fixed y € E:

fy  E—= R,
T = fy(x) = <I’,y>

For any fixed y € F, for all x € E, by the Cauchy-Schwarz inequality we have

(@) = [z, )] < llll[lyll-
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This shows f, is continuous (bounded). Therefore, we can write

{y}* =ker f, = £, ({0}),
which is the preimage of the closed set {0} under the continuous function f,. Thus {y}*

is closed. Since Al is the intersection of closed sets ({y}* for y € A), it is itself closed.

Solution of Exercise 6. Indeed, we use two methods: 1st method (by definition):
— If z € F, then d(z, F) = 0 = ||z — z|| and consequently Pr(x) = z.
—Ifx ¢ F (ie, ||z|| > 1), we show that d(z, F) = ||z|]| — 1 = ||z — ﬁ”

al =10 )-

For any y € F (i.e., ||y < 1), we have:

We have:

=11-

T —

iz HIHJCH = (=l = 1).

llzll

e =yl = [llzll = Iyl = =]l = llyll = =[] - 1.

Thus:
|zl =1 <d(z, F) = inf |z —yl|.

On the other hand, since % € F' (because || e || =1<1), we have

d(z, F) < ||z —

|| = =l =1
] ’

Combining these, d(z, F') = ||z|| — 1 and this distance is achieved at y = so Pp(z) =

T
llll”

T

ol
2nd method (by characterization): H is a Hilbert space and B(0,1) is convex and
closed, so the projection exists and is unique. The projection p = Pp(z) is characterized
by:
(t—py—p)<0 VyeF.
— Ifx € B(0,1) (]|z|]| £ 1), take p==2. Then (z — 2,y —2) =0<0forally € F. — If

¢ B(0,1) (]|z]| > 1), take p = oy Let y € F (so [[y] < 1):

<x‘m’y‘_>:“’y)‘“ﬂ*(wy)”mw
~ (@b = el - o

= (1—— ) (&, 9)+ (1 —]|z|)
< ||$||)
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Using Cauchy-Schwarz, (x,y) < ||z||||lyll < ||z|| - 1 = ||=||. Thus:

(1- ) @+ -l < (1 )||x||+ ~ Jal)

= ([l =1) + (A = [lz])) =

So the characterization inequality holds. Therefore, Pp(z) = oy for |lz|| > 1.

Solution of Exercise 7. Since F is a pre-Hilbert space and F' is a closed subspace
(because it is finite-dimensional), the orthogonal projection of f onto F' exists and is
unique. Let’s calculate it:

— We know that Pr(f) € F = {1,t}, so there exist o, € R such that Pp(f) =
a-t+p-1=at+0.

— By the characterization of the orthogonal projection (Proposition 3.2.1-(3)), we

have:
(f = Pr(f),9) =0, VgeF.
It suffices to check this for basis vectors of F. Thus:
(f = (at +B),1) =0,

(f = (at + B),t) = 0.
That is:
fol(et —at —3)-1dt =0,

[ (et — at — B) - tdt = 0.

Calculating the integrals:

1
/ edt =e—1
0
1
1
/tdt:—
0

1 1
/ te'dt = (t —1)e'| =0-e—(—1-1)=1 (Integration by parts)
0
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The system becomes:
(e—1)—a(3) —B(1)=0
(1) —a(z) = B(3) =0

Multiply the first equation by 2 and the second by 6 to eliminate denominators:

2e—2—a—-26=0 a+260=2e—-2 (1)
—

6—2a—38=0 20 +38=6 (2)
Multiply (1) by 2: 2a+ 45 = 4e —4. Subtract (2’): (2a+45) — (2a+35) = (4de —4) — 6,
so § = 4e —10. Substitute back into (1'): a+2(4e —10) = 2e —2, so a+8e —20 = 2e — 2,
thus o = 2e — 2 — 8e + 20 = —6e + 18.

Therefore:
Pr(f) = at + B = (—6e + 18)t + (4e — 10) = 18 — 6e)t + (4e — 10).

(Note: This result differs from the original PDF calculation o« = 4e — 3,8 = —2e + 2.
The integrals fol teldt = 1 and fol e'dt = e —1 are correct. Rechecking the original PDF’s
system o + 20 = 2e — 1, 2a + 33 = 1 suggests potential calculation errors in the original

or different intended limits/definitions).

Solution of Exercise 8. Consider the space of square integrable functions L?([—1,1]),

which is Hilbertian when equipped with the inner product

(f.9) = _lf(t)g(t)dt, vf,g € L*([-1,1]).

Consider F' = Ry[X] = {1, x, 2%}, which is a closed vector subspace (because it is finite-
dimensional).

For any f € L*([—1,1]), the projection Pr(f) € F exists and is unique. In particular,
take fo(z) = 23. Clearly fy € L*([-1,1]).

— We have Pp(fy) € Ro[X] and Pr(fy) can be written as:

Pr(fo) = ¢+ bx + ax?.
— By the characterization of Pr(fy), we have

(fo—Pr(fo), P) =0, VP eR,yX] (2.6)
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Relation (2.6) is equivalent to

'<f0 — Pp(fo),1) =0
(fo— Pr(fo),z) =0
\<f0 - PF(fo)aifQ) =0

ie.,
(

[1(@® = (aa® + bz +¢)) - 1dz = 0

[H(@® = (a2 + b +¢)) - adz =0

Kf_ll(x?’ — (az® + bx +¢)) - 2*dx =0
Note: The original PDF had 23 — ag + by + cox?, order of coefficients likely a typo,
corrected here for standard notation az? + bx + ¢. Let’s compute the necessary integrals

from —1 to 1:

1
/ x"dx = 0 for odd n, for even n
2
2
dr = =
/x T=3
2
4
dr = 2
/as T=z
2
6d i
/3: T=
The system becomes:
! 2
/(x3—ax2—bx—c)dx20—a§—0—c~2:0
-1
2
;s—ga—zc:o (2.7)
1 1 9 9
/(mg—ax2—bx—c)xdx:/(x4—ax3—bx2—cx)d:v:g—O—bg—():O
-1 -1
2 2b
1 1 ) 9
/(m3—ax2—bx—c)x2dx:/(wS—aa:4—ba:3—cx2)da::0—ag—0—c§:0
-1 -1
2a  2c
T T3 (2.9)
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From (2.8): 2 =2 — b =2 From (2.7): —% =2c = ¢ = —%. Substitute into
(29): 2 —2(-4)=-2 42 —qg(-2+2)=0a(—%) =0 = a=0. Then ¢ =0.
Thus Pp(fo) = 0-2? + 22 + 0 = 2z. Therefore:
! 3
a= glblil/ |2% — ax?® — br — c|*dx = || fo — Pr(fo)||* = » |z® — 5x|2dx

721_9 275_63 .y 12\ 24 8
~T\7 75 525 525/  T\525) 525 175

Solution of Exercise 9. We follow these steps (Gram-Schmidt process): Let fo(x) =
1, fi(z) = x, fa(x) = 2. We want to construct an orthonormal family (eq, €1, es). — Let

= fo=1. Then ¢y, = W

1
lgoll? = / Pde=2 = g0l = V2.

1

So eg(x) = J5. — Let g1 = f1 — (f1,e0)e0

(f1,€0) 2/11$

So g1 = f1 = x. Then e; = Igill'

dx =0 (odd function).

Sl

2

1
2
2 2
191l /_193 T=5 = gl 5

So e1(x) = \/’;7 \/;”E — Let g2 = fo — (f2,e0)e0 — (f2, €1)en

(s / d 1 2 2
, €0) —35 —_— = —.
2, €0 N RRENG)

1 3 1
(fo,e1) = / 7 - \/gazda: = \/;/ 23dz =0 (odd function).
-1 -1

So:
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Wait, careful: {fs,eq)eq = <ﬁ§> : (

12
! 1\? ! 2 1
llg ||2:/ (xQ——> d:zc:/ (x4——x2+—) dx
2 . 3 . 3 9

@ 228 17" 1 2 1 1 1 9-5 4 8
{5 33 9“}1 (5 9+9> <5 9> ( 15 ) 4545

) = 35 =3+ 1. So indeed ga(x) = 2? — 3. Now

o

compute || go

o) = g||29(j||) B xzs;fz) V5 (xz B %) - % <x2 B 1) - @ (ﬂt2 B é)

(Simplifying /2 = /75 = %\/gz 3V10

Therefore, the orthonormal family is:

eo(r) =

5
[}
]
—_
—~
8
~—
[\

Solution of Exercise 10.
(1) For all n € N, eroo t"e tdt =T(n+1) =

(2) Let F = Ry[X] = {qo, q1, 2} = {1, X, X?}. We apply Gram-Schmidt to the basis
(1, X, X2).

Let f():]_,fl:X,fQ:

—go=Jfo=1 |lgllP=(11)=["1-1-edt =11=1. So g = o = 1.

— g1 = fl — <f1,€0>€0. <f1,60> = <X,]_> = fooot -1- e*tdt =1 =1. So g1 =
X—1-1=X—-1 ||lg|P = (X =1, X =1) = [*(t—1)2etdt = [(2—24+1)e~"dt =

20-2-11+1=2-24+1=1. SO&l:HZiI:X_l‘

— g2 = foa— (fa,€0)e0 — (fa,e1)e1. (fa,€0) = (X*1) = fOOOtQ c1-e7tdt =21 = 2.
(fo,er) = (X2, X —1) = [T (t—1)etdt = [[(t3—t})e'dt =31 -21 =6 -2 =4,

Sot g =X2—2-1—-4-(X—1)=X2—2—-4X+4=X2—4X +2. |g|? =
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(X? —4X +2,X? —4X + 2). Compute this:
/w(t2—4t+2)26tdt:/Oo(t4—8t3+(16+4)t2—16t+4)etdt (Expand: (a+ b+ ¢)?)
0 0

— / Oo(t4 — 813 + 20t — 16t + 4)e"dt

0

=41 —8-31420-2' —16-1! +4-0!

=24-8-6+20-2—-16+4

=24 —484+40 — 16 +4 = 4.
So [|go]] = 2, and ey = 2 = L(X? — 4X 4 2).

(X? —4X +2)}.

Therefore, an orthonormal basis of F'is {eg, e1,e2} = {1, X — 1,%

(3) For n =3, X3 € E. Its projection onto F is:
Pr(X?) = (X3 eg)eg + (X3, er)er + (XP, e5)es.
Compute the coefficients:
(X3 ) = /Oot?’ 1-e7'dt = 3! =6.
0

(X3 e)=(X?,X~-1)= / 3t —1)e 'dt = / (t* —t¥)e 'dt = 4! — 31 =24 — 6 = 18.
0 0

1 1 [
(X3 ey) = <X3, 5(X? —4X + 2)> = 5/ t3(t? — 4t + 2)e 'dt
0

— %/Ooo(tf’ — 4t + 263 e dt = %(5! —4-41+2-3)
1 1 1
= (12042442 6) = (120 — 96 + 12) = (36) = 18.
So:
Pr(X?)=6-1+18- (X —1) +18- (%(X2—4X+2)>

=6+ 18X — 18 +9X? — 36X + 18

=9X? 4 (18X — 36X) + (6 — 18 + 18)

=9X? — 18X +6.
The distance is:
d(X? F)?* = || X? - Pp(X?)|]? = (X® — (9X? — 18X +6), X* — (9X? — 18X +6))

= / (t* — 9t + 18t — 6)%e"dt.
0
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Alternatively, use the identity || X3||? = || Pr(X3)||? + || X? — Pp(X?)]?, so
d(X?, F)* = | X7 — || Pp(XP)|.

[ X312 = [;7t%e~tdt = 6! = 720. ||[Pp(X?)||> = 6% 4 182 + 187 = 36 + 324 + 324 =
684. (Because the basis is orthonormal, the norm squared is the sum of squares of

coefficients). So d(X?, F)* = 720 — 684 = 36, thus d(X?, F) = 6.

For a general n € N, the projection Pr(X™) is given by:

PF<Xn) = <Xn,€0>60 + <Xn761>61 + <Xn,€2>62

And the distance is d(X™, F) = /|| X"||? — | Pr(X™)||?, where || X"||* = nl.
Solution of Exercise 11

(1) (a) T is linear (obvious). Let’s show it is continuous. For all f € H = L*([0, 1]),

by the Cauchy-Schwarz inequality:

1/2 1/2
t) - 1dt‘ < (/lf(t)2dt) (/1 12dt> = Ifllee -1
0 0

So |T(f)| < ||f]l, which shows T is continuous (bounded) and ||T|| < 1.

T(f)l =

(b) By the Riesz representation theorem, there exists a unique g € H such that
T(f) = fo t)dt for all f € H. We want to find this g. We must

/0 F(t)dt = / f(Og()de, VfeH.

This suggests that g(t) = 1 for almost every ¢ € [0, 1]. Let’s verify: take g = 1.

have:

Then g € L?([0, 1]) because fol 12dt = 1 < co. And indeed:

=Avwﬁﬁ:ﬂn
So g(t) =1 is the unique function representing T.
(2) (a) F is the kernel of the continuous linear form T: F = {f € H : T(f) = 0} =
kerT'. Since T is continuous, its kernel is closed.
(b) We have I' = {f € H : T(f) = 0} = {f € H : (f,g) = 0} = {g}*, where

g=1.
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(c) We want to compute the projection of €' onto F. Note: ¢! € L?([0,1]) because
it is continuous on [0,1]. Since F' = {g}* and g = 1, the projection onto F is

given by:

(¢, 9)
g

lgl”

Compute (e, g) = f ldt =e—1. ||g]]* = fo 12dt = 1. So:

Pr(e') =e' —

Pple)=e¢" —(e—1)-1=¢"—e+1.

We can verify that fol(et —e+lDdt=(e—1)—(e—1)+(1-0)=1#07
Wait, check:

1 1

/(et—e—i-l)dt:/etdt— edt + 1dt

0 0
(6—1)—(1—0+<1 0)

—e—1—e+1=0.

Hence, it is in F.
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