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INTRODUCTION

Mathematics 1 is one of the methodological education units offered in the LMD system. It is
taught in the first semester of the first year of the common core for the Faculty of Economic
Sciences, Business, and Management. Mathematics is a set of abstract knowledge resulting from
logical deductions applied to sets, numbers, shapes, data, and transformations. It aims to study
quantitative topics, helping us understand, compare, and comprehend the world around us, and
develop the ability to think soundly and logically. Mathematics participates in many fields such as
technology and other sciences, thereby assisting researchers and students in finding solutions to

problems and making sound decisions.

Mathematics helps provide logical solutions and address daily issues such as project planning,

project management, budgeting, and even managing discussions.

The overall objective of the course is to enable the student to understand mathematics and
apply it in various administrative, financial, economic fields, and other related measures to the
specialization. Under this objective, there are a set of skill goals to be achieved, which can be

clarified as follows:

e Introducing the concept of factorial and how to calculate it so that the student can use it in
Statistics 1, 2, and 3.

e Enabling the student to use the laws of sequences and apply them in the economic aspect in

examples of interest-bearing savings.

e Employing the fundamentals of mathematical analysis in fields related to the specialization of

economic sciences, such as statistics, operations research, financial mathematics, etc. etc.

e Distinguishing between the characteristics of functions and their economic applications.
The module contains five main chapters, each of which is part of a pedagogical sequence that
allows students to understand and assimilate the basic concepts covered in the lecture. Through
guided work sessions, learning lessons are reinforced with a series of exercises that help students
better understand and absorb concepts, in addition to applying theory to practice and drawing

conclusions. These chapters are as follows:

o First chapter: Combinatorial analysis

e Second chapter: Generalities of numerical sequences

e Third chapter: Logarithmic and exponential functions.
e Fourth chapter: Derivatives.

e Fifth chapter: Original functions and integration
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CHAPTER ONE: COMBINATORIAL ANALYSIS

Combinatorial analysis is only a method or technique that helps to count and limit the
possible results of a random variable and an accident in case they cannot be found by direct
counting, so Combinatorial analysis is used in order to facilitate the calculation of the number of

elements of a set if they cannot be found directly.

And the analysis of the combinatorial is concerned with giving the number of possible
ways for the groups under certain conditions through some mathematical rules that facilitate this
formation on the one hand and enables the study of the finite groups by simplifying the counting
in them and deducing more eftective ways, more effective ways, the number of suitable cases and
the number of possible cases associated with that incident on the other hand, and thus the
calculation of probabilities becomes one of the most important practical applications of the
combinatorial analysis, so the necessity of presenting those mathematical rules to benefit from
them when addressing the topic of probability and its laws becomes clear.

In this chapter we will try to cover the following topics:
permutation
Arrangements

Combinations
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1. FACTORIALS :

The sequences of consecutive numbers in products are: the factorials.

31=3%x2%Xx1=6

5l=5x4x3x2x1=120

Definition:

Let n be a positive integer. We define "n factorial" as:

n=1x2x3x.xn—-1n if n>0
0l=1

15! 15X 14 x 13 x 12!

1= 71 =15%x14x13 =2730

Practical exercisel:

Calculate the following:

20! 300!

31 x5!Ix 2" 31x297!
(4x3)!, 4Ix3!l, (4+3), 41+3!

20! =1.69 x 10%°
3Ix5/x2
3000 _ 4455100
31 x 2971
(4 x3)! =121 =479 001 600
4! x 31 = 144

(4 +3)! = 7! = 5040
41430 =24+6 =30

Practical exercise? :

Simplify the expressions below (n is a positive integer):
n! n! (n+1)! (n+ 1)!
n-1D" (m-=2)Y nl ' (n—-1)!
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Solution :

n! n(n—1)!
?V m-1! -1 "
n! nn—1)mn-2)!

m—-2)  (n-2)
(n+ 1! (n+1)n!_n

! !
(m+1! (n +n1) Xn X (nTi 1!

(n—1)! (n—1)!

=nn—-1)=n’-n

+1

=(m+Dn=n%+n

2. THE COUNTING METHODS:

\ The basic law of counting allows us to calculate the number of possible
outcomes only and does not allow us to determine them. Therefore,
we resort toa tree diagram to determine the elements of possible

N OTE outcomes. This diagram is a graphical representation of the. It shows
/ﬂm V ) each stage and its possible outcomes through branches, with each
e branch of the trees howing only one outcome of each stage. All the

outcomes in the branch are the final outcome of the random

experiment

3 PERMUTATION AND ARRANGEMENTS:

There is another counting rule that is sometimes useful, which is the method of calculating
arrangements. It allows us to calculate the number of possible outcomes when selecting n
elements from N elements (n < N), taking into account the order of the elements drawn. If the
number of elements drawn n is equal to N, i.e., we draw all the elements, then we have a system
consisting of one element. If we arrange it in a certain order, we get a permutation. and each time
we swap the elements, we get another permutation different from the previous one. The first
system is called the permutation of n elements taken from N elements, in which we have selected
some but not all of the elements (n < N). If we draw all the elements, the system in this case is

called the permutation of n elements (n = N).

If we have the following letters: A, B, C, D, how many difterent words

can be formed from these letters without repeating them (these words

do not have to have meaning)? Name three of them.
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Solution:

Each word consists of four letters, and since letters cannot be repeated, there are four possible
cases for choosing the first letter, three possible cases for choosing the second letter, two
cases for the third letter, and one case for the last letter. Therefore, the number of possible

words (the number of permutations of four elements) is equal to:

P,=4=4x3%x2x1=24

There are 24 permutations of four letters, three of which are mentioned here as examples:
ABCD,BCDA CDAB

* Each permutation consists of the same elements, i.e., the letters A, B,
NOT E C, and D. The difference between one permutation and another lies
/_;) in the order of these elements.

If we have the same letters as before: A, B, C, D, how many
different two-letter words can be formed without repeating letters

(these words do not have to make sense)? List all these words.

Solutiow:

Each word consists of two letters taken from four letters in a arrangement. There are four
possible cases for choosing the first letter and three cases for the second letter, resulting in

the number of possible words (number of arrangement):

A2 =4x3=12

All possible cases can be found using a tree diagram:

QO w » U wWw » U Q » U O W
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The tree diagram shows the arrangement of two of the four elements: The set of these words is:

(ABACADBA BC,BD,CA CB,CD DA DA DB,DC)

) Each arrangement difters from the other either in terms of elements or
OTE order. The result (A B) differs from (B A) in order, while the result (A
‘\i/') B) differs from (B D) in terms of elements.
Theory

The number of permutations (P,,) of n elements is equal to:

P,=nx(n—-1)xn-2)x..x1=n!

Three students, Ahmed, Muhammad, and Mahmoud, are
nominated for a competition for a certain position. Calculate the

number of possible permutations for these students if we arrange

them according to their exam scores, and list all possible results.

Solutiown:

Based on the above data, there are three ranks: The first, second, and third ranks. The first
rank has three possible cases: Ahmed, Muhammad, or Mahmoud. If we place one of them
in the first rank, only two cases remain for the second rank. As for the third and last rank, it
has only one possible case after placing the first and second ranks. Therefore, the number of

possible permutations for three elements is:

Pb=nx(n—-1Xn—-2)X..X1=nl=>P;,=3%x2X1=6

3.1 permutations with repetition:

If we have set A containing n such that element i is repeated n; times and we have:

ii; n; = n, then the number of possible permutations is equal to:

n!

Pnl,nz,...,nr _
n ny! X ny! X ... X n,!

How many words can be formed from the word « Tomat »?

€¢I ¢ 9 e 9 -

The letter “t” is repeated twice, and the letter “0”, “m”, “a” is

’ ’

repeated once so the number of substitutions is equal to:

5!
2,1,1,1 )
pobtt =

5 T iixiixn oY
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3.2 Arrangement with repetition:

The number of samples that can be formed by repeated drawing is equal to (n"). The first
individual has n chances of being drawn, and the same applies to the second individual because
we have returned the first individual to the population. Thus, individuals are drawn one after
another until we reach the ™ element of the sample, which has the same possibilities as the

previous elements. Therefore, the number of samples formed in this way is equal to:

nf=nXxnx..Xn

H_J

;
3.3. Arrangement without repetition:

If we want to form a system of K elements taken from n elements such that (k < n), we will
choose the first element of this system from among n elements. Therefore, there are n possible
cases for choosing the first element. If we fix the first element, there are only (n — 1) possible
cases left for choosing the second element, and so on until we reach the k" element, which has

(n — k + 1) possibilities for selection. Therefore, the number of arrangements is equal to:

Al =nxn-1D)xn-2)x..x(n—-k—-1)

nm-kyxn—-k—-1)x..x1
n-kxnh—-k—-1)x..x1

=nxXxnm—-1Dxm-2)X..xn—-k—-1)

Therefore:

n!

An = (n —.k)!

The number of arrangements for r elements taken from n elements (AL) is equal to:

If we take two candidates based on the points they earned in the

competition and take into account the ranking, what is the number of’

arrangements for selecting two elements n from three:

n! 3!

(n —.k)! =43 = € —.2)! =6

4k =
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Practical exercise:

The archive contains 20 driver's licenses. Three licenses have been withdrawn from the total.
How many samples can be formed if:

~ The withdrawal is with repetition.

~ The withdrawal is without repetition.

Solution :

The number of samples in the case of repeated sampling is equal to:

n" = n3 =20 x 20 x 20 = 8000
The number of samples in a draw without repetition is equal to:
n! 3 20!
B IR T T

Ak =20 x 19 x 18 = 6840

4. COMBINATIONS :

There i1s a third counting rule that is often useful, which allows us to calculate the number of
results obtained when choosing r elements from n elements without taking order into account.
This counting rule is called combinations. A combination of r elements taken from among n

elements is any subset of 7 elements, and we symbolize it as: Cf|
4.1. Combination with repetition:

If the draw is with replacement, it is possible that the drawn item will appear again. In this case,

we have a combination with repetition, and therefore the number of ways to draw partial sets is:

cP _ n+p-—1)!
P pl(n—1)!

We want to draw a sample of 3 students from among 6 students,

knowing that the sampling method is with replacement.

How many ways can this sample be drawn?

Solution:
\ _(6+3-1)! 8  8X7X6X5!
C6+3—1_ 3|(6_1)| _3|5|_ 315! B

4.2. Combination without repetition:

The number of combinations r elements selected from n elements is equal to:
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n!

r
Cn_(n—r)!xr!

The soccer coach wanted to form a team of 11 players, selected from
among 20 players.

How many teams can be formed?

Solution:
The coach selects 11 players from among 20, and each team differs from the other in terms
of players, so the ranking is not taken into consideration if the number of teams is equal to

the number of combinations of elements from among 20 elements:

20!

(20— 1) x 111 167960

11 _
CZO -

5. PROPERTIES

Let n and p be two natural integers. So let n and p be two natural integers. Then we ;

. !

e Forall natural integers pandn (n = 1,p < n), AL = (nﬁp)!
. P _ n!

e Forall natural integerspand n (n = 1,p < n), C, = _r—"

e Forallintegersn > 1 Cg =CI =
e Forall natural integers pandn (n = 1,p < n),Ct =P

e Forall naturalintegers p and n (n > 1,p < n),CP + Cﬁﬂ = Cﬁ:ll

Practical exercise:

An urn contains 8 red balls, 3 white balls, and 9 blue balls; we draw 3 balls at random from this
urn in a single draw. What is the number of ways to draw

1. three red balls?

2. one ball of each color?

3. atleast one of the balls is white?

Solution :

Drawing all at once eliminates the notion of order.

1) The number of ways to draw 3 red balls is the number of choices of 3

elements from 8; hence the result is :

, 8
Ce =3%51~ 20

10
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2) The number of ways to draw a ball of each color is the number of
choices of one element from 8 and one element from 3 and one element
from 9; hence the result is:

CixCixCi=8x3x%x9=216
3) The number of ways to draw at least one of the balls that is white is

2!><15!-+-3><17+1=460

CIxC:+C?xCL+C3=3x
Or, the result is given directly by :

20! 17!

3% 171 3% 14 160

C230 - C137 =
6 NEWTON'S PAIRING FORMULA

Theorew:

Leta, b € R and n be a positive integer, then:

n

(a+b)" = Z (Z) ank, bk

k=0
Or we can say :

For all real a; b and for any natural whole non -zero n, we have :

n
(a+b)" =) ckamk.p¥
k=0

In other words:
n

(a+b)" = (1(;) a™. b + (711) a1 bl 4 et (k

)@k b et () b7

The theorem is also true if a and b are complex numbers.
Proof. (By induction)
For :

n=1(a+h)'= la+1b = Cla+ C}b
n=2,(a+b)? = 1a® + 2ab + b? = CY a® + C}ab + C;b?

We assume it is true for n and we prove that it is true forn + 1;
According to property, andsince C2 = C2,, and C}! = CI}] : So we can write:
(a+b)"*t = (a+b)(a+b)"
= (a+b)(CRa™ + Cpa™ b + -+ CFrab™ "t + CD™)

= Cla™t + (C + CHab + -+ (CF1 + CMab™ + CHhPHL

11
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= C-2+1an+1 + Cr]i+1anb + -+ C7?+1abn + Cg:ilbn+1

n+1

— k n+1-kpk
- Z Cn+1 a b

k=0

w Develop (a — b)®

Solutiow:
(a—b)® = (a+(-b))°
= a® + 6a°(—b) + 15a*(—b)? + 20a*(—b)?® + 15a%(—b)* + 6a(—b)° + (—b)°®
=a® — 6a®bh + 15a*bh? — 20a3b3 + 15a%b* — 6ab® + 6°

12
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[ SERIES NO. 01: COMBINATORIAL ANALYSIS ]

Exercise 01:

1- Calculate the following:

20! 300!
3! x5! x2!" 3!x 297!
(4 x3)!, 4! x 3!, (4+3)!, 4!'+3!
2- Simplify the expressions below (n is a positive integer):
n! n! n+1)! M+ 1!
n—-1D" (m-=-2) n! ~  (n—1)!

Exercise 02:
Let us have the following words: MATHS, STATISTICS.
- How many words can be formed (no matter the meaning) of the letters of the two words in
each case?
Exercise 03:
06 workers were invited to attend a meeting at a company to form a workers' representative
committee.
1. How can they sit in a row with six seats?
2. How can they form a committee of 03 workers?
3. How can they form a committee of 03 workers containing a President, Rapporteur and
Secretary General?
Exercise 04:
Someone wanted to create a password for their e-mail using the numbers, how many words can
be created and made up of:
1. Three digits with the possibility of redundancy?
2. Four digits without duplication?
3. Two even and two odd numbers with the possibility of repetition?
Exercise 05:
What is the number of groups of six people that can be formed with 4 men and 6 women if we
want them to necessarily contain:
1. exactly 2 men.

2. atleast 2 men.

13
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Exercise 06:

A sports team consists of 8 players in red uniforms, 3 players in white uniforms, and 9 players in

blue uniforms; we randomly select 3 players from this team in one draw. What is the number of

ways to take:

1.
2.

Three players in red uniforms?

One player of each color?

3. Atleast one player in white uniform?

Exercise 07:

What is the count of possibilities:

1.

2
3.
4.
5

To choose 6 questions from 10

For seating 10 people on a chair with 4 places.

To form a word of 5 letters knowing that all the letters are different.

To form a 5-letter word knowing that there are two identical letters among them.

To form a 5-letter word knowing that 4 letters are identical in pairs.

Exercise 08: Find n where:

3C341 =7C4

3 — A4
An+1 - ATl

Exercise 09:Calculate the following expressions:

(2a+3)"(2a+3b)"

14
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[ ANSWER TO SERIES NUMBER 1 ]

Exercise 01:

1- Calculate the following:

20! = 1.69 x 105
3Ix5Ix2
3000 _ 4455100
31 x 297!

(4 x 3)! = 12! = 479 001 600
41 x 3! = 144

(4 +3)! = 7! = 5040

4143 =24+ 6 =30

2- Simplify the expressions (n is a positive integer):

n! n(n—1)!
-0 m-Dnr "
(n Tz)! - anz(;)!_ D n—1)=n?—n
(":!1)!= (n-:ul)n!=n+1
EZtBF(nﬂ)(ﬁf)fn_l)!=(n+1)n:nz+n

Exercise 02:

1- Number of words that can be formed from the word “MATHS” (no matter the

meaning)
We note that we are dealing with:

all from all, order is important, there is no repetition, so we are dealing with a permutation

without repetition:

Pl=n!;P>=5=5Xx4x3x2x1=120

2—- Number of words that can be formed from the word “STATISTICS” (no matter the

meaning)

We note that we are dealing with:

15
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all from all, order 1s important, there is repetition, so we are dealing with a permutation with

repetition:
n! 10!
Pnl,nZ,...,nk — = P3,3,1,2,1 = — 50400
" ny! X ny! X .LX ny! 10 3Ix 3! x 1! x 2! x 1!

Exercise 03:
1) How can they sit in a row with six seats?
We note that we are dealing with:

all from all, order is important, there is no repetition, so we are dealing with a permutation
without repetition:
Pl=n!l;PE=6=6X5%X4x3%X2x1=720

2) How can they form a commiittee of 03 workers?
We note that we are dealing with:

part from all, order is not important, there is no repetition, so we are dealing with a

Combination without repetition:

n! 6! 6><5><4x3!_6x5><4_

k___ " 3
b= X ©

20

6~ 6-3)x3  3x3l 3!

3) How can they form a commiittee of 03 workers?
We note that we are dealing with:

part from all, order is important (President, Rapporteur and Secretary General), there 1s no

repetition, so we are dealing with a arrangement without repetition:

n! A3 6! 6 X5x%x4x3! 6% 5 x4 = 120
= = = = =
(m—k)! ¢ (6-23)! 3!

A}
Exercise 04:
1-Create a password consisting of 03 digits with repetition:
We note that we are dealing with:

part from all (3 number from 10), order is important, there is repetition, so we are dealing with

a arrangement with repetition:

Ak = nk = 43, = 103 = 1000
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2— Four numbers without repetition:
We note that we are dealing with:

part from all, order is important, there is no repetition, so we are dealing with a arrangement

without repetition:

n! 10! 10 X9 x8x7Xx6!

= A% = = =10Xx9x%x8X%x7=5040
1077 (10 — 4)! 6!

3- Two even numbers and two odd numbers (with the possibility of repetition)
We have even numbers :2, 4, 6, 8, 10 ...... 5 even numbers.
We have odd numbers :1,3,5,7,9 ...... 5 odd numbers.

The conditions are the same as in the first case, in addition to the condition of two even numbers
and two odd numbers, because we must take two numbers from 5 even numbers and two
numbers from 5 odd numbers, and the letter “and” here means multiplication, so we use the rule

of arrangement with repetition, 1.e.:
A% X AZ =52 x 52 = 625
Exercise 05:
1-The number of groups required is the number of selections of 2 men from 4 and 4 women
from 6, and the result is:

4! 6!

x 2 “amxa Y

CixC¢=

2—-At least two men. These are combinations without repetition, and the result is:

6! 6!

! . 4
3!><3!+2!><4! 85

CiIXCE+C3XCE+CEXCZ=90+4x%

Exercise 06:

1- The number of ways to select 3 players in red uniforms is to select 3 players from 8, so

the result is:

8!
Ce =3r%s1 ™

17
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2— The number of ways to select a player from each uniform (each color): is the

number of options to select one player from 8 players in red uniforms, one player from 3 players

in white uniforms, and one player from 9 players in blue uniforms. Therefore, the result is:

CaxC3xCs=8%x3x%x9=216
3— The number of ways to select at least one player wearing white is:

71

ClXC%L +C2xCL+C3=3x - +3 X174+ 1 =460

21 x 15

Or the result can be given directly as follows:

20! 17!
31x 17! 3!x 14!

c3,—C3 = = 460

Exercise 07:

1-The number of possibilities for choosing 6 questions out of 10 is:

Cé = 10 =210
107 61(10 — 6)!

2-The number of possibilities for seating 10 people on a 4-seat bench is:

A% =10 X 9 X 8 X 7 = 5040

3-The number of possibilities for forming a 5-letter word, given that each letter is difterent.

(These words do not need to have any meaning.)

Ps=5/=5%Xx4x3%x2x1=120
4- The number of possibilities for forming a 5-letter word, knowing that two of the letters are
identical, is:

51
2,1,1,1 '
P —

5 Toaxixnuxn oY

5- The number of possibilities for forming a 5-letter word, given that 4 letters are identical in
pairs, is:

p22l _ 5!

57 Torxarxn o0

18
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Exercise 08:

(n+1)! n! (n+ 1)n! (n —2)!

— = = >n+1=7
3In—2)! '21(n—2)! "~ 3x2nl ' 2l(n-2)!
>n==6

3¢3,,=7C2=3

A =Atsm+Dmnm-1D=n(n-1Dn-2)n-3)=>m+1)=n? -5n+6
osm-1)(n-5>n=1n=5

Exercise 09:

=4
20+3) = C’(2a)*"b"
4
p=0

=C)(2a)* +C,(2a)’3)+C; (2a)’(3)* + C; (2a)(3)’ + C; (3)*
=(2a)' +4x(2a)’3)+6x(2a)*(3)* +4x(2a)b’ + (3)*
=2"xa* +4x2’xa’B)+6x2*xa’*(3)* +4x2xax3 +3*
=16a" +96a’ +216a* +216a +81.

(2a+3b) = ,,Z C!(2a)>" (3b)"
= C?(2a)’ + C}(2a)* (3b) + C2(2a)’ (3b)* + C> (2a)*(3b)’ + C:(2a)' (3b)* + C (3b)°

=20’ +5x2%a* x3bh+10x2°.a° x32b* +10x2%a* x3*b* + 5% 2.ax3*b* +3° b’
=324’ +240a*b +720a°b* +1080a°b* +810ab* + 243b°
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[SUGGESTED EXERCISES FOR SOLUTION:]

Exercise 01:

Simplify the expressions below :
n! m+3)! (n—D!'(n-23)!
m=—D!'"n-D!"n-49"'(n+2)

Exercise 02:

How many committees can be formed from representatives of professors if they are selected
randomly according to their rank, such that three assistant professors, two lecturers, and one
professor are selected, given that the number of assistant professors, lecturers, and professors are
20, 10, and 5, respectively?

Exercise 03:

How many times can a maximum of 5 players be selected from a team consisting of 11 players?
Exercise 04:

One of the clerks has 16 books, including 5 books with the same title and 7 others with the same
title but different from the first. The rest have different titles.

Find the number of different ways to organize these books on the library shelf.

Exercise 05:

A class of 30 students, 12 girls and 18 boys, must elect a committee composed of a president, a
vice-president, and a secretary.

1. How many committees can we form?

2. How many committees can we form knowing that the position of secretary must be held by a
gir]?

3. What is the number of committees including student X?

4. What is the number of committees for which the president is a boy and the secretary is a girl?
Exercise 06:

We call an anagram of the word MAI any word (whether it makes sense or not) formed from
the three letters M, A, and I. How many anagrams are there of the word MAI?

2. How many anagrams can be formed using the letters of the words INTERNATIONAL,
THEOREME, and ANANAS?

Exercise 07:

A multinational company decides to launch dog toothpaste. The name of this new essential

product must consist of three letters.
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1. How many names can we form with all the letters of the alphabet?

2. How many names can we form containing one consonant and two vowels?

3. How many names can we form consisting of one consonant and two different vowels?
Exercise 08:

In a batch of 20 manufactured parts, 4 are bad. In how many different ways can we select 4 in
the following cases:

1. all 4 pieces are good.

2. At least one of them is bad.

3. At least two are bad.

Exercise 09:

Let a and b be two real numbers.

1. Expand

(a+b)*, (a+b)°>, (a+b)?

2. Expand

(a+ 18, (a—1)°
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CHAPTER TWO : GENERALITIES OF NUMERICAL SEQUENCES

1. GENERAL DEFINITIONS ABOUT SEQUENCES
1.1 Definition of a sequence
We call a sequence (u,,) any function that assigns to each natural number n the real number u,,.

And knowledge in the following form:

u,: N>R
ne un) =u,

is called the general term of the sequence u, which is also noted (u, ),y or more simply (un).
Remark 2.1. A sequence(u,,) can be defined in two ways, in explicit form or in recursive form.
1.2 Explicit definition:

Definition:

A sequence (u,) is said to be explicit if it is possible to calculate u,, directly from n. We then

denote u,, = g(n) where g is a function defined on N (and most often on R* as well).

Foralln € N, we have:

n nm .
au, = (—1)" cos (7),un = sinn

1.3.Sequence defined by recurrence:
A sequence is defined recursively if the term u,,,; can be defined from:
Uy :Upy1 = f(uy) with f being a function usually defined on R.

We define the sequence (U, ),ey s follows:

Ug = a,
{un+1 = f(un)

We define the sequence (u,),ey as follows:

{ Uy = 2,
Uy =3u,+2 forallneN*

In other words, we call a real number sequence u every function that assigns to each

natural number n, greater than or equal to a given natural number ng, the number u(n).
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Practical exercise:

We consider the following sequences u, v and w defined on N as:

u,=3n+1 ,vn=ﬁ,wn=—n2+2n—1

Calculate the first five terms of each of these sequences?

Solution :

: Uy =3x0+1=1,
Q? u; =3x1+1=4,
> 4 U, =3%x2+1=7,
uz; =3x3+1=10,
u, =3x4+1=13

We notice that the sequence u,, is an arithmetic sequence and its base is

r=3
IR R
1 1
T
2 2
2521173
3 3
RT3
4 4
HTar1 s
We notice that the sequence w, = —n? +2n—1=—-n?-2n+1)

so that w, = —(n — 1)?
wo =—(0-1)* = -1,
w; =—(1-1)?%=0,
wy, =—(2-1)?2=-1,
wy = —(3-1)* = —4,
w, = —(4—1)% = -9

1.4. Terms:

- The sequence u is denoted by the symbol () ysn, if the sequence u is defined for n

greater than or equal to n,.
It is also denoted by the symbol (u,,),en or (uy,) if the sequence u is defined on N .
- U, isthe term whose index is n, also called the general term of the sequence u.

Up, is the first term of the sequence w if it is defined forn > u,, .

- Ug is the first term of the sequence u if it is defined on N.
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And knowledge is either:

n3-3n
- In general terms, such as: v, =

- With its first term wy,  and the relation w4y = f(wy,) (recursive sequence), such as:

{ W0=_1
Wni1 = 2w, =3

e Sequence (u,) where: u,, = 4n? — 6 known on N.

7-3n
e Sequence w where: w, = — Known forn > 5 and we
T

write n > 5.

1.5. Direction change of sequence:
1.5.1. strictly Increasing sequence

We say that the sequence (u,,) is strictly increasing if:

Vn € N: upq > Uy or (Vn € N: upyq — u, > 0)

1-We consider the sequence u, such that: u, =n+1;,Vvne N

Note that for all € N , we have :

Uppg — U, =(M+2)—(n+1)=1>0
Therefore, u,, is strictly increasing.

2- We consider the sequence u, such that: u, =1 — 2 ;VnEN”
n

Note that foralln € N * , we have :

1 1

s = = (1= 15) = (1-3)
_ 1

T on+1

1
+—
n
> 0.

T na(n+1)
Therefore, u,, is strictly increasing.

1.5.2.Increasing sequence

We say that the sequence (u,,) is increasing if:

Vn € N:u,pq = uy,or(Vn e N:u,; —u, =0)

We consider the sequence u,, such that: u,, = n? — 5n;v¥n > 2

Note that for all > 2 , we have :
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Unp1 —Up = ((n+ 12 =5(n+ 1)) — (n? - 5n)
=((n?+2n+1-5n-5)— (n? —5n)
=n?-3n—-4-—n?+5n
=2n—42>0

Therefore u,, is increasing.

1.5.3 strictly Decreasing sequence :

We say that the sequence (u,,) is strictly decreasing if:

Vn € N:upyq <uj,or(Vn € N:uyy —u, <0)

We consider the sequence u, such that: u,, =1+ l; VneN"
n

Note that foralln € N * , we have :

1 1
ter =t = (14 255) = (14)

11
T n+1 n
-1
T n(n+1)

Therefore, u,, is strictly increasing.

1.5.4. Decreasing sequence:

We say that the sequence (u,,) is decreasing if:

Vn € N:upyq Supor(VYneN:u, ; —u, <0)

We consider the sequence u,, such that: u,, = 5n — n?;V n > 2
Note that foralln > 2, we have :

Upsr — U, =4—-2n <0
Therefore, u,, is strictly dicreasing.

1.5.5. Constant sequence:
We say that the sequence (u,,) is constant if:

Iny € Nsuch us Vn = ng,u, = u,o orvn € N: u,,q = u,, (Al boundaries are equal).
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a) Monotonous sequence

We say that the sequence (u,,) is monotonic on the domain [ of N if it is either increasing on the

domain | of N or decreasing on the domain ] of N.

L)

NOTE

Lt

There are sequences that are neither increasing nor decreasing; we say that
they are non-monotonic.

For example: The sequence (u,) defined by its general term (u,) = —1"

b) Method:

To study the Direction change of sequence (u,), you can:

1. We examine the signal u, ,,; — u,, for every natural number n: or

n+1

2. We compare between : 222 and 1.

Un

3. If we find a function f such that for every natural number n: u, = f(n), we study the

changes in the function f.

We apply method 1 to study the direction of change of the sequence:

_n3-n
u, = s

We have:

_(+1)P-(+1) n*-n_ 2n

Upi1 — Uy = z z —?20

And the sequence (u,,) is increasing.

We apply method 2 to study the direction of change of the sequence:
1

Un

- n+1
We have:
1
Unt1  ppe N t1
U, - n+2
n+1

For every natural numbern: n + 1 < n + 2 And from it : u;l_: <1
Therefore, (v,) is a strictly decreasing sequence for every natural number
n.

We apply method 3 The sequence (u,,) is defined by the formula

u, = f(n) where:

flx) =x%+2x

The function is defined and differentiable on R, and we have:
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f(x)=2x+2
After studying the signal, we find that f(x) > 0 on the domain ]—1, +oo[

And from it, the function f is strictly increasing on the domain [0, +o0o[

Therefore, the sequence (u,,) is strictly increasing.

1.6 Finite sequences:

-To say that the sequence (u,,) ey 15 limited from above means that there exists a real number M

such that Vn € N, u,, < M, We say that M is a sharp element from above.

-To say that the sequence (U, ),ey 15 limited from below means that there exists a real number

m such that Vn € N, u,, = m, We say that m is a sharp element from below.
- To say that the sequence (uy,)ney 18 finite if it is limited from above and from below, i.e.:

VvneENm<u,<M3IMmeR

1-Sequence u, = 5 — 111 (where: n > 1)
EXAMPLE The sequence (u,) is limited from above and has 5 sharp elements

above.

The sequence (u,) is limited from below and has 4 sharp elements
below.

So the sequence (uy,) is finite ,i.e.,Vn € N*, then 4 <u, <5.

2— The sequence u, = —%(where: n > 0)

is limited from above with -2 and limited from below with 0, i.e:

vVneN" then0 <v, <-2.

1.7.Convergent sequences
We say about a sequence (uy,) ey 1s convergent if there exists a real number [ such that:

ve>0,IngEN/n=ny, = |lu, -1l <e

In this case, we say that the sequence (u,) converges to the real number [, and we write:

lim u, =1 orlimu, =loru, ;57!
oo T n n n—+oo
If (u,,) 1s a non-convergent sequence, then it is divergent (its end is infinite or does not exist).

In this case, we say that the sequence (u,,) diverges to 4o such that:

VA>0,an€EN/n=ny > u, >4
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Or diverge toward —oo such that:

VA>0,IneEN/n=ny > u, <-4
And we write:

U, 7550 T @ orlimu, = tcor lim u, = to

n—-+oo
Or we could say:

Suppose that u,, is a sequence. We say that lim u, = [ ifforevery A > 0 thereisan N > 0 so
n—oo

that whenever n > N, |u,, — L| < A. If lim u, =1 we say that the sequence converges,

n—oo

otherwise it diverges.

The sequence (u,) defined by: u,, = % Converges to zero because:

lim u, =0
n—-+oo

The sequence (v,,) defined by: v, = n? + 1 is divergent because:

lim v, = +oo.
n—-+oo

Reminder

Let the sequence (u,) be defined as follows: u,, = f(n), where the function is defined on the

domain [a. + oof.

Where « is a real number, if lim f(x) = [, then lim u, = L.
n—oo n—oo

Let the sequence (u,,) defined on N be as follows: u,, = —z::i
-Set the end of the sequence (u,).

Solutiow:

The sequence (u,,) of the form u,, = f(n) where fis a function defined on [0. + oo[as follows:

()_2x+3
f =1

. 1 . 1 .
We have : lim f(x) = > 50 lim u, = p Then the sequence (u,,) is convergent.
n—oo n—-oo

Result

- It (uy,) 1s an increasing sequence limited from above, then it is convergent.

-If (u,) is a decreasing sequence and limited from below, then it is convergent.
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5. . ..

The sequence v, = = is decreasing and limited from below by 0, so
n

it is convergent.

1.8. Adjacent sequences
We say that the sequences (v,,) and (u,,) are adjacent if:
One 1s increasing and the other is decreasing, and the difterence between them is zero.

( lim (u, —v,) = 0).

n—-+oo

Let (u,) and (v,,) be numerical sequences such that:

v, = 2 and u, = -1
n_n+1 n_n+2

Are the sequences (u,) and (v,,) adjacent?

Solutiow:

Study of the direction of change of the sequences (u,) and (v,)):
direction of change of sequence (u,,):
we have:

-1 -1 1

= —_ = >
n+3 n+2 (m+3)(n+2)
Then the sequence (u,,) is increasing for every natural number n.

vneN; u,q—u, 0

direction of change of sequence (v,,):

we have:

2 2 -2
=n+2_n+1=(n+1)(n+2) <
Then the sequence (v,,) is decreasing for every natural number n.

0

VneN; v, — v,

Calculation of lim (u, —v,) =0

n-+oo
we have:
Y _ ( 2 —1)_1_ ( 3n+5 )_0
A G =) = M\ = o) = e ) T
Since (u,) is increasing, (v,) is decreasing, and lim (u,, —v,) = 0, then (u,) and (v,)

n—+oo
are adjacent.
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2. ARITHMETIC SEQUENCES:

Identification We call an arithmetic sequence with a base r Each sequence (u,) ey

verification : Vn € N:uy, .y = u, +r

2.1. The general term of the arithmetic sequence
is given by:

U, = Uy + nr Ifthe first term of the sequence is u,.

U, = u; + (n— 1) r Ifthe first term of the sequence is: u,

Does the number 203 belong to the arithmetic sequence

3,7,11,..2

Solution
Hereu; =3 endr=4,sou, =3+ (n—-14=4n-1
Weset 4n — 1 = 203 and find that n = 51 Hence, 203 is

the 51st term of the sequence.

Find the formula for the nt" term of the arithmetic sequence
1. 2,5,8...
2. 107,98, 89 ....

Solutiow:

1- Hence u; = 2 and r = 3, so
U, =2+MmMm-1)3=3n-1
2- Hence u; = 107 and r = -9, so
u, =107+ (n—1)(—9) =116 — 9n

2.2. The sum of the terms of an arithmetic sequence:

if the first term of the sequence is uy Given by:

Spn=UgF+u+uy+ - U, = (ug + uy)

if the first term of the sequence is u; Given by:

n
Sp=uUp+uy+ e Uy, =§(u1 + uy,)
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And we can write it in general as follows:

Number of terms
n = 2

(first term + last term)
where:

Number of terms = last term guide -First limit guide +1.

Find the formula for the sum of the first n terms of the
arithmetic sequence

1. 2,5,8 ...

2. 107,98, 89 ....

Solution:

1- Here u; =2 andr =3, so

n
S =§[2u1 + (n—1r]
n n
Sn=z[4+(n—1)3] =E3Tl+1

2- Here u; = 107 and r = -9, so
n
Sy, = > [2u; + (n— )]

S, = S[214 + (n — 1)(=9)] = 3223 —on

NS

2.3. Direction of change of arithmetic sequence
Let it be u,, Arithmetic sequence with base r
We know that: u,,; = u, +r Andfromit: u,,; —u, =r So we conclude that:

- (uy) Increasing if: r > 0
- (uy,) Decreasing if: r < 0
(u,) Fixedif: r =0

Property:
to be a and b and ¢ In this order, the consecutive terms of an arithmetic sequence are:

a+c=2b

It is called b arithmetic mean of two numbers g and c.
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Practical exercise:

Consider the numerical sequence defined as follows:

vneN:u, =3n+5

1. Prove that (u,) An arithmetic sequence and determine its first base.
2. Calculate uz and uq4

3. Calculate the sum of: ug + uy + -+ + uqq

Solution :

1.We have:

Upp1— U, =3(n+1)+5-3n=3
Anduy =34+ (0)+5=5

permission (u,,) Arithmetic sequence with base r = 3 And its first term

u0=5

2.We have:

u; =3+ @3)+5=14andu;; =3+ (11) + 5 =38
3.

U tu 52
u3+u4+---+u11=(11—3+1)%=97=234
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3. GEOMETRIC SEQUENCE:

3.1.Definition of geometric sequence and its laws:

We call a geometric sequence based on g any sequence (u,,) that satisfies the following:

vneN:u,,q =u, Xq
3.2. The general term of a geometric sequence:

(u,,) A geometric sequence whose first term u, and base g are not zero:

Uy =Ug Xq
Uy = Uy X q = (U X q) X q=1UyXq° = VneN:u, =uyxq"
U3 =uU, X q = (Up X q?) X q=uy X q>

In general:
(u,) is a geometric sequence whose first term u,,, and base g are non zero:

vneN:u, =u, xq" ™

The proof:
_ Uy =UuUy X q" e (D
V”EN'W“EN{mn=u0xqm ......... 2
Dividing (1) by (2), we find:
u Uy X q" n
_n_i_q_m=qnxq—m_qn—m

Un U Xq™ q

Meaning that :

Find the formula for the nt" term of the geometric sequence
1. 2,6,18, ...
2. 486,162,54, ....
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Solution:
1) Henceu; =2 and g = 3, so
u, =2 x3"1
2) Henceu, =486 and q = g, SO

n-1

un=486><§

Does the number 6072 belong to the geometric sequence
3,-6,12, 24,48, ...?
Solution

Here u; =3 end g = -2, so

U, =3 x (—=2)"1
We set 3 X (—2)""1=6072 this give (=2)""1 = 2024
But 2024 is not a power of 2, and so 6072 does not belong to

the sequence.

3.3.Sum of terms of a geometric sequence:

Let S, be the sum of the terms of a geometric sequence with base g, first term u,, and last term

Up:

1-— qn—0+1 1— qn+1
Sn = Uy +u1+u2++un =u0x<?> =uox<ﬁ>

Let S,, be the sum of the terms of a geometric sequence with base g, first term u,, and last term

Up:

1_qn—1+1 1_qn
Sn=u1 + u, +u3+---...........+un=u1x<?>=u1x<1_q>

In general:

Let S, be the sum of the terms of a geometric sequence with base g, first term u,,, and last term

Up:

1_qn—p+1
1—gq )

Sp=UpFUpyr FUpya + e F Uy = Uy X (
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Find the formula for the sum of the first n terms of the

geometric sequence

1. 2,6,18, ...
2. 486,162, 54, ....
Solution:
u; =2and g = 3, so
2(3"-1) n
Sn=—3og =¥
Here u; =486 and g = %, SO
486 (1 — 2" 1"
Sp=——-72-=729(1-53)
1-2= 3

3

3.4.The direction of change of a geometric sequence:
Let (u,,) be a geometric sequence with its first term u, and its base g:

Up =Up X q"

= Upyq — Up = (U X ¢ — (ug X q"
Upq = Up X g1 n+1 n = (U X q"") — (up X q")

VnEN:{

Unpr —Up = (U X q" X q) = (Ug X q") =ug Xq" x(q—1)

VneEN:u, ; —u, =us X (@—1) xq"

* The sign of the difference u,,, — u, relates to the first term u, and the base
NOTE | ¢
//') Ifitis:

e g>1 and U, >0 We say that (u,) is an increasing sequence.

e g>1 and Uy, < 0 We say that (u,) is a decreasing sequence

e 0<g<1 and U, >0 Wesay that (u,) is a decreasing sequence

e 0<g<1and Uy, <0 Wesay that (u,) is an increasing sequence.

e g =1 We say that (u,) is a constant sequence and all its terms are
equal and equal to the first term u,.

e g <0 and wug, (Positive or negative) we say that (u,,) is sometimes

positive and sometimes negative, so it is an unordered sequence.
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3.5.The limit of a geometric sequence:
(u,,) is a geometric sequence with its first term u, and its base q:

We know that the general term of a geometric sequence with the first term u,, and the common

ratio q is:
Uy =Up X q"
so:
im oy = lim (uo X q") = ue X lim g™
If it is:
e g < —1 Wesay that (u,) does not have a limit because nl—i}}rloo U, = +oo or
nl_igloo u, = —oo Therefore, we say that (u,) is a divergent sequence.
e g =—1 Wesay that (u,) does not have a limit because nl_i)r_ir_loo u, = +uy or
nl_i)rJrrloo u, = —u, Therefore, we say that (u,,) is a divergent sequence.

e —-1<g<0 = lim u, =0 So (u,)Iisaconvergent sequence.

n—+oo

e g=0= lm u,=0 So (u,,) is a convergent sequence

n—+oo
e 0<g<1= Ilim u, =0 So (u,)isaconvergent sequence
n—+oo
e g=1 = lim u, =uy So (u,) is a convergent sequence
n—+oo

e g>1 and yp, >0 = lim u, =40 So (u,) is a divergent sequence

n—+oo

e g>1 and up <0 = lim u, = — So (u,) is a divergent sequence

n—-+oo

Find the limiting sum for the geometric series

1= 1424 <4
3 9
2- 8- 64>+

Solution:

1 o ) .
1- Here u;y =1land q = 3 5O the limiting sum exists and is equal to

1 3

:1_1_2
3

’

Seo

3 o . )
2- Here u; =8and q = 2 50 the limiting sum exists and is equal to

1 32
S0 =—3 = —

1437
4
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S e The sequence (u,) converges to the number m if and only if
lim u, = m. Andifitis not convergent, it is divergent.

otk| .
/,) e The divergent sequence is the sequence that has no end or has an
infinite end ( lim wu, = foo).
n—+oo
e The geometric sequence converges if and only if the base belongs to

the domain q € ]—1, 1].

Theory:

v Every increasing geometric sequence that is limited from above is convergent.

v' Every decreasing geometric sequence that is limited from below is convergent.

Property
Let it be a and b and ¢ In this order, the consecutive terms of geometric sequence are:

b? = ac

It is called b geometric mean of two numbers g and ¢

Practice Exercise:

We consider the numerical sequence: (u,),ey defined as follows:
Uy = —2,
2
Un+1 = gun -1
We put: v, = u, + 3
1- Prove that the sequence (u,),en 15 geometric sequence.

2-Deduce formula of (u,,) and (v,,)Indicative n, then conclude ni"j_oo U,

3- Weput: S, = vy + v; + -+ + v, Write S, Indicative n

solution:
f? 1-We have:
O 2 2
> 4 vn+1_un+1+3_;un—1+3_§un+2_2(un+3)_2
v, u,+3  u,+3  u,+3 3\, +3/ 3

And from it: (v,,) is geometric sequence with base g = 2 and it’s fist term
iSI U0=u0+3= _2+3=1
2-Deduce formula of (u,) and (v,,)Indicative n

formula of (v,):
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tormula of (uy)

3
conclude ni"j_oo U,
lim lim 2\"
N
n — 4o n — 4+ \3

3- calculate : S, = vy + v+ -+ v,

27’1
1-(3) 2y"
Sp=v9+ v+ -+, =v| —=—]=3 1—(—)
3

4. APPLICATIONS TO FINANCE:

One of the many applications of sequences and series occurs in financial mathematics.

Here we will briefly discuss compound interest and superannuation.

4.1. Compound interest

Compound interest was discussed in the TIMES module Consumer arithmetic (Y ear 9).
We invest an amount $ Zat an interest rate ¢ paid at the end of a prescribed interval for a period
of nsuch intervals. Interest rates are usually quoted as percentages, and so an interest rate of 3%
means that g = 0.03.
Let us here assume the time interval is one year. Hence, after one year, the investment has
the value u; +qu; = u;(1+q).
After the end of two years, the investment has the value
u(1+q) +qu(1+q) = u(1+9)>°
We can see from this that, after n years, the investment will be worth u, (1 + q)™.
These amounts form a geometric sequence with common ratio 1 + g, and the nt* term is

u (1 + g™

If $1000 is invested at 4% p.a. compounded yearly, what is

the value of the investment after ten years?

Solution
Here u; = 1000 and g = 0.04 and n = 10. Thus, after ten
years, the investment is worth

1000(1 + 0.04)1° ~ 1480.24 $
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Depreciation is closely related to compound interest. When a company, for example, buys a car
tor work-related purposes, it is able to claim the depreciation in the value of the car over time as

a tax deduction.

If the car is initially worth $u,; and is depreciated at a rate of g per annum, then the value of the

car after one yearis: u; — qu; = u;(1 — q) . After the end of two years, the car has value

u; (1 —q) + qu;(1 —q) = uy (1 — q)%. We can see from this that, after n years, the car will be
worth 1, (1 —q)"

‘What is the value of a car after ten years, if it is initially worth
$30000 and 1s depreciated at 6% p.a.?
Solution:

Here u; = 30000 and g = 0.06 and n = 10. Thus, after ten years, the car is worth

30000(1 + 0.06)1° ~ 16158 $

4.2 Superannuation

Superannuation is a way of saving for retirement. Money is regularly invested over a long
period of time and (compound) interest is paid. Suppose I invest in a superannuation scheme for
30 years which pays 6% per annum. I put $3000 each year into the scheme, and (for the sake of

simplicity) we will suppose that the interest is added yearly.

Thus, the first $3000 will be invested for the full 30 years at 6% per annum. Hence, it will
accrue to $3000x1.06%°. The next $3000, deposited at the beginning of the second year, will be
invested for 29 years and so will accrue to $3000x1.06*, and so on. Writing the amounts from

smallest to largest, the total value of my investment after 30 years is

A =3000x1.06+3000x1.06%+--+3000 x1.06%°.

This is a geometric series with first term u; = 3000 X 1.06 and commonratioq = 1.06;
the number of terms is n = 30. Using the formula for the sum of a finite geometric series, the

final value of the investmentis A =~ $251405.
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This example illustrates both the value of regular saving and the power of compound

interest. The $90000 invested becomes roughly $251400 over 30 years.
4.3 Simple interest savings status application

A customer deposited an amount of 6000 DZD in the bank with simple interest for several
years, meaning that at the end of each year the bank gives interest of 8% To increase his savings
every year by a fixed amount equal to 8%From the initial amount.

- calculate uq, u,, ug

- Verify that for every natural number n, We have : u,,,; = u, + 480

- Write u,, Indicativen

- How many years do have he to wait for the initial amount to triple?
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[ Series No. 02: NUMERICAL SEQUENCES ]

Exercise 01:

Let the sequence U,, be defined as follows:

uO = E,
Upsr = (Up — 1%+ 1
1-Prove that foreveryn € N, 1 < u,, < 2..
2- Prove that the sequence (uy,),ey IS increasing.

3 - Deduce that the sequence (u,)ney i convergent, and determine its limit (I =?)

Exercise 02:

We consider the numerical sequence (U, ) ey defined by :

uo - 3
__5up—4

Upnt1 = U+

1- Prove that: Vn € N :u, > 2
2~ study monotony. (Uy)nen

3- Deduce the convergence of the sequence (U, ) pen

Exercise 03:
We consider The two sequences (un) and (vn) The identifiers By: Uy = 12 and Vo = 1,

and for, every natural number n :

Unp+3v,

_ __ Upt2vy
Un+1 = 4 and Unt1 =

3
1-for, every natural number n We put w,, = u,, — v,,, prove That the sequence w,, is geometric

and determine its first term and base.
2- Study the direction of change of the two sequences (U, ) and (V) then conclude that they are

adjacent.

Exercise 04:
Let ; the arithmetic sequence (u,,), with first term u :

1- Given that u; = 7uy9 and wugz; = 25, find the base of the sequence (u,) , Then deduce
the expression u,, in terms of n.

the last terms of the sequence (u,,) is 150.

2- Determine the number of terms in the sequence (u,,)

3- Find the sum of the last 20 terms of the sequence (u,,).

Exercise 05:
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(u,,) is a numerical sequence defined by:

1
(=l
1
un+1 = 2 —u
n
We Consider the sequence (v,) defined by: v, = n

1-Calculate the terms: vy « v; and v, ..
2-Prove that the sequence (v,,) is arithmetic by determining its base.

3-Write v, and then u,, in terms of n.

Exercise 06:

Let the sequence (u,,) be defined as follows: u, = e and for, every natural number n: u, ., =
Jun

1- Prove by regressing, for every natural number n: .u,, > 1

2- Study the direction of change of the sequence(u,) And concluded its convergence.

3- Let it beThe sequence (v,,) Knowledge is as follows : v, = In(u,).

a. prove that (v,,) is Geometric sequence, assignment required its basis and its first term.

b. Write v, And u,, by implication,n then calculate the limit of the sequence(u,,).

c. Weput.S, =vyg+v,+-+v, and B, =uygXu; X ..XuUy,:

calculate S,, then P, Indicatively.n

Exercise 07:

Osama starts his new job on an annual salary of 18000 DZD . His contract promises a pay rise
of 1800 DZD in each subsequent year until his salary reaches 36000 DZD. When the salary
reaches 36000 DZD Osama will receive no more pay rises. Osama’s salary first reaches the
maximum salary of 36000 DZD in year /V.

a) Determine the value of V.

b) Find Osama’s total salary earnings during the first /Vyears of his employment.

Obama starts his new job at the same time as Osama on an annual salary of A DZD .

His contract promises a pay rise of 1000 DZD in each subsequent year until his salary reaches
36000 DZD. When the salary reaches 36000 DZD Obama will receive no more pay rises.
Obama’s salary first reaches the maximum salary of 36000 DZD in year 15.

c) Find the year when both Osama and Obama have the same annual salary.

d) Calculate the difterence in the total salary earnings between Osama and Obama in the first

15 years of their employment.
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Exercise 08:
A person deposited 11,000 DZD in a bank in 2000, earning 6% compound interest per annum.

Let us consider the deposited amount as u, and the number u,, as the new balance after n years.
1- Calculate the amount earned in 2001, 2002, and 2003.
2- Find the relation between u,, and u,
3-Conclude the nature of the sequence (u,,) ey , and write u,, in terms of n.
906 a3 iS50 &y 56 4 Juam St 2000 ple Sl (S0 7.3 11000 )8 ko (25 53]
Dy 1 sy 2y oo | Uy sl sy U 5o g5kl 3 ol beel 13)
2003 <2002 2001 ol aje o é,u e -1
Upt1 5 Up e B szl -2

n o Up W8, (Undnen el o et
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[ ANSWER TO SERIES NUMBER 2 ]

Exercise 01:
1-Prove that foreveryn e N, 1 < u, < 2..
~Let's assume that:

(B):1<u, <2
Using the proof by regression we prove that (B,) is true for every: n € N

Proof:

For: n = 0, we assume that : 1 < u, = % <2

Heredity:

Let us assume that the proposition (P ) is true forall 1 < k < n, and prove that P(n + 1) is
also true (1 < U,y < 2).

Since 1 < u, < 2 (recursion hypothesis).

Therefore, 0 < u, — 1 < 1, hence 0 < (u, — 1) < 1

Then1 < (u, — 1)*+1 < 2.

That is mean: P(n + 1) is also true.

Conclusion:

By the principle of recurrence, we deduce that (B,) is true for all n € N. That is mean :

1 <u, <2
2- Prove that the sequence (u,),cy is strictly increasing.

Letn € N. Calculate u, ;4 — Uy:
We have :
Unpr —Un = (Up — D? +1—u,
=ui—2u, +1+1-u,
=u2 —3u, +2

= (up — D(u, — 2).
According to the first question, u, —1 > Oandu, —2 < 0.

Therefore, Uy, —u, <0

Hence, the sequence (u,),ey 1s strictly decreasing.

3 - Deduce that the sequence (u,,),cy is convergent, and determine its limit (I =?)
-Since the sequence (u,),ey 13 limited from below by 1 and strictly decreasing, so
(Up)nen 1s convergent to [ such that [ verifies | = (I — 1) + 1.

Therefore, 1> + 31 + 2 = 0.

Sol = 1lorl = 2.

. 3 . .
Since the first term u, = 3 and (u,)pen 1s decreasing, then | = 1.
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Exercise 02:

We consider the numerical sequence (u,, ),y defined by :

u0=3
S5u, — 4
et =T
n

1- To prove that: Vn € N : u,, > 2, we use the proof by regression:
(B)): VnEeN :u, > 2.

Using proof by regression, we prove that (B,) is true forall: n € N
2-We verify the validity of (P,), that is, the validity of the relation for: n = 0
We have: uy = 3 > 2 and thus: (P,) is verified (true).

3- We assume that (B,) is true and prove the truth of (P,,,4).

We have:
Su,—4 5S5u,—4+5-5 u,+5 9 9
u == = = — — —_
T o, 4+ 1 u, +1 U, +1 u, +1 u, +1
And we have :
> 2 +1>3 <l ? <350 5 355 > 2
u Su = > = 35—
" " u, +1 3 u,+1 U, + 1 U, +1
And from it: u, 1 > 2 s50: (P,41) is correct
We conclude that: vn € N :u, > 2..
2- study monotony. () nen
_ Su,—4 CGupy =) —upy(up + 1) Sup—4—uj —u,
Un+1 u"_un+1 tn = u, +1 B u, +1
C—up tAuy, -4 —(up —Au,+ 4 —(u, —2)°
B u, +1 B u, +1 B u, +1

We have: u,,; > 0and —(u, —2)% < 0,50 Upyp; — Uy < 0and fromit: (Uy)pey 18 strictly
decreasing.

3- Deduce the convergence of the sequence (u,,) ey

We have u,, limited from below by the number 2, and it is strictly decreasing, and therefore
U, 1s convergent.

Exercise 03:

1 —prove That the sequence w,, is geometric :

_un+2vn_un+3vn

Wnt1 = Un+1r = VUntr = 3 4

4u, +8v, —3u, -9, u, —v,

Wnt1 = 12 T T 12
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So:
1
Wane1 = EW n
So the sequence w ,, is a geometric sequence with a base g = 1—12 and the first term w ; = u, —
v, =11

For every natural number n:

1 n
W, = 11<E>

2-Study the direction of change of the two sequences (u,) and (v,,) :

Uyt 20, U+ 20, —3u, —2(Uup —vy) -2

e 3 B 3 B

—-22
Then: Unpyr — Uy = T

And the sequence (u,,) is decreasing on N.

1 n
(E) Therefore, for every natural number n: u 41 — u, <0

U+ 3, U+ 3 —4v, . (Up—vy) 1
Vny1— Un = —Un = = =-Wn

4 4 4 4

11 (1\"
So: v, — v”=T(E) and thus for every natural number n: v, — v, >0

And the sequence (v,,) is increasing on N.

We know that: ni"ioo w, =0 and that: w, =u, —v,, thus ni"froo (u, —v,) =0
We conclude that (u,,) and (v,,) are convergent.
Exercise 04:
1-find the common difference ( base) of the sequence (u,) :
we have :
U, =u; +(n—r
U, = 7u19 Uz = 25
= uy +6r =7y +18r) = u; +30r =25
= u; + 6r =7u; +126r = u; = 25—-30r
= 6u; = —120r — —
u, = —20r
—20r = 25— 30r
10r = 25
5
r==

the expression u,, in terms of n :

we have :

5
u, = —20r = u, = -20 (E) . U, = _50
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So that : u, = =50 + (n — 1)
2—- Determine the number of terms in the sequence (u,) :
U, =u; +(n—r

5

= 150=—SO+(TL—1)§
5
=200=(n-1)

2
=200z = (-1

= n—-1)=80
So:n =81

3- Find the sum of the last 20 terms of the sequence (u,,) :

20 terms
e N
~ N
150+ 1475+ 145+..... ... .. ......

n
2
We have : up 1 — U, =71 = Uy =: Upyq — 150 that:

Sn [2u; + (n — D]

S, = ?[2(150) —~(19) ;]

5
S, =10 [300 —-(19) E] = 3000 — 475 = 2525
Exercise 05:

Calculate the terms: vy « v, and v,.. :

1 1 5
v = = =
0 1- Ug 1—-
1 1 2 1 1 3
u = = = — v = =
1 2— Ug 2 — l 3 1 1- Uuq 1-—-
2
1 1 3 1 1 4
= = = - UV, = = =
YTy, T2 1 271w, 1.3
3
Prove that the sequence (v,,) is arithmetic
We know that: v, ., —v, =71
1
We have: v, =
1-up
So
1 1

Unt1 = Un =
" " 1_un+1 1-u,
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1 11 1 2-u, 1 _2—un—1_1—un_1
1-+* 1-u, ™™ 1-uy, 1-uw, 1-u, 1-u, 1-u,
2—Up 2—Up

The sequence (v,,) is arithmetic with base r = 1.

Writing v,, in terms of n.

Vp=Vg+tnr=2+n

Writing u,, in terms of n.

1 1 1 1 1+n
f—t = —_—= —_—_— =
1—u, tn Vi 2+n 'm

Uh =

Exercise 06:

1-Prove by regressing, for every natural number n: .u,, > 1

We have: the property is true forn = 0

We assume u,, > 1 thatand from it \/u_n >1 ie. Uy.q > 1 and therefore, according to the
principle of regression inference, for every natural number n, u,, > 1

2- Study the direction of change of the sequence(u,,)

Since u,, > 1 , then u,? > u,, , and thus u,, > \/u_n . Therefore, the sequence (u,) is
decreasing.

Convergence conclusion:

Since the sequence (u,,) is decreasing and limited from below by the number 1, it is
convergent.

3-prove that (v,,) is Geometric sequence, assignment required its basis and its first
term.

Let n be a natural number.

11
Vnt1 = Inu, 4 = Inyu, = lnu,z = Elnun = Ev”

. . . 1
So, (vy,) is a geometric sequence with a base of > and the first term:

vg=Ilnug=Ilne=1
Writing u,, and v,, in terms of n:

N O (1)”=(1)
n ’ n 0 2 2

calculate the limit of the sequence(u,,).

n

We have : 1™ (l)n =0:s0: Hm 4 = Um e(%)n =1

n—+o \2 " n—o400 M n—+oo

calculate §,, then P, Indicatively.n
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N
1-(3) 1"
Sn=170+171+"'+17n=170 7 =2 1—<E>
T2

B, =uUg XUy X..XUu, =e" xe”’ X . xen=,ltvit +in
1 n
Pn = 62(1—(5) )

Exercise 07:
We have :u; = 18000

u, = 18000 + 1800 = 19800
u, = u, + 1800
u, =u; +(2-1) x 1800
u; = 198000 + 1800 = 21600
uz = u, + 1800
uz =uq +2x1800
uz =u; +(3—-1) x1800

u, =uy +(m—1) x 1800
Thus, the sequence u,, is arithmetic with the first term u; = 18000 and the base r = 1800.

a) Determine the value of N .
N can be calculated as follows:

Uu,=u; +(n—1) xr
36000 = 18000 + (n — 1) x 1800
18000 = (n—1) x 1800
10=n-1
n=11

The number of years is: 11 years.
b) Find Osama’s total salary earnings during the first Vyears of his employment.

n
Sp = E[ul + un]

11
S11 =~ [18000 + 36000]

11
S11 = 7[54000] =11 x 27000 = 297000
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c) Find the year when both Osama and Obama have the same annual salary.
We have:
Uu,=u; +(n—1) xr
36000 = A + (15 —1) x 1000
36000 = A + 14000
A =22000

So that the two salaries are equal, we have:

18000 + (n — 1) x 1800 = 22000 + (n — 1) x 1000
1800 x (n — 1) — 1000 x (n — 1) = 4000
800 x (n — 1) = 4000
n—1=5
n==6
So Osama and Obama's salary is equal in the sixth year of work.

d) Calculate the difference in the total salary earnings between Osama and Obama in
the first 15 years of their employment

Find Obama's total salary over 15 years.

n
Sp = E[ul + un]

15
S15 =~ [22000 + 36000]

15
Si5 = 7[58000] = 15 x 29000 = 435000
Find Osama's total salary over 15 years.

297000 + (4 x 36000) = 297000 + 144000 = 441000

The difference between the two salaries :441000 — 435000 = 6000 DZD
Exercise 08:

Since it 1s compound interest, then:

1- Calculate the amount earned in 2001, 2002, and 2003.

2001
Uy = up + 0.06 X uy = 11000 x 1.06 = 11660
2002
U, = uy +0.06 X uy = uy X 1.06 = 11660 x 1.06 = 12359.6
2003

Us = u, +0.06 X uy = u, X 1.06 = 12359.6 x 1.06 = 13101.176

2- Find the relation between u,, and u,,

Upyqp = Uy +0.06 X uy,
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Uptr = Uy X (1 +0.06)
Uptq = U, X (1.06)

3-Conclude the nature of the sequence (u,,) ey »

so, we can say that the sequence (u,),ey 18 geometric with its first term: uy; = 11000, and its
base: ¢ = 1.06.
write u,, in terms of n

u, = 11000 x (1.06)"
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CHAPTER THREE: LOGARITHMIC AND EXPONENTIAL FUNCTIONS

1. GENERALITIES ABOUT NUMERICAL FUNCTIONS OF A REAL VARIABLE

At the beginning of this chapter, we present some general definitions related to numerical

functions with a real variable.

Definition 1:

A function is a rule which maps a number to another unique number.

In other words, if we start off with an input, and we apply the function, we get an output.

For example, we might have a function that added 3 to any number. So if we apply this function
to the number 2, we get the number 5. If we apply this function to the number 8, we get the
number 11. If we apply this function to the number x, we get the number x + 3. We can show

this mathematically by writing :
f(x) = x+3.

The number x that we use for the input of the function is called the argument of the function. So
if we choose an argument of 2, we get:

f(2) =2+3 =5.

If we choose an argument of 8, we get:

f(8) = 8+3 =11.

If we choose an argument of -6, we get:

f(—6) = =643 = -3.

If we choose an argument of z, we get:

f(2) = z +3.

If we choose an argument of x?, we get:

f(x?) = x* +3.
At first sight, it seems that we can pick any number we choose for the argument. However, that
is not the case, as we shall see later. But because we do have some choice in the number we can
pick, we call the argument the independent variable. The output of the function, e.g. f(x), f(5),

etc. depends upon the argument, and so this is called the dependent variable.

Definition2:

A function with a real variable is an application of a domain.] towards R (I € R), we usually

denote the function by f, and the set of functions by F (I, R)
The group Dy = {x € R;f(x)} Itis the function definition set.f

The group Cf = {(x, f()); x € Df} It is a statement of the function. f
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Definition 3:

The function is every application of f defined from [ towards R (f:1 — R) , Where [ is a part

(domain) of R and we call | the domain of definition of the function f.

1- f1(x)=y(x+4);
Dy, ={x/x +4 =, xe[—4,+o[} where:
x+4=>0=>x>—4=x€[—4+0]
1 .
2- fa(x) =1

Df ={x/x+1+#0, xe]—o00,1[ U]—1,+oo[ } where:
x+1#0=>x#-1=2x€R—-{-1}>xe]-o,1[U]-1,+0o0]

1.1.Plotting the graph of a function:

If we have a function given by a formula, we can try to plot its graph. Suppose.

: we have a function f defined by:

f(x) = 3x? — 4.

The argument of the function (the independent variable) is x, and the output (the dependent

variable) is 3x? — 4. So we can calculate the output of the function for different arguments:

f(0) =3x0%2—-4 = —4
f()=3x1 -4 = -1
f(2) =3x22-4 =38
f(=1) =3x(-1)*-4 = -1
f(=2) = 3x(-2)?—4 = 8.
We can put this information into a table to help us plot the graph of the function.

x |2 [-1 Jo 1 2
f(x) |8 1 |4 | s
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we can also use the graph for values of x which are not in our table. If we have an argument of
1.5, we follow the line up to the graph, and then across to the vertical axis. The result is a number

between 2 and 3.

If we want to calculate this number exactly, we can substitute 1.5 into the formula:

f(1.5) = 2.75

1.2..Algebraic operations on numerical functions

Let f and g be two functions defined from [ towards R as follows:
f:1 >R g:1 >R
x = f(x) x = g(x)

We define the sum function (g + f): I — R by the relation:

@+HE) =g+ f(x),vx €l
We define the multiplication function (gf): I — R by the relation:

(9N =g f(x),vx el

We define the division function (g): I = R where the dependent g # 0 by the relation:

f IO
(—) (x) = x €l
PIES I
We define the function multiplying the function by a real number (af): D —» R where a € R by

the relation:

(af)(x) = af (x),Vx €]
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1.3..composite function :

Given two functions f and g, the composite function, denoted by f © g (read as “ f composed
with g”), is defined by:

(f°9)=flg()
The domain of f © g is the set of all numbers x in the domain of g such that g(x) is in the domain

of f.

Example 1:
Suppose that g(x) = 2x + 3 and f(x) = x2,find: f°g
Solution:
feg=r(g@)=(2x+3)?

Example 2:

Suppose that f(x) = 2x2 — 3 and g(x) = 4x
find: 1 (f ° g)(1)

2= (g°HM
3= (f°H(=2)
SRS

Solutiow:

- feg=f(g)=2040*-3= (D) =f(g(D)) =f(4) = 2.4* =3 =29
2- (g° N =g(f()) =g(-1) =4.(-1) = —4

3- (F° N2 =f(f(-2)) = f(5) =2.52 =3 =47

4- (gD =g(g(-D) =g(-4) =4.(-4) = -16

1.4. Even, odd and periodic functions:

A Function can be classified as Even, Odd or Neither. This classification can be

determined graphically or algebraically.

1.4.1 Even Function:
y = f(x) is Even when, for each x in the domain of f(x), f(—x) = f(x)

Or; we say about a function f:] — R thatitisevenift: Vx € [,—x € I : f(x) = f(—x)
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1.4.2. Odd Function:

y = f(x) is Odd when, for each x in the domain of f(x), f(—x) = —f(x)

Or; we say about a function f:] — R thatitisoddif: Vx € [,—x € I : f(x) = —f(x)

Hf(x)= x*+4
f(=x)= (—x)*+4
f(=x) = x>+ 4
f(=x) =f(x)

f Is even function

2) f(x) = x> —2x
f(=x) = (=x)° = 2(—x)
f(=x) = —x*+2x
f=x) = = (x* = 2x)

= ~f()
f Is odd function

3)f(x) = x2—3x+4

f(=x) = (=x)*
—-3(—x)+4

f(=x)= x*+3x+4

f(=x) # f(x)
Neither

Graphical Interpretation

Even Function:

to the Y-Axis.

Have a graph that is symmetric with respect

Odd Function:

to the Origin.

Have a graph that is symmetric with respect
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1.4.3 Periodic function:

A tunction f(x) is periodic if the function values repeat at regular intervals of the

independent variable T. The regular interval is referred to as the period.

We say about f it is periodic and its role T > 0 : if it was:

VXER,f(x+T)=f(x)
Such as: functions sin x and cos x They are periodic functions whose period is:
T =2m
because: sin (x + 2m) = sinx, cos (x + 2m) = cos x , As shown by the following figure:

A Iy = sin f AV = st

AWANNN WA
iy o

- = - =
period period

1.5. Finite functions :
Let be the function f defined from [ towards R as follow:
f:1 —R

x — f(x)

We then say that :

f 1s Constant functionif: Vx € I, Ja € R: f(x) = «

f is Limited from above if : Vx € [, AM €R: f(x) < M
f is Limited from Bellow if : Vx € I, 3m € R: f(x) = m

fisFiniteif: Vx €I, IM e R: |f(x)| <M

59




CHAPTER THREE: LOGARITHMIC AND EXPONENTIAL FUNCTIONS

Function f(x) = cos(x) is Limited from above because: |cos(x)| < 1

Function f(x) = sin (x) is Limited from Bellow because: sin(x) > —1

1.6. Increasing and decreasing functions (monotonicity)
1.6.1.Monotonicity about a point

Let a function f be defined on an open interval containing the point x = a. We have a set of
four standard terms to describe the increasing—decreasing behaviour of the function in a

sufficiently small neighbourhood around x = a. They are as follows:
Increasing: Vx,y €1, x <y = f(x) < f(y)

Strictly increasing: Vx,y €1, x <y = f(x) < f(y)

Decreasing: Vx,y €L, x =y = f(x) = f(y)

Strictly decreasing: Vx,y €1, x >y = f(x) > f(y)

1.6.2. Increasing;:

A function f(x) is said to be increasing about the point x = aif f(a- h) >f(a) >f(a + h),

where h is a small positive arbitrary number.
Derivatives can be used to determine is a function increasing, on an interval:

f(x) is increasing if derivative f'(x) > 0.

Examine the behaviour of the function f(x) = x3 - 3x + 2 at the

points x = 2.

Solution:

Atthepointx = 2, f (2) = 9 > 0 = f(x) isincreasingat x = 2.

1.6.3.Strictly increasing:
A function f(x) is said to be strictly increasing about the point x = a if:

f(a-h) < f(a) < f(a + h), where h is a small positive arbitrary number.
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Function sin(x) is strictly monotonic on each interval

[-m/2 + kn, /2 + kr], k = 0,+1,+2,43,... It is increasing on
[-m/2 + kn, /2 + kr], k = 0,%+2,14,16,....

1.6.4. Decreasing:

A function f(x) is said to be decreasing about the point x = aif f(a - h) <f(a) <f(a + h),

where h is a small positive arbitrary number.
Derivatives can be used to determine 1s a function decreasing on an interval:

f(x) is decreasing if derivative f'(x) < 0

Examine the behaviour of the function f(x) = x3 - 3x + 2 at the
points x = 0.

Solution:

Atthe pointx = 0, f (0) = -3 < 0 = f(x) is decreasingat x = 0

1.6.5.Strictly decreasing:
A tunction f(x) is said to be strictly decreasing about the point x = q if:

f(a- h) > f(a) > f(a + h), where his a small positive arbitrary number.

: : . 1
Examine the behaviour of the function f(x) = I
X+

at the point x = 0.

Solutiow:

1

We have f(x) = T
f0) =1

1
f(0O—h) = Py >1

1
f(O+h) = T <1
Since, f(0- h) > f(0) > f(0 + h), where hisasmall positive arbitrary number, f is strictly

decreasing at x = 0.
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Practical exercisel:

Find where f(x) = x? — 5x + 1 is increasing and where it is decreasing.

Consider f'(x) = 2x —5
,;i};:‘v
? fl(x)> 0 ifx > 5/2,

f'(x) < 0ifx < 5/2.
By Thm. B: f(x) is increasing for x > g

f(x) is decreasing for x < g

1.7. The endings Limits

In this section, we will cover the definitions and some properties related to the limits of numerical

functions of a real variable.

Definition:

The limits are defined as the value that the function approaches as it goes to an x value.

1.7.1 Function defined at the point

Definition:

We call a definition at the point x, in R any open interval centered at x,. Any interval
1xo — a, Xy + af where @ > 0. We say that the function f is defined at the point x, and at x,
itself if and only if there exists a number ¢ > 0 such that |x, — a, x; + a[ € D¢, where D¢ is the

domain of the function f.

And we say that the function f is defined at the point x,, and except for x, if and only if there

exists a number @ > 0 such that: Jx, — a, xo[ U ]Xq, %o + af € D¢

1
fo) =——=

x—1

is defined at the point 1 except for 1.
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1.7.2.0ne-Sided Limits: General Definition

One-sided limits are differentiated as right-hand limits (when the limit approaches from the right)
and left-hand limits (when the limit approaches from the left) whereas ordinary limits are
sometimes referred to as two-sided limits. Right-hand limits approach the specified point from

positive infinity. Left hand limits approach this point from negative infinity.
We say that f has a limit at x, ifand only it [; = [, =1

And written as: lim f(x) = [
X—Xg

1.7.3. The right-handed limit:
Let f:1 € R = R andlet x be an interior point of I, and f is defined on [ except for x,, at most.

We say that f has a right-hand limit at x,, if there exists a unique real number [, that satisfies the

tollowing;:
Ve>0,30 >0,VXED,,0<x—xo <0 |f(x) -] <¢
And written as: lim_ f(x) = L,
x-xgt
1.7.4. The left-handed limit:
Let f:1 € R = R andlet x be an interior point of I, and f is defined on [ except for x,, at most.

We say that f has a left-hand limit at x,, if there exists a unique real number [; that satisfies the

following;:
Ve>0,36 >0,VXED,,—6<x—x<0 = |f(x) 1| <e

And written as: lim f(x) =14
x—>xo~

w Prove that: lim(x? + 1) = 2
x—1
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Solution:

Prove that: lin}(x2 +1)=2
x—
According to the definition:

Ve>0,356(e) >0,VxER: |x—1|<d=>|(x*+1)-2|<¢
Suppose that

lx —1]| <dso [x+1|=|(x—1D+2|<d+2
And from it

x—1]<é6=2|(x*+1D)=-2|=|x*-1]=|(x-DExE+1|<65@2+6)<e¢
By solving the inequality

8% 4286 — & <0 We find that:
8 = —1 4+ 1 + & Achieves definition.

*&‘ When does a limit not exist?

e A general limit does not exist if the left-and right-hand limits aren’t

OT E equal (resulting in a discontinuity in the function).
N//—-") e A general limit does not exist wherever a function increases or

decreases infinitely (“without bound”) as it approaches a given x-
value.
e A general limit does not exist in the cases of infinite oscillation when

approaching a fixed point.

1.7.5.Unfinished endings:

1-We say that lim (x) = [ If and only if the following definition is satisfied:

X—+00
Ve >0,3K(e) >0,Vx > K= |f(x) - l| <e.

2- We say that lim (x) = [ If and only if the following definition is satisfied:
X——00

Ve>0,3K(e) < 0,Vx <K= |f(x) - l| <e.

3-We say that lim f(x) = 4o Ifand only if the following definition is satisfied:
X—Xg

VA > 0,36(A) >0,Vx, |x — x| <5 = f(x) = A

4-We say that lim f(x) = —oo Ifand only if the following definition is satisfied:
X—Xg
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VA <0,36(A) >0,Vx, |x — x| <5 = f(x) <A

5-We say that lim (x) = +oo Ifand only if the following definition is satisfied:
X—+00

VA>0,3K(A) >0,vx > K = f(x) = A.

6-We say that lim (x) = —oo Ifand only if the following definition is satisfied:
x—+00

VA< 0,3K(A) >0,vx > K = f(x) < A

7-We say that lim (x) = +o0 Ifand only if the following definition is satisfied:
X—>—00

VA > 0,3K(A) <0,Vx < K = f(x) = A.

8-We say that lim (x) = —oo Ifand only if the following definition is satisfied:
xX——00

VA < 0,3K(A) < 0,Vx < K = f(x) < A.

. If lim f(x) = oo and g is a limited function from below
X—00
NOTE vx € Dy, g(x) = K., then :
— lim (f + 9)(x) = o

1.7.6. Properties of limits :

Theory

Ifitis lim g(x) = b and lim f(x) = a where x, = o or x, € Rand a,b € R Then:
x—Xxg

° xlg? (af(x) + Bg(x)) = aa + Bb Forall a,B €R.
o m(f(x)g(x)) = ab

o Ifitish # 0 then lim £& =2

x-oxg9(0) b
Special cases:
) a=pf =1 Wefindthat lim (f(x) + g(x)) = +a.
X—Xg

2) a=1and B =—-1Wefindthat lim (f(x) — g(x)) = —a,
X—Xg

3) « € Rand f =0 We find that lim (af(x)) = aa,
X—Xg

65




CHAPTER THREE: LOGARITHMIC AND EXPONENTIAL FUNCTIONS

4y 4) If we put f(x) = g(x) then lim (f(x))2 = a?, More generally, we have : Vn € N,
X=X
. n_ g
lim (f(0)" =a

5) If f(x) < g(x) in the neighborhood of the point x,, then a < b, and in particular, if f (x) <

K in the neighborhood of the point x,, then a < K.
1.8. Limits: Numeric Solutions

There are a many better (and more accurate) ways to find the value of the limit than
graphing or plugging in numbers that get closer and closer to the value of interest. These solution
methods fall under three categories: substitution, factoring, and the conjugate method. But first

things first, let’s discuss some of the general rules for limits.

1.8.1.Limit Rules

Here are some of the general limit rules with: lim f(x) =L and lim g(x) =M

X—Xo X—>Xo

a—Sum Rule: The limit of the sum of two functions is the sum of their limits
lim (f(x) + g(x)) = lim f(x) + lim g(x) =L+ M
X=X X—=Xg X=X

b-Difference Rule: The limit of the difference of two functions is the difference of their limits
lim (f(x) —g(x)) = lim f(x) — lim g(x) =L—M
X—Xg X=X X—X0

c—Product Rule: The limit of a product of two functions is the product of their limits
lim (f(x) X g(x)) = lim f(x) X lim g(x) =L XM
x—Xx( X—>Xq x—Xxg

d-Constant Multiple Rule: The limits of a constant times a function is the constant times the

limit of the function

Jim (k= f(x)) = k lim f(x) =k+L

e—Quotient Rule: The limit of a quotient of two functions is the quotient of their limits,
provided the limit of the denominator is not zero

_ xlgrggof CI

e _L
xll)r;lo (g(x)) - x]iglog(x) =’ M +# 0.
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Find the following limits using the above limit rules:

llm(x +4x?% —3x) = llmx + llm4x — lim3x

xX—3
=33+4*32—3*3=27+36—9=54
Jim X% Umx*+limx® _2%427 _8+4 _ 12
x—2 X245 )lcl_r)r%(x2+5) 2245 445

Ifitis lim g(x) = M and 11m f(x) =L then:

XX
NOTE 1) a # tooand b = too So it will be:
/N ) hm (f(x) + g(x)) = o and 11m [ _
—Xo g(x)
/ 2) a# ioo and b=+wand a#0 So it will  be:
lim (f(x)g(x)) = £ and lim 29 = 400 With
X—-Xg x-xo f(X)

consideration of signal a.
3) a=+wand b = +oo So it will be:
lim (f(x) + g(x)) = +0 and lim (f(x)g(x)) = +oo,
X—Xq X—=Xo
4) a=—oand b = —oo So it will be:
lim (f(x) + g(x)) = —co and lim (f(x)g(x)) = +,
X—Xq X=Xo
5) a=4wand b =—oo Soitwillbe: lim (f(x)g(x)) =—
xX—>Xg

1.8.2 Limits of Rational Functions:

A rational function is a function that can be written as the ratio of two algebraic expressions. If a

function is considered rational and the denominator is not zero.

a—Substitution Method: the limit can be found by substitution. This can be seen in the example

below :

XX =3 _2+22-3 8+44-3 9
25 x2+5 2245 445 9

This can be defined more formally as: If f(x) and g(x) are algebraic expressions and g(x) # 0

, then:

D ACONpECT))
S TORIED)
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b-Factoring Method

x%-9
x+3

Consider the function : f(x) =
How would you find the limit of f as x approaches -3?

If you try to use substitution to find the limit, world-ending paradoxes ensue:

_x*-9 (=3)2-9 0

lim = - -
ST X3 (=3)+3 0

But fear not, this answer just tells us that we must use a different method to find the limit, because
the function likely has a “hole” at the given x value. Therefore, the factoring method can be
tried. To start this method, the numerator and denominator must be factored (in this case the

denominator is “factored” already).

_(x+3)(x—3)
x—>-3 x+3

The factor (x + 3) can be canceled to get the much simpler limit expression of that can easily be

evaluated via substitution:
lim(x—3)=-3-3=-6
x—>-=3

Therefore, the result of the limit can be found, with the understanding that there is a “hole” in

the graph at x = —3 . Hence,

c—Conjugate Method :

The conjugate of a binomial expression (i.e. an expression with two terms, you can tell this
because of the Latin root bi- meaning two) is the same expression with opposite middle signs. For
example, the conjugate of (\/} — 5) s (\/E + 5). This is really useful if you have a radical in
your limit. This is because the product of two conjugates containing radicals will, itself, contain

no radical expressions. See below:

(Vx2=5)(Vx +5) = Vx + 5Vx — 5Vx — 25 = x — 25
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You should use the conjugate method whenever you have a limit problem containing radicals for

which substitution does not work.

Evaluate :

. Ax+1l-4
lim

x—-5 X5

Solution:

First try the substitution method:

. Vx+11-4 V5+11-4 0
lim = =

x55 x-5 5-5 0
Well, another hole in the universe, or at least the graph. Indicating that you’ll need another

method to find the limit since the function probably has a hole at x = 5 . To start, multiply both

the numerator and denominator by the conjugate of the radical expression (\/x + 11 + 4):
Vx+11-4 (Vx+11+4)

lim X
x5 x—5 (Vx +11+4)
) (x+11)—-16
lim
x5 (x — 5)(Vx + 11 + 4)
x—5

lim
x5 (x — 5)(Va + 11 + 4)
Cancel the (x — 5) factor in the numerator and denominator.

1 1 1
li = _Z
xlf;(x+11+4) (V5+11+4) 8

1.8.3 Limits: indeterminate form

Previously, when we found that the result of a limit doing straight substitution yielded we used
factoring or conjugation to be able to solve the problem. What happens when neither of those
methods prove useful? You become very grateful for the 17th-century French mathematician
Guillaume de L’Hopital. L’Hopital was the man that derived a method of solving these types of

equations, known as indeterminate forms. This method, known as L’Hopital’s Rule, 1s formally

defined below.

1.9 . Formal Definition: L’Hopital’s Rule

If the limit lim Z&2 results in one of the following forms:
x-x9 9(X
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0

e} 0 0 0
; 5,00—00,0)(00,1,0,00,

)

And lim ! ,(x) exits and g'(x) # 0, then:
x—-xq9 9" (%)

lim @ = lim [
x-x0 g(x)  x-%0 g'(X)

X _
Find the limit lim & !
x->0 X
l e*—1 0
m = —
x-0 X 0
Using L’Hopital’s Rule:
X __ 1 ex
lim =lim—=-=1
x=0 X x-0 1 1
Practical exercise:
. .o x?
1-Find the limit lim =
x—00 2%
. .. 4 1
2-Find the limit lim ( — — —)
x—2 \x“—4 x—2
1
3-Find the limit lim x1-=
x—-1
4-Find the limit lim (x * In x)
x—0t
i X
2%
Using L’Hopital’s Rule:
ooxr 2x 2 x o
lim — = lim — =—

= im—
x>0 2% x-02¥In2 In2x-w02*¥ oo
Using L’Hopital’s Rule again:

2 oox_ 2 1 2 1 2
In2x0w2%  In2xow2*In2  (In2)2x062%  (In2)2
Li ( 4 1 )
— = 00 — O
r\x2—2 x-2
Using L'Hopital’s Rule:
Li ( 4 1 )_ o 4—(x+2) _ 2—x_l_ -1 1
i \xZ—2 x—2) A G-2(x+2) iixr—a x%2x 4
1
lim x1-x = 1%
x-1
1 1 Inx
Lety=x1—x,Thenlny:lnx1—x=1T

Using L’Hopital’s Rule:
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1

limIny = lim 2 = Jim —£ = _Jim ~ = -1
limtny = fim 7 = i 25 = —lm £ =
Therefore
lim 1 lim x% = | 122
i =-1 ) i -x = |j = T =—
lim Iny limxi-x = limy = e .
lim(x *Inx) =0 X o0
x—0
Using L’Hopital’s Rule:
1
, . Inx . x .
lim (x xInx) = lim ———= lim —5= lim —x =0
x—-07* x-0t = x—-0t _ = x-07%

x x2

1.10.Formal Definition of Continuity

From this information, a more formal definition can be found. Continuity, at a point a, is defined
when the limit of the function from the left equals the limit from the right and this value is also

equal to the value of the function. Using notation, for all points a where ,
lim f(x) = lim_f(x) = f(xo) -

x—>x0 x—>x0

1.10.1.The function is said to be continuous.

Definition

Let f:1 € R = R be a real function, x, € I. We say that f is continuous at the point x if the

following holds:
lim f(x) = f(x0)
X—Xg

1.10.2.Continue on the right (left) of the point.

o Wesay that f is continuous to the right of x, if the following holds: lim_f(x) = f(x,)
x-xg
e We say that f is continuous to the left of x if the following holds: lim f(x) = f(x,)
xX—xg

e We say that f is continuous at X, if and only if f is continuous to the right of x, and to the

left of x, at the same time.

) If f is continuous at every point x, of [, we say that f is continuous
NOTE on the set ].
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1-The function f(x) = x + 2 is continuous on the entire set R because

if x, € R 1s any point in R, we have:
lim f(x) = lim (x +2) =xy+ 2 = f(xp)
X—Xg

X—Xg

2-Let the function g be defined as follows:

x% x>1
gx)=491, x=1
x+2; x<1

We have : lim g(x) =1=g(1) And thus g is continuous to the right of 1,
x—1
And we have lim g(x) = 3 # g(1), hence g is not continuous to the left of
x-1"

1, so g is not continuous at 1.

L )

Note

»

For f to be continuous at x,, three conditions must be met:
e That f is defined at x,

e That lim f(x) exists and is unique,
X—Xo

e Tobe lim f(x) = f(xp).
X—Xq
Therefore, the function f is discontinuous at x, if none of the three previous

conditions 1s satisfied.

1.10.4. Definition function continuous on an interval:

A function f is continuous on an interval if it is continuous at every number in the interval. (If f

is de ned only on one side of an endpoint of the interval, we understand continuous at the

endpoint to mean continuous from the right or continuous from the left at the endpoint as

appropriate. )

The function f (x) = x is continuous on R

The constant function on a continuous domain on the same domain

Function f defined by:

f:R->R x—>f(x)={(1):i28

Is not continuous at all points of R.

1.10.5. Properties of continuous functions :

Theory 1:

If £, g: 1 = R are continuous functions at the point x, € I, then:
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1-All of the following functions ((xo) #0, 5) ,(f.9),(f —g),(f + g) are continuous at the

point x.

2-If f o g is defined, and f is continuous at the point x, = g(x,), then f o g is continuous at

the point x,.

Theory 2.

It f,g:1 = R are tunctions, and f is continuous at the point y, where xli_}r)rclo g(x) =y, then:

lim (f o 9)() = (%) -
Theory 3:

If f,g:1 — R are functions, and f is continuous at the point y, where lir_lp g(x) =y, then:
X—>100

Jlim (0 9)C0) = f(0)
Theory 4

If f,g:1 > R are functions, and f is continuous lir_El f(x) =1 and lim g(x) = % oo, then:
x—+00 XX,

lim (f o g)(x) =1
X—Xq
1.10.6 Intermediate Value Theorem

Suppose that f(x) is continuous on the closed interval [ab] and let @ be any number between

f(a)and f(b), (f(a) = f(b)), then there exists a number ¢ in the interval (ab) with:

flc) = a.

1.10.7. The Mean Value Theorem:
If f:1 - R is a continuous function on the closed and limited domain I = [a, b], then:

Va € [inf f(x),sup f(x)] = 3c € [a,b]: f(c) =a

If we consider the function f(x) = x? — 1, on the interval [0, 2], we see
that: f(0) = 1 <Oand f(2) = 3 > 0.

Therefore the intermediate value theorem says that there must be some

number, ¢, between 0 and 2 with f(c) = 0. The graph of f(x) crosses the

x axis at the point where x = ¢. What is the value of ¢ in this case?
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fX)=x*—1=0; if x2=1
This is true if x = % 1, therefore forc = 1 € [0, 2], we have f(c) = 0.

1.10.8.Continuation extension:

Definition: If a function is defined on a domain
limj(x) =1 and I\ {x,}
X—Xg

tunction g is defined as follows:

g(x) — {f(x),x * Xo

l X = X,

It is an extension of the continuity of f

Let it be
sinx
flx) = X 0
We have:
sin(x
lim () =1
x—-0 X

By applying the Lobital rule and from there g is a continuation of f where :

sinx 40
— ,x
x) =1 «x

1, x=0

2. DEFINITION OF THE NATURAL LOGARITHM FUNCTION

One solid approach to defining and understanding logarithms begins with a study of the natural
logarithm function defined as an integral through the Fundamental Theorem of Calculus. While
this approach may seem indirect, it enables us to derive quickly the fa miliar properties of
logarithmic and exponential functions. We use calculus for the very definition of the logarithmic

functions. The natural logarithm of a positive number x, written as In x, is the value of an integral.

*1
Ix = f —dt , x>0
1t

2.1. DEFINITION The Natural Logarithm Function x

In(1)=0, Vx€]0,+oo[,(Inx) ==

The function Ln is a continuous and strictly increasing on 0, + oo.
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2.2. Graph

A logarithmic function is a function that possesses the general form y = In(x). Logarithmic
functions increase infinitely but at a decreasing rate, as x increases. The function has an asymptote
at the vertical axis, meaning it approaches, but never touches, the y-axis. This is because you
cannot take a logarithm of a negative number, and hence the graph only exists for positive values

of x.

Consider the graph of a logarithmic function below,

2.3 Rules:

The below are rules and examples for using Natural Logarithm.

Rule Example
In(xy) = Ilnx+ Iny In(4sinx) = In4 + Insinx
L g l 1 ! In8
n(x) = nx ng = n
x x +1
In(=)=Inx-1In = — —
(y) y In—=In(x + - In(2x - 3)
)y = 1 1
Ln (x%) alnx Ln3\/x+1=ln(x+1)§=§ln(x+1)

2.4 Some Limits of the logarithmic function:

lim In(x) = —o0 lim In(x) = 4+
x—0%t x—+00
In(x+1 In(x+1
i XD i D _
x—0 X xX—+00 X
In(x In(lax +1
lim (a)=0+,a>0 lim¥=a
x—->+0 X x—-0 X
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ax

. _ limx*In(x) =0,a >0
=1 - )
fc% In(ax + 1) x=0

2.5. Solving logarithmic equations and inequalities:

By solving examples about:

2.5.1. logarithmic equations :

Solve each of the following logarithmic equations.

equations: Solution

In(x+3)=2 = eln(x+3) — 2

= x+3 = e?

=>x=e?-3

= x = 4.39
=>2n(1-y)=2
>h(1l-y)=1
:>eln(1—y) =el

2ln(1—y) +1 = 3

>1l-y=e
>1l—-e=y
=y~=-172

mCw+1) =1+ In(w-1) >h@Cw+1)-nhw-1)=1

2w+1
:>ln< )zel

W—
Zw+1_
w—1 - ¢

>2w+l=ew—e
>1+e=ew—2w
=>1+e=w(e—2)

1+e

e—2

= w =~ 5.18

Sw=

2.5.2. logarithmic inequalities:

Solve each of the following logarithmic inequalities.

inequalities: Solution
Inx < -2 = elnX <72
1
=X < —
e
In(x+5)>5 = en(xt5) 5 5
>x+5>e°
>x>e>—5
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3. EXPONENTIAL FUNCTIONS AND THEIR GRAPHS

Exponential functions are functions like f (x) = e* where the base e is a fixed number and the
index is given different values. When , e > 1, the function increases rapidly as x increases, and

when e < 1 the function decreases rapidly as x increases

e: R— R*

x — e*

3.1. Graph

3 2

An exponential function is a function that possesses the general form of y = e* where “ e” is
any constant greater than one. The graph of an exponential function will increase at an increasing
rate as x increases, and it will also have an asymptote at the x-axis, that is, it will approach the

x-axis but never touch it.

Consider the graph of an exponential function below,

3.2 Rules:

The below are rules and examples for using exponentials.

Rule Example
e =1 2e°+3=5
Vx € R, In(e*) = x In(e?**3) =2x+3
Vx € R, eln(®) — pn(x?+5x-2) — 42 +5x—2
V(x,y) ER XR, eXty = e*¥ x ¥ e’ +e2 =¢7
eX €5x_2 )
X=Y — — — p5x—-2—x
V(x,y) ER XR, e > o e
Vx € R % = — a1
x ’ ¢ = ex e = et
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a¥ = exln(a) . 5X — exln(S)

(ef(x))l — f’(x)ef(x) (62x2+5x)’ = (4x + 5)62x2+5x

3.3. Some Limits of an exponential function:

lim e* = lim e* = 4+
xX——00 X—+o
o e* e¥—-1
lim — =40, €7 lim =1
x—400 X% x-0 X

3.4. Solving exponential equations and inequalities

By solving examples about:

3.4.1. Exponential equations:

Solve each of the following exponential equations.

equations: Solution

e*tl =17 e*t1 =17 = In(e*™) = In17
>x+1=1I[n17
=>x=—-1+1In17

= x = 1.83

y -y f— 2
3eY + 2e 7 L3y 4L
ey

2
=>3a+a=7, (a=¢e)

=3a’24+2="7a
=3a’2—-7a+2=0
> Ba—-1)(a=2)=0

a1:2 2
:>a={ 1 :>ey={1

az = E g
In2
= 1
R {ln— = —I[n3
3
e?* + 15 = 8e* a®? + 15 = 8q, (a = e¥)

a?—8a+15=0
=2(@-3)(a-5)=0

_a1=3 x_ 3

:“—{%:5 5 e =
_ (In3
:”C_{lns
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3.4.2. exponential inequalities:

Solve each of the following exponential inequalities.

inequalities: Solution

e*™3¥ > 20 = In(e*3*) > In 20
=4 —-3x>1In20
>4—-[n20>3x

1
x>§(4—ln20)

= x > 0,335
ex >4 = In(e*) > In4
=>x>2In2

Practical exercise:

1- A cup of coffee is cooling down in a room.

The temperature 7°C of the coffee, £ minutes after it was made is modelled by
T=20+50€;_5t, t=0

a) State the temperature of the coftee when it was first made.

b) Find the temperature of the coftee, after 30 minutes.

c) Calculate, to the nearest minute, the value of rwhen the temperature of the coftee has reached

35°C.

-t

a)T =20+ 50e1s

-

7 t=0
S T = 20 + 50¢°
=T =20+50 =T =70°C
b)t =30
T=20+50e"% =T =~ 26.8°C
ct=35

-t

35 =20+ 50e1s

15 = 50672t = > — oo
= 15 = 50e1s =>E—els

10 E 10 1
:?z ers = ln(—) =—t

t

3 15
= 155(2)
>t = —
3
>t =18
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[ SERIES NUMBER 3 ]

Exercise 01:

1- Create a definition set for each function in the following cases:

1
A =G+ + i () = =S+ A0 = e fi(x) = 21 — |x| In(x?)
3 (x+1)
2|x—1]| A x<1
) =Gnng M@= A
2x—-1 '
x+ + = , x<0
x+1
> +— , x>0
x“—1 2

2- Determine the type of the following functions (odd or even).

x 3

x) =5x3—2x; f(x) =x?>+V2x2+61;f(x)= =
Exercise 02: Compute the limits of the following functions:

. X2 . sinx . x%2-9 . e?*—1 . xlnx—x+1
lim ; L ; lim ; lim—; ;o lim———;
x—2 Vx2-4 xsotanx  x53 x-3 x—0 3x%+x x—1 (x—-1)Inx

. x2+1
li
x—o00 X+1

Exercise 03 : Study the continuity of the following functions:

{(x+ 1)eX2 , x=>-1 - In(14+x) , x=0
g = 2 3 H f X ={ 4 . 5
(x+1) cos(m) , x<-—1 X sm(;) , x<0

Exercise 04 :

1- Find "a" values so that £ and g are continuous

Vx+2-2 ln(x+1)

—_—  , x>2 , x<0
:g(x):{ x—2 ; f(x)—{

a+eX? | x<2 x+2+a, x>0

2-Is it possible to continue extending the £~ function where:
Vx—1-2

, 5
- X F

f&) =
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[ ANSWER TO SERIES NUMBER 3 j]

Exercise 01:

1- Find the definition set of the following functions:

f10) =&+ +—

Df, ={x/x+2=,0Ax+1+0};
X+220=2>x>-2=x€[-2,+0o]
x+1#0=>x#-1=2x€R—-{-1}>xe]-o,1[U]-1,+0o0]

Dy = {x / xe]—1, +oo[ }
f2(x) = —§+ In |%1

Dfy, ={x/|x—1] > 0A|x| > 0}

x—1>0=>x>+1

Ix_ll>0${—x+1>O:,~—x>—1:,~x<+1
XE]—OO,l[U[—l,+OO[

x>0

Ix|>0=>{—x>0:>x<0
$XE]—OO’0[U]0,+OO[

Dy, ={x /xeR—{0,1} } = {x/ x € ]—0,0[ U ]0,1[ U |1, 4o }

f3(x) = e

Dy, = {x / x* # 0}
x2#0=>x#0=>x€R-{0}
Dy, = {x/ x€]—00,0[ U]0, +oo[}
fa(x) = 2x — |x| In(x?)

Dy, = {x / x* > 0}
x?2>0=x€R-{0}

Dy, = {x/ x€]—00,0[ U]O, +oo[}

_ 2|x-1]
fS(x) T x2+3x+2

Dfs ={x/x?>+3x+ 2+ 0}

x2+3x+2=0=2VA=1=2x=-1x, = -2

Df, ={x/xeR—{-2,-1}}={x/x€]—-00,-2[U]-2,—-1[ U |1, +oo[ }
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3 (x+1)
x<1
Vxt+z -
fex) =1 ", ;
w0 X >1

Dp. ={x/(x+2>0nx<D}u{x/2x—1#0nx>1}

{x+2>0:>x>—2
x<1

X € ]-2,4[and |—o,1] = x €]-2,1]
and we have :
2x—1#0=x %~

1 1
xe [~ UL 4o
x>1=>x€]1,+o [and we have = x € |1, +oo[
So Union 1s:
Dy, ={x/x €]-2,1]U ]1,+oo }
Dy ={x/x €]-2,+oo[ }

1 1

X 2 X241
f7(x) = x 3

x2—1+5 , x>0

Dp={x/(x*+1#0)nR2<1D}U {x/x*-1#0nx>1}

, x<0

X2+1=0=>x%2=-1
no solution in R
and x <0

X € |—,0]

and we have :

x2-1=0=>x?*=1
x€]—00,—1[U]-1,1[ U ]1, +oo[

x>1=x €]1,+oco[and we have = x € |1, +oo[
and x >0

x €]0,1] U ]1, +o[

So Union is:

Dy, ={x /x € ]-0,1] U]1,+0oo[ }

1-Determine the type of the following functions (odd or even):
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We say that the function is odd if :Vx € X, f(—x) = —f(x)

We say that the function is even if :Vx € X, f(—x) = f(x)

1-f(x) = 5x3 — 2x

f(=x) =5(—x)3 — 2(—x) = =5x3 4+ 2x = —(5x3 — 2x) = —f(x)
And hence the function is odd.

2- f(x) =x%+V2x2 + 61
f(=x) = (—x)?+J2(—x)2+ 61 =x2+V2x2+ 61 = f(x)

And hence the function is even.

x3

3- f(x) = N
flx) = =22 = X = _f(x)

J(=x)2+5 T VxZ+5

And hence the function is odd.

3

4- f(x) =
o)==
3 3

f(N) =g = =™
And hence the function is even.
Exercise 2:

x—2 _ 2
x-2 Jx2-4 0

By using L'Hopital's rule, we find:

ox—=2 - (x=2)
lim lim———
X-24/x2 — 4 x—2 (,/xz — 4)

—_— 2 —
) 7 o Vxc—4 0
= lim—5— = lim =—=
x-2 X x-2  2x 4
2Vx2-4
sinx 0
x—0 tanx T o
sinx
So we have : tan x = —=, then:
CcoS X
sinx . sinx

m =lim—:
x-0tan x x—0 SnXx
cosx
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. sinx ]
= lim——cosx =limcosx = cos(0) =1
x-0 Sinx x—0

lim Y22 = 0
x—3 x-3 o

Case of non-appointment and therefore:

x2—9 <\/x2—9 \/x2—9>

X
x—3 x2—9

 WVx2—9x+Vx2-9 x2 -9
= lim = lim
>3 (x —3)XVx2—9 3 (x—-3)XxVx?2-9
] (x—=3)(x+3) - (x+3)
= lim = lim
x23(x—3)XVx2—9 x234x2-9

=lim|(x+3) =6+ 00 =400
X3 x? -9
e¥*-1 _ 0
x>0 3x24x 0
By using L'Hopital's rule, we find:
(e — 1) 2e?*  2¢%©

i D _ _,
S (BxZ +x)  x06x+1 6(0)+1

li xlnx—x+1 _ 0

xr—1 (x-1)Inx T o

By using L'Hopital's rule, we find:

1
" xinx—x+1  (xhnhx—x+1) lnx—x;—l o In1-1-1
im

- T =1 =1
-1 (x—=1)Inx bl ((x—l)lnx)' xl‘r’rlllnx+§(x—1) xzrllln1+1(1—1)

0
0
By using L'Hopital's rule again, we find:

1

1
Inx)’ - - 1
llm ( ) 7 — llm 1 X = 1 1 — -
x=1 (lnx + 1+ x‘l)) ol py=2 -—41-2 2
x 1
m\/x2+1 _ i
x—00 X+1 400

Case of non-appointment and therefore:
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,/—xz+ /xz 1+ /1+ 1+i
lim =

x-0w X + x _ x—>00 1_|__

Exercise 3:

Study the continuity of the following functions:

Inl+x) , x>0
1_f(x)z{x“sin(;) , x<0

The function f is continuous at x, if: lim f(x) = lim f(x) = f(x,)
X=X~ x-xg
xlirggf(x) = xlirgg m(1+x)=Imn1)=0
lim f(x) = li 4.<5)_0
xggl—f x) = xggl—x st X B
Because according to our multiplication property:

5
—1<sin—-<1
X

limx* =0
X—0

The first is bounded and the second approaches zero, so the product approaches zero, and we

have:

fO=mA+0)=In(1)=0
limf(x)=limf(x)=f(0)=0
x—-0~ x—-07%

Therefore, the function f is continuous at "0".

(x+ e’ , x>-1

2- =
9(x) {(x+1)2cos(xji—1 , x<-—1

The function g is continuous at x, if: lim g(x) = lim g(x) = g(x,)
X—=x0~ x-xg
. _ . 2 1 _
xl_fzrbg(x) = xl—fﬁ+(x +1)e* = (0)e' =0
. _ . 2 3 _
xl_}ﬁ_g(x) = xl—fﬂ-(x + 1)“ cos (m) =0

Because according to our multiplication property:

—1 < cos (%) <1
lim(x+1)2=0
x—>—1

85




CHAPTER THREE: LOGARITHMIC AND EXPONENTIAL FUNCTIONS

The first is bounded and the second approaches zero, so the product approaches zero, and we

have:
g1 =(-1+1el=0
lim g(x) = lim g(x) =g(-1)=0
x->—-1" x—->—1t
Therefore, the function g is continuous at "-1".

Exercise 4:

Find the value of g so that the functions f and g are continuous:

In (x+1)
- flx) = { — , x<0
x’+2+a, x>0
Inx+1) 0
li = lim ————=—
xing(x) xigl X 0
By applying L'Hopital's rule, we find:
1
lim f(x) = lim X1 _ lim ! =
x—0~ x-0- 1 x-0tx + 1

jiﬁf(x)=jirg+x5+2+a=2+a

limf(x)=limf(x)=2+a=1=a=-1
x—-0~ x-0%

X+2-2
2g() =] x2z_ + *7?
a+e? | x<2
lim g(x) = li vx+2-2 0
xR TX T2 T
By applying L'Hopital's rule, we find:
1 1 1
lim 2242 — [im

x-zt 1 x2t X k2 4
lirgt_(a—ex‘z) =a+e’=a+1
X—

. . 3
xlirgl_g(x)—xlirzn+g(x)—a+1—2=>a——z

2-Can the function be extended continuously?

f(x)=xx+5_2 , x#5
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We calculate the limitat: x, = 5

) o Vx—=1-2 0
M= o
By using L'Hopital's rule:
1
li VX—l_Z_l. 2X—1_1
x5 x—5 x5 1 4

We have: li‘rrsl f(x) = Lif f(x) is extendable continuously at the point “5” and we write:
xX—

vVx—1-2
— , X#*5
fx)y=4 X75
1
- , x=5

4
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CHAPTER FOUR: DERIVATIVES

1. GENERALITIES ABOUT DERIVATIVES:
1.1.Definitions: We will present a set of definitions for differentiation as follows:

Definition 1:

Let f:[a, b] — R be a function of a real variable, and let x, € [a, b]. The rate of increase of the

function f at the point x, is the function Ty, : [a, b]\{x,} — R defined by:

FG) = flxo)
X

TXO(x) = —x
0

By setting h = x — x;, the rate of increase of the function f at the point x is written as:

T, (h) = fxo + h;)l — f(xo)

The real number T, (h) is the slope of the secant line that connects the two points: (xo, f (xo))

and (xo + h, f(xy + h))

Let the function f be set to R by f(x) = x2.

Let's calculate the number derived from the function f into any real

number q.
For h # 0:
fla+h)—f(a) (a+h)>—a® a?+2ah+h?—a?
3 = h = h =2a+h
Or: lim £ 7@ _ i 26 + h = 2a
h—-0 h h—0

For any number @, the number derived from the function f equal to 2a
is associated.
So we set it to R a function, denoted f ' whose expression is:

f'(x) =2x.

This function is called the derivative function of f.

Definition 2:

Let the function f: [a,b] — R, and let x, € [a, b]. We define the derivative of f at the
point x, as the limit (if it exists) of the increment ratio of the function f at the point x as x
approaches x;,. In this case, we say that f is differentiable at the point x, and we call the limit

the derivative of the function f at the point x; and denote it by:

f,(xo) — th f(x) _f(xo) - lim f(xo + h) —f(xo) .

-Xo X — X h—0 h
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We say that the function f is differentiable on the interval [a, b] if it is differentiable at every point
x in the interval [a, b]. In this case, the function defined by x +— f'(x) is called the derivative

function of f, and we denote it by f”.

‘t\ If x, = a, then the previous limit is a right-hand limit (with larger

values), that is:

fx) = f(a) fe) - fa)
X —a

NO/I”E f’(a)=)lci_r)r¢11—=)lcizr)r£11 xX—a

) If x, = b, then the previous limit is a left-hand limit (with smaller
/ values), that is :

f@) = f(b)

f(x)—f(b)
x—>b x—>b

f'(b) = chi_r)rll9 = lim

x—-b

Figure 1: Geometric interpretation of the derivative

Ihe tangent at the point

with the distance X

The chord that connects the two points

with coordinates Xy and Xo + h

v
v

I

1

1

1

1

1

1

.
X

0 x0+h xO

Definition 3:

Let the function f: [a, b] — R, and let x, €]a, b[.

— We say that f is differentiable to the right of x if the limit:
() = f(x0)

m ————————————————

I
xX5x x_xo

It exists and is called the right-hand derivative of the function f at the point x,, denoted by:

fO) = Fxo) |

fa(xo) = li>m X — %o

X—=Xg

— We say that f is differentiable to the left of x,, if the limit:
() = f(x0)
m ———————————————

I
X=X, x_xO
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It exists, and it is called the left-hand derivative of the function f at the point x,,, denoted by:

f@) =)

i) = lim = —

X—Xg

If the derivatives f;(x,) and f;(xo) exist and f;(xo) = f;(x¢), then

the function f is differentiable at x;, and we have:

f'(x0) = fa(xo) = fg’(xo) :

1-Let the function defined on R be f(x) = x? we have :

L -f@) L xP -l
im—————= = lim

x-1 X — x-1 X —
Thus, f is differentiable at the point x, = 1 and f'(1) = 2.

2-Let the function defined on R be f(x) = +/x. We have:
- f-f0) . Vx-0 1
m———=lim———

li i =lim—= 40"
=0  x—=0 x>0 X xio\/z

Thus, f is not differentiable at the point x, = 0.

3- Let the function defined on R be f(x) = |x|. We have:

= 2.

, . x—0
fa(0) = lip—— =1
x—0
and

—x—0
= —1.

fg(0) = lim

x—0

f4(0) and £;(0) exist, hence f is differentiable to the right and to the left
of the point x5 = 0, but f;(0) # f;(0), therefore f is not difterentiable

at the point x, = 0.
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Table 1: Derivatives of Common Functions

derivative Ensemble de
Function f
function f’ définition de f
(Real constant) a 0 R
X 1 R
x", neN nx™ 1 R
1 n R/{0}
x_n - xn+1
1 [0, +oo]
x _—
v 2+/x
1 1 R/{0}
x x2
CcoS x —sinx R
sinx cosx R
1 10, +oo[
Inx —
X
e* e* R

1.2. Rules of derivation:

Theory 1:

Let f:[a,b] — R and g: [a, b] — R be two real functions defined on the interval [a, b] and

differentiable at the point x, € [a, b].

1-The function f + g is differentiable at x;, and we have:

(f+9) (x) = (f"+9)(x0) = f'(x0) + g (x0)-

2-The function f X g is differentiable at x, and we have:

(f xg)'(x0) = (f" x g + f xg)(x0) = f'(x0)g(x0) + f(x0)g" (x0).

3- 1t g(xy) # 0, then the function 5 is differentiable at x, and we have:

(i)l(x ) = (f' x g —fxg') oy 2 L1C0) X 90) = [ () X ')
g 0 g* ° (g(xo))z

92




CHAPTER FOUR: DERIVATIVES

Theory 2.

Let f:[a,b] — [c,d] be a function defined on [a, b] and difterentiable at x, € [a, b], and let
g:[c,d] — R be a function defined on [c,d] and differentiable at f(x,) € [c,d]. Then the

function g o f:[a, b] — R s differentiable at x,, and we have:
(g o f) (x0) = f'(x0) X g'(f (x0)).

Table 2: Derivation Rules

E . derivative E )
unction functionf’ xample
af af’ f(x) =4x3 = f'(x) = 12x2
f+g f'+g' f)=x+x*> =f"(x)=1+2x
fx) = (Bx?*+4x)(5x — 1) = f'(x)
fxg | fa+fg = [(6x + ©)(5x — D] + [(5)(3x7 + 4x)]
= 45x% + 34x — 4
1 -f _ oy —4x—=5
f f? f(x)_mﬁf(x)_(sz + 5x)2
_ 6x —5
f(x)_x3 —2x2 —1
! f'9—fg 6(x3 —2x2 — 1) — (6x — 5)(3x? — 4x)
g 9? = f'() = (3 — 2x% — 1)?
_ —12x3 +272x% —20x — 6
ST B — 2 — 1)
flx)=Bx* +x—-1)3
Dk nf'fm
= f'(x) =3(6x+1)(3x%> +x—1)
Jr S f(x) = 3x2 +4\/§=>f’(x)=6x+i
2f Vx
Inf ]; f(x) =In (3x2 +5x)=>f’(x)=ﬁ
ef f'ef f(x) = e2x® +x?
= f'(x) = (6x% + 2x)e2*’ +*
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1.3. Properties of differentiation:

Theory 3:

Let f:[a,b] — R be a real function defined on the interval [a, b]. If f is difterentiable at the

point x, € [a, b], then it is continuous at that point, but the reverse is not true.

Theory 4:

Let f:[a,b] — [c,d] be a real-valued function defined, continuous, and monotonic on the
interval [a, b]. If f is differentiable at the point x, € [a, b] and f'(x,) # 0, then the inverse

function ff ~1: [¢,d] — [a, b] is differentiable at the point y, = f(x,) and we have:

FHD'Go) =

1
f'(x0)
1.4 Rolle's theorem :
Let f Be: f:[a,b] — R a defined and continuous real function on the domain [a, b]. If f is

derivable on the open domain ]a, b[ and achieves f(a) = f(b) then there exists ¢ €]a, b[
achieves f'(c) = 0..

Verify Rolle’s Theorem for the function : f(x) = 2x? + 20x — 3
on [4,6].

Solutiow:

1- f(x) is continuous on [4,6] ?

Yes, f(x)is polynomial so it’s defined on R.

2- f(x) is differentiable on [4,6] ?

Yes, because f'(x) is also a polynomial which is defined on R.
3 F(4) = £(6):

F(4) = 2(4) —20(4) — 3 = —45

f(6) = 2(6)* —20(6) —3 = —45

So rolle’s theorem guarantees at least one place where f'(x) = 0 betweenx =4 andx = 6
Check: f'(x) = 4x — 20

f'(c)=4c—-20=0
cC=5
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Practical exercise:

Check requirement of Rolle’s Theorem for the function : f(x) =1 — x*/3 on [—1,1].

1- £(x) is continuous on [—1,1] 2
Yes, f(x)is defined for all x between —1 and 1
x = -1,
FED=1- (D% =1-[-D%] =1-(-1?=0
2~ f(x) is differentiable on [—1,1] 2

No , because

floo==2x"5=22

3Vx

Clearly undefined at x = 0

3 f(=1) = f(1)?
f-1D)=1-(-D73=0
fW=1-W% =0

So rolle’s theorem can not be used to guarantees the existence of horizontal

tangent between x = —landx = 1

1.5 Lagrange’s mean Value (The theory of finite increments):

Let f Be : f:[a,b] — R a defined and continuous real function on the domain [a, b]. If f is

derivable on the open domain ]a, b[ so:

3¢ €]a, b[: f'(c) =w-

b —

Verify Lagrange’s mean Value Theorem for the function

f(x)= 3x%2 — 5x + 1 defined in the interval [2,5].
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Solution:

1- Since f(x) is a polynomial, it is a continuous function in [2,5]

2- f'(x) = 6x —5existsin (2,5) .

Thus the conditions of Lagrange’s mean Value Theorem is satisfied. To verify mean Value
Theorem, we have to show that there exists at-least one point ¢ in the open interval ]2,5[,

such that:

oy _TO)=f(2)
f'(©) =T 5_2

Now :

f(5) = 3x52-5x5+1=51

f(2) =3x22-5x2+1=3

6c—5=51—_3

3
=>6¢c—5=16 :'c=2‘jl

=>c= g = 3% € [2,5] Hence mean Value Theorem is verified.

Practical exercise:

Verify Lagrange’s mean Value Theorem for the function f x = v x2 — x in the interval [1,4]

1- f(x) 1s an algebraic function, so it is a continuous in [1,4]

Cfr(x) — _2x1
2 f 2V x2—x

Therefore all the conditions of Lagrange’s mean Value Theorem is satisfied. To

exists in (1,4)

verify finite increments Theorem, we have to show that there exists at least

one point ¢ in the interval (1,4) such that

f,(c):f(‘li:]l‘(l)
Now: f(4)=vV42 -4 =23
And: f(1)=V12-1=0
2c—1  2v/3

A N

4c?-4c+1 4
4(c%-c) ~ 3
= 16¢%2 —16c = 12¢?> — 12c + 3
=4c?2—-4c-3=0
=>4c?—6c+2c—3=0
=2c(2c—3)+(2c—-3)=0
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= (2c—-3)2c+1)=0

3 1
>c=-orc=—-
2 2

3
Cc = E lies in [1,4]

Hence mean Value Theorem is verified.

1.6.Application of derivation to the concept of maximum and minimum stationary

point

An important goal of life is to maximize nice quantities and minimize unpleasant ones.
Extremizing quantities is also a most important principle which nature follows: laws in physics
like Newtons law, or the Maxwell equations describing light, or equations describing matter can
be based on the principle of extremization. The most important intuitive insight is that at maxima
or minima of a function f, the tangent to the graph must be horizontal. This leads to the following

notion for differentiable functions:
A point x,, 1s a critical point of f if f(xy) = 0

Definition:

A critical point (or stationary point) of f(x) is a point (a, f(a)) such that f'(a) = 0

Recall that, geometrically, these are points on the graph of f(x) who have a at tangent line, i.e.

a constant tangent line.

AL B flx)

..'" Critical Points N,

Find all critical points of f(x) = x3 — 3x% —9x + 5.

We see that the derivative is f'(x) = 3x% — 6x — 9. We need to solve

fix) =0
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ff(x)=3x2— 6x— 9=3x?-2x—-3)=3(x+1)(x—- 3) =
0= x=—-1,x=3
Thus the critical points of f(x) are:

(-Lf(-D) = (-110)and 3,f(3)) = (3,—22).

You may notice, particularly from the graph, that the critical points seem to coincide with the

peaks of the graph. These is almost true. In fact we have the following definition:
Suppose (a, f(a)) is a critical point of f(x). Then,

(a, f(a)) is alocal minimum & f"' (a) > 0

(a, f(a)) is alocal maximum & f"' (a) < 0

(a, f(@)) is a point of inflection & f"(a) = 0

We can think of this definition as a test to identify the local maximum and local minimum points

of a function f(x).

If f(a) < 0or f (a) > 0 then we have a local maximum or minimum, respectively, and if

f (a) = 0 then we know nothing. Different cases of f (a) = 0 will be explored later.

w Find all local extrema of f(x) = x3 — 3x2 —9x + 5

on the previous Example we found f'(x) = 3x2? — 6x — 9 and that the critical points occur at
(—1,10) and (3, —22). To apply the second derivative test we must first compute the second
derivative:

f'(x)=6x—6
Then we simply take the points x = — 1 and x = 3 and plug them into f"' (x).
x =-—1 x =3

f'"-1)=6(-1)-6=—-6-6=-12<0 | f"(-1)=6(3)—-6=18—-6=12>0
= local maximum = local minimum

So the function f(x) has a local maximum at the point ( —1,10) and a local minimum at the

point (3, — 22).
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1.7. Critical Point Theory:

Let f Be: f:[a, b] — Radefined and derivable on the open domain ]a, b[ . Every point is called

¢ €]a, b[ which achieves f'(c) = 0 is Critical point .

e Iff"(c) > 0so cis Minimum critical point,
e If f""(¢) < 0so ¢ is Maximum critical point.

o Iff"(c) = 0so cis Inflection point.

Find all local extrema of:

Solution:

irst we calculate the critical point(s) of y. Difterentiating gives y’

Solving y' = 0 gives

1
2= =21l=x?=1=—==1=x*=

the point (1,y(1)) = (1,2).

I
Juy
I
=

y'=1-x" - x=—-lorx=1
Next we find the second derivative:
y” =2 x‘3 = F
Finally we plugboth x = —1andx = 1 into y"
x =—1 x =1
2 2 2 2
"-1))=——==—=-2<0 "M== —===—=2>0
YD === Y= Gm=1=2>
= local maximum = local minimum

Thus y has a local maximum at the point ( —1,y(— 1)) = (—1,—2) and a local minimum at
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2.SUCCESSIVE DIFFERENTIATION AND LEIBNITZ’S THEOREM.
2.1 Introduction

Successive Difterentiation is the process of differentiating a given function successively
times and the results of such differentiation are called successive derivatives. The higher order

differential coefficients are of utmost importance in scientific and engineering applications.

Let be f(x) a differentiable function and let its successive derivatives be denoted by .

OO GO, ey fM ()

2.2.Common notations of higher order Derivatives of y = f(x)

.. d
1%t Derivative: f'(x) or y'or y; or ﬁ or Dy

2
20d Derivative:  f''(x) or y''or y, or % or D2y
n
nth Derivative:  f™(x) or y™or y, or Z—i or D™y
X

Very basic finite difference formulas in numerical analysis approximates the de rivative f’ (x)

using a sequence h,, > 0 such that h, — 0. The two basic formulas are

f(x"'hirllT)L_f(x) N f/(x) and f(x+hn;;l£(x_hn) N fl(x)

Let be I the domain of and f:] — R. The derivative of the degree n of the function f that we

encode by the symbol is defined by regression :
Inorderton =0 : f(O) = fand: (f("))' = f(n+1)

We say that f a function is differentiable up to the order n at a € I if £~ it is differentiable

ata .

And we write: (f("_l))’(a) = fMW(@). We also say that a function f accepts a derivative of the

order n on [ if it accepts the derivative n time on [. That is, if £ ™ (x) is known to every, x € |
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2.3 Calculation of nt? Derivatives :
1. nth Derivative of e%*

Let: y = e

y1 = ae®™
Y, = azeax
VY = ae®

2. nt* Derivative of (ax + b)™ mis a* , ve integer greater than n
Let y = (ax +b)™

y. = m.a(ax + b)™1

y, = m(m — 1) a?(ax + b)™ 2

Yp=m(m—-1)..(m—n+1)a"(ax +b)™™"

m!
= ) a*(ax +b)™ ™"

3. n'* Derivative of y = log(ax + b)

Let y = log(ax + b)

_a
y1= (ax+b)

—a?

Y2 = (ax+b)?

21-a3
V3= (ax+b)3

n—1)—-a™

_ (_1yn—-1(
In = ( 1) (ax+b)n
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4. n*" Derivative of y = sin(ax + b)
Lety = sin(ax + b)
y1 =acos(ax +b) = asin(ax +b +§)

3’2=a2cos(ax+b+g) =azSin(ax+b+g)

. nm
Yo =a® sm(ax +b +7)
Similarly if y = cos (ax + b)
— 4N nn
Yp=a cos(ax+b+ 2)

Table 3 : Summary of Results

Function nth Derivative
y = e y, = a"e™
( m!
— a(ax+b)™ ", m>0m>n
y = (ax +b)™ (m —n)!
y 0, m>0m<n
Yn = n! a® m=n
(-D™n!a™
—_— m=-—1
\ (ax + b)nt1
(n—1D!—-a"
= log(ax + b = (L
y = sin(ax +b) Y =a" sin(ax+b+nz—n)
y = cos (ax +b) yn=a"cos(ax+b+712—”)
y = e%sin(bx + ¢) Yo = e (a? + b?)zsin (bx +c+ ntan‘lz)
y = e“*cos(bx + ¢) ¥, = e*(a® + b?)z cos (bx +c+ ntan"lz)
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Find the nt" derivative of
1
1—5x + 6x2
Solutiow:
1: Let
_ 1
Y =1 5%+ 6x2
Resolving into partial fractions
_ 1 _ 1 3 2
YT T sx+6x? (1-30(1—-2x) 1-3x 1-2x
_3(=3)"(=D)"™n! 2(=2)"(—-1)"n!
In = (1 — 3x)n+1 (1 — 2x)n+1
3 n+1 2 n+1
— (—1\nt1l, _
=wm=0D n'[<1—3x) (1—2x> l
Example 2 :

Find the nt" derivative of sin 6x cos 4x

Solution: Lety = sin 6x cos 4x

1
y=3 (sin 10x cos 2x)

Vn = % [10” sin (10x + %) +2"cos (Zx + %)]

3 LEIBNITZ'S THEOREM

If u and v are functions of x such that their nt* derivatives exist, then the nt" derivative of

their product is given by

U V) = UpV + N Up_1 V1 + N, Uy _2Vp + o+ N U Uy + o0+ UD,

Where u, and v, represent r*" derivatives of u and v respectively.

Find the nt* derivative of x logx
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Solution:

Letu = logx andv = x

Then u, = (1" 1222 and g,y = (-1)m2 &2
By Leibnitz’s theorem, we have

UV)p = UpV + N Up_1V1 + N, Up_pVp + o+ N Uy Uy + 0+ UD,

(—)'

= (xlogx), = (~1)"" 1 (n ; DL (=" 2= 40
= o 8 e B2
—2)!
= (—1)*1-2(’;,1—_1) [~(n—1) +7]
— n_z(n—Z)!
= (=1 xn-1

Find the nt® derivative of x2e3" sin 4x

Solution:

Letu = 3" sin4x and v = x2
Then : u, = €325 /2 sin (4x +ntan™? g)
= e3*5" sin (4x +ntan~?! %)

By Leibnitz’s theorem, we have;

(u v)n = UpV + N, Uy V1 + N, Up2Vp + -+ N, Uy Uy + 0+ UV,
2,3%
= (x2e% sin 4x)n
2,3xem o; —14 3xen—1 q; -1
= x“e>*5™sin | 4x + n tan 3 + 2nxe>*5™" *tsin(4x + (n — 1) tan

4
+ n(n — 1)e3*5™" 2sin <4x +(n—2)tan™? 5) +0

3 4 2nx 4
= e3¥5™ [x2 sin (4x + tan™! 5) + Tsin <4x +(n—1)tan? §)
nn—1) . .4
+ Tsm (4x + (n—2)tan §>l

3
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Or we can write:

Let f and g be two functions n times differentiable on I, then fg is n times differentiable

on | and we have:

viel  (Fx™m =) CF g
k=0

With :

n!

Kkl (n-k)!

P

Find the 4t" derivative of h(x) = x%(x + 1)°

Solutiow:

Then :
fl)=x*=
fi = 2x
I =2
f& =0

So that :

By Leibnitz’s theorem, we have

(XM = ) G fK gm0
k=0

g =(x+1°=

gV ) =5(x+D*

gP(x) =5x4(x+ 1)3
g®(x) =5x4x3(x+1)?

K™ (x) = Y g™ @) + CiF D) g™ V() + C2F D () g™ D (x) + 0
RO = G - 9@ @) + CH P gD ) + P 0gP () + 0.+ 0

R (x) = x2120(x + 1) + 4. (2x)(5 x 4 x 3)(x + D2 + 6(2)(20)(x + 1)3
= 120x2%(x + 1) + 480x(x + 1) + 240(x + 1)3

..+0
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4 TAYLOR’S FORMULAS

4.1.Taylor’s formula with Lagrange remainder:
Let xy € [a,b] and f : [a,b] = R be a function that checks:
1.f eC"on|a,b].

2. £ is differentiable on ]a, b[.

then, Vx € [a, b] (with x # x,),3c € [a, b] such that:

@ @ )
£ = ) + 02 =) + L Gt L
(n+1)
* f(n ¥ S? (r = 2™

This expression is the Taylor formula of order n with the Lagrange remainder

f(n+1) (C)

CEE

RTL (X, xO) =
4.2 Taylor Mac-Laurin formula:

If we set x, = 0 in the Taylor-Lagrange formula, we obtain:

36 €]0,1] such that:

f(x)=f(0)+f(1)( ) (x )+f(2)( ) (0)*+. f(n)( ) — ()" +
This is Taylor Mac-Laurin’s formula
Example:
Show that for every x € R,.:
x? xZ  x
X == <In(l1+x) Sx—7+?

W ARRIC)

(n+1)!

Let x = 0, Applying the Taylor Mac-Laurin formula of order 2 to the function:

f(x) = In(1 + x), we find:
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xZ 3

In(1+x) =x—7 + W /0 €]0,1]

Since x > 0 then,

x? x? x3
2 ST Y3t ex8

:>x—x7 <mn(1+x) ..... (1)

On the other hand

X3

3
X
I
3(1+6x)3 — 3

xZ x3 xZ 3

_ T <«
CX T Y 3drexy S T2

2 X3

=>ln(1+x)§x—x7 + 3 v (2)

From (1) and (2) we get:
x2 x* X3

—_— < < g — —

X <Ih(l+x)<x > +3
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[ SERIES N° 4: DERIVATIVES ]]

Exercise 01:

Let the function f defined be as follows:

1+ xvx tsix=0
fa ={ire

1+n(1+X%):six<0
1. Identify the domain of the function. f

2. study the differentiability of the function f, isit f’ continuous?

3. Apply the mean value theorem of the function f to the domain if possible.[—1 ; 1]

Exercise 02:

Find the derivatives of order 2 of the following functions:

flx) =vVx?2—4 ;g(x) = 1/2 _ h(x) = x3(x + 1)?

Exercise 03:

Find the critical values of the following functions:

fO)=(x—-1D(x+1) ; gx) =%/ 24

Exercise 04:

Let the defined function f be as follows:

fix — [x;x+ 1] [x;x+1] c R%
fix — Inx
Using the mean value theorem, show that:

1 1
- 1) — _
x+1<ln(x+ ) lnx<x

Exercise 05:

Apply the mean value theorem to the function if possible:
f)=1—-In(x+1) x€][0;1]
Apply Rolle's theorem to the functions if possible:
fx) =x3—4x x€[-2;0]
gt = x| xe[-11]
Exercise 06:

Find the derivatives n of the following functions:
i) =x*+x* f(x) =xe®x ; f3(x) = x* In(x)
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[ ANSWER TO SERIES NUMBER 4 j]

Exercise 1:
1- Determine the domain of the function f:

14+ xVx i six>0 = h(x)

f(x):{1+ln(1+X2)iSix<0 =9

The domain of the function f is:
Df = Dh U Dg =R
2-study the differentiability of the function fis it f' continuous?

We have: (1 + xv/x ) is differentiable on the domain R*.
And [1 + In(1 + X?)] is differentiable on the domain R*

We study difterentiability at the point x, = 0

f(x) — f(O) 1+x\/— 1

lim —————= lim ————— = limVx =0
x—-0* X — x—>0+ x—0t
_ fo—-f0O) 1+ln(1+X2)—1 0
llm _— = llm = —
x-0- x—0 x—0~ X 0

By using L'Hopital's rule, we find:

In(1+X?%) , 2x
m —== lim

x—0~ X _x—>0_1+X2:O

We have: f;(0) = f,;(0) = 0o it is differentiable at x, = 0 and therefore differentiable on R

Study of the continuity of the function f'"

x
x>0
2Vx
fl =4 2«
1+ X2 X <0
0 x =0
We have : f'(0) =0
l () = li 2x
lmf X lm1+X2

. 12 i . x
lim f100 = Um Nx oo
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By using L'Hopital's rule, we find:

lim —— = limvx =0
x-0t _£_  x-0%

2vx

Thus, the function f’is continuous on R.
3-Application of the Mean Value Theorem for the function f on the interval [—1; 1]:

We have the function f differentiable on R, so it is continuous on R (property — but the reverse
1s not true).
If f is continuous and differentiable on R, then it is continuous on the closed interval [—1,1]

and difterentiable on the open interval |—1; 1[ (according to the theorem).

And According to the Mean Value Theorem:

fO-fED [fB) - f(a)
1-(-1) ' b —

dce]|-1;1[: f'(c) =

2—-[1+n(2)] 1-1In(2)

) =——F——= —

And by calculating f'(c) we find

c 2c+c 3c 3
- Ve

f@=Ne 3= e e 2

And thus we have:

;\/c_=1—lzn(2) - \/C_=1—;n(2):c= <1—;n(2)>

Exercise 2:

1-Determining the second-order derivatives of functions:

f(x) =VxZ -4
f(l) _ 2x _ X
@ " oVxz—4 x2—4
—— x x%—4—x2
f(z) — 1( x? - 4) B (Vx2—4)x — Vx2—4 — —4
& D) =4 BV = 7)

W 02-0-(-D@) 1
oo =7 22 “ 27
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@ _ 02— —R(DR-DID) _2@-x) _ 2
9 = (@-07? IRCEE L

h(x) = x3(x + 1)?

hiy = 3x%(x + 1D? + [2(c + D) = (x + D[3x2(x + 1) + 2x°]
hZ) = (D[Bx2(x + 1) + 23] + [6x (x + 1) + 3x% + 6x2](x + 1)

hZ) = x?[3(x + 1) + 2x] + 3x([2 (x + 1) + 3x] (x + 1)

hgg = x?[5x + 3] + 3x[5x + 2](x + 1)

Exercise 03:

1-Finding the critical values of functions:
fO) =(x-1D*(x+1)
flfl)=@x-1D*+x+D2x-1)=(x-D[x-D+2x+D]=Cx—-1DBx+1)
Accordingly, the critical values are:

c—1=0 a=1

f,(C)=O: or = _1 EDf
3¢+1=0 (cg=—

And we calculate:

") =CBx+1D+3(x—1)=6x—-2=f"(c)=6c—2

Then
f"(c;)) = f"(1) =4 >0 = Minimum value
1
f'"(c) = f" (— §> = —4 < 0 = Maximum value
_X
9 ="/ 4 4
D, =R

—x2+1

! —
g (x) - (x2+1)2

Accordingly, the critical values are:
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C1:1
g@)=0=>-c?+1=0=c?=1=1 or €D
C2=_1

And we calculate :

—2x(x? + 1)? —4x(x> + D(=x*+1)  (x® + D(=2x> — 2x + 4x° — 4x)

9700 = &2 + 1) D
_ 2x% —6x
S (x2+1)3
Then :
n 2C3 - 6C
9O =ty
—4
g"(c)=9"(1) = 5 < 0 = Maximum value
4
9" () = g"(-1) = 3 > 0 = Minimum value
Exercise 4:

We have the function f differentiable and continuous on R}, hence:

f(x) = In(x) , X €[x,x+1] c R}

f 1s continuous on the closed interval [x, x + 1]
And differentiable on the open interval |x, x + 1[) (according to the theorem).

And according to the mean value theorem:

dcelx,x+1[: f'(c) = f(xx++li :i(x) =fx+1)—f(x)

f'(c) =In(x+1) —In(x)
And by calculating f'(c) we find:

1
)=+

Cc

And it becomes:
1
i In(x+1) —In(x)...(1

And we have -

xXElx,x+1[=x <c <x+1

1 1 1
<= <= .2

x+1 c X
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We substitute (1) in (2) and find:

1 1
11 <In(x+1)—In(x) < —

Exercise 5:

1-Application of the mean value theorem on the function:

fx)=1-In(x+1) x€[0;1]
Dp={x/1+x>0}={x/x>-1} = {x/xe]-1, +oo[ }
f is continuous and differentiable on the interval |—1, +oo[ then:
f 1s continuous on the closed interval [0,1]

And differentiable on the open interval ]0,1[ (according to the theorem).

And according to the mean value theorem:

ce]01f:f'(c) —M—f(l) fO=f()=1-In(2)-1
And we have :
f)y=—=f=
So
1 1n(2)—1:>L In(2)
1+c 1+c

S In2)+c n(2) =1

—In(2)
S Cc= W@C:()‘l-‘l' E]O,l[

2— Applying Rolle's Theorem to the function:
f(xX)=x3—4x x€[-2;0]
f is continuous and differentiable on R, then:

f is continuous on the closed interval [—2, 0]

And difterentiable on the open interval |—2, 0]
And f(—2) = f(0) = 0 (according to the theorem) where:

f(=2)=(-2°-4(-2)=-8+8=0

and

f(0)=(0)°-4(0)=0-0=0
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according to the theorem we have:

3c€e]-2,0[:f'(c) =0

2
c1 = —= = Rejected solution
4 e V3
f’(c)=3c2—4=0=>3c2=4=>c2=§(:> or
2
cp=—— =¢, €|-2,0
2 \/§ 2 ] [
g(x) = |x| x € [-1;1]
And it can be written in the form:
. _(x x>0
g = ={* *Z

Rolle's theorem cannot be applied to the interval [—1; 1] because:

fCED =D

Exercise 06:

1-Determining the n'* derivative of functions:
f1(x) =x*+ 3

The function is differentiable, and therefore: f; ™ =
f2(x) = xex

Finding the nt? derivative of multiplying of two functions using Leibniz's rule (leibniz formula)

(f x DME) = D G FEDg" P
k=0

We have:
fa)=x=f3 =0
g(x) = e = gM(x) = ae™
then :

£ = ) - g™ @) + G D )g "D @)
=1l.x.a"e™ +n.l.a" te™
n-1,ax

=xae™ +naa" ‘e

n
fz(n) (x) = a"e®™(x+nal)=a"e™ (x + E)
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f3(x) = 22 In(x)

Finding the N-derivative of multiplying two functions using Leibniz's rule:

(Fx ™E) = D G L")
k=0

We have:

f(x)=x*> g(x)=lnx =

1 _

o §00 L=

fo =2 gP ) = —1.x7?

JAS g®) =+1x2.x73

(x) gP ) =-1x2x3.x7*

gm0 = (DM - DIx

Then:

£P@) =S g™ + D™V () + D0 g™ D () + 0.

£P) = x2(=D)" (- Dix™™ + n.2x(=1)"(n — 2) x~ @D
+ %n(n —1.2(-D)" (n—-3)1x" "2

f3(n)(x) = (D" (n—-D!x"?2 + 2n(—1D)"(n — 2)! x "2
+n(n—1D(1D"1(n—-3)!x "2
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CHAPTER FIVE: ORIGINAL FUNCTIONS AND INTEGRATION

1. ANTIDERIVATIVES (PRIMITIVES) AND INTEGRALS
First, let’s recall the definition of an antiderivative (a primitive).

1.1 Definition.

A primitive of a function f, defined on an interval ]a, b[, is any function
F derivable on ]a, b[, whose derivative coincides with f on ]a, b|[.

F'(x) = f(x),Vx €]a, b

Any continuous function on an interval | has a primitive on this interval.

i If F is a primitive of the function f : | — R, any primitive G of f on
I is of the form
G:I >R

bi‘OLE__‘ ‘ x = G(x) = F(x) + ¢

where c is a real constant.
Two primitives of the same function difter by one real constant, whose

derivative 1is zero.

Proof. Let H be a function defined as follows:
H(x) = G(x) — F(x), Vx € I
where F and G are antiderivatives of the function f . Let a; b € [suchthata < b. Since F and
G are antiderivatives of f , then
H@x) =@ -Fx)=fx-fx =0
for every x € I. Since the function H is differentiable, it is continuous. From the mean value

theorem on [a; b], there is a number ¢ € (a; b) such that

H(b) — H(a)

H'(c) = ———
(©) Py
Since H'(x) = 0 on I, then H'(¢c) = 0. This implies H(a) = H(b) and this means H is a

constant function.

Find the general form of the antiderivatives of f (x) = 6x°.

Solution:

IfF(x) = x then F'(x) = 6x°. The function F(x) = x® + cisthe

general antiderivative of f .
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Tablel: The list of basic Antiderivatives (primitives) rules

f(x) F(x) I
0 c,c ER R
a ax + ¢ R
1

x ~x* + R
2x c

2 1.3

X Ex +c R
1 1
— —~+c R*

=
N
=

1

—— 2\x + ¢ 0, +o0

N Vx ] [

1

xn xn+1 +C R
n+1

1 1

— - - R*

xn (n—1)xn-1 te

1

- Inx + ¢ 10, 4o

X

1

- In|x| + ¢ R*

X

e* e*+¢ R

1.2. Indefinite Integrals:

if the function F(x) + ¢ is an antiderivative of f (x), then there exist no antiderivatives in

different forms for the function f (x). This leads us to define the indefinite integral.

Definition :

Let f be a continuous function on an interval [. The indefinite integral of f is the general

antiderivative of f on [:

ff(x)dx = F(x)+c
The function f is called the integrand, the symbol [ is the integral sign, x is called the variable of

the integration and ¢ is the constant of the integration.
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Now, by using the previous definition, the general antiderivatives in follow Example are:

f(2x+3)dx =x?2+3x+c

f(cosx+ 1)dx =sinx+x+c

We can now work out how to evaluate some integrals. To do that, we should remember

differentiation rules of some functions. Basic Integration Rules

Rule 1: Power of x.

d
ax"“ =+ Dx",so0 f(n + Dx"dx =x"1 +¢

Generally, forn # 1,

xn+1
fx”dx = +c
n+1

In words, to integrate the function x™, we add 1 to the power and divide the function by n + 1.

Ifn = 1, we have a special case

jldx =x+c

Rule 2: Trigonometric functions.

d
—sinx = cosx, So Jcosxdx =sinx +c¢
dx
d . .
—CcoxXx = —sinx,so | —sinxdx =cosx +c
dx
Therefore, [sinxdx = —cosx + ¢

The other trigonometric functions with the previous rules are listed in the following table:

Table2: The list of basic integration rules.

Derivative Indefinite Integral
d

— ) =1 ldx =x+c¢
dx

d xn+1 xn+1
:xn,n#:l fxndx = +c
n+1
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d—(sinx) = COSX fcosxdx =sinx +c¢
X

d—(—cosx) = sinx fsinxdx =—cosx+c
X

a(tanx) = sec?x Jseczxdx =tanx +c

a(—cotx) = csc? x f csc’xdx = —cotx + ¢

d—(secx) =secxtanx fsecxtanxdx =secx+c
X

d
d—(—cscx) = scsx cotx fscsxcotxdx =—cscx+c
x
Example:
Evaluate the integral.
fx‘3dx
1
f S—dx
cos?x
Solution:
f _3d x—3+1 N 1 N
xPdx = c=——+c
-3+1 x2
1 2
f 5 dx=fsec xdx =tanx +c
cos?x

1.3 Properties of the Indefinite Integral :

Assume f and g have antiderivatives on an interval [, then:

d j—
= rwar=rw

faf(x)dx =aff(x)dx,a ER

| ¢ tgenax = [ royax + [ g ax
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fff’dx=%f2+c

jf’f”dx= L M4+ e,n+-—1
n+1 '

f 1
f—zdx= —7+C

Ffoo
ff_ndx‘(n—l)fn-l“

o
]ﬁdx—z f+c

o
IFdx—lnf(x)+c

ff’efdx =ef/® +¢

Examplel :
Evaluate the integral
f (4x + 3) dx
f (2sinx + 3 cosx) dx
% J Vx +1dx
Solution:

[ (4x+3)dx = §x2+3x+c=2x2+3x+c
[ (2sinx +3cosx)dx = —2cosx +3sinx +c¢

L [Vatldx=vx+1
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Example 2 :

Solve the differential equation f'(x) = x3 subject to the initial

condition f(0) =1

Solutiow:

ff’(x) dx = fx3 dx = f(x) = —x*+c¢
Ifx = 0, then f(0) = 14 (0)*+ ¢ = 1 and thisimpliesc = 1.

Hence, the solution of the differential equationis f(x) = 14x* +1

1.4. Integration By Substitution

The integration by substitution (known as u-substitution) is a technique for solving some
composite functions. The method is based on changing the variable of the integration to obtain a

simple indefinite integral. The following theorem shows how the substitution technique work.

Theorewm :

Let g be a differentiable function on an interval | where the derivative is continuous. Let f be
continuous on the interval | contains the range of the function g. If F is an antiderivative of the

tunction f on J, then

[raen @ ax=rgw)+e,  xel

Evaluate the integral [ 2x (x% + 1)3 dx

Solutiow:

We can use the previous theorem as follows:

Let f(x) = x3and g(x) = x2 + 1, then f (g(x)) = (x? + 1)3 . since g'(x) = 2x, then from
previous Theorem, we have:

(x%2 + 1)*

fo (x?2+1)3dx = 2

122




CHAPTER FIVE: ORIGINAL FUNCTIONS AND INTEGRATION

We can end with the same solution by using the five steps of the substitution method given below.
Steps of the integration by substitution:

Step 1: Choose a new variable u.

Step 2: Determine the value of du.

Step 3: Make the substitution i.e., eliminate all occurrences of x in the integral by making the

entire integral is in terms of u.
Step 4: Evaluate the new integral.
Step 5: Return the evaluation to the initial variable x.

In previous Example, let u = x2? + 1, then du = 2x dx. By substituting that into the original

integral, we have

f >d W +
u u=—=r°¢
4
Now, by returning the evaluation to the initial variable x, we have:

(x%2 + 1)*

fo (x2+1)3dx = 2

1.5. Integration by Parts

we describe one more method of integration, that is found quite useful in integrating products of
tunctions. If y and v are any two differentiable functions of a single variable x (say). Then, by the

product rule of differentiation, we have:

d( ) = dv+ du
dx hid _udx vdx

Integrating both sides, we get

_J dvd +f dud
uv = udxx vdxx

d d
Or fud—de=uv—fvd—de.......(1)
Let u = f(x) and Z—Z=g(x) then

Z—Z =f'(x) and v = [ g(x)dx
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Therefore, expression (1) can be rewritten as:

[ r@geax =60 [ g ax - [ || gwax] r oo
[r@geax=r@ [ gwar- [ [re [ geoax]ax

If we take f as the first function and g as the second function, then this formula may be stated as

follows:

“The integral of the product of two functions = (first function) x (integral of the second
function) — Integral of [(differential coefficient of the first function) x (integral of the

second function)]”

Examplel :

find [ xe*dx
Solution

Take first function as x and second function as e* . The integral of the

second function is e*

Therefore, [ xe*dx = xe* — [ 1.e*dx = xe* —e* +¢

Example 2:

w find [ x%Inx dx

Solutiow:

. . : .1
Take first function as In x and second function as x? . The integral of the second function is §x3

Therefore,
1 1 1
fxz Inx dx =—x3lnx—j—x3.—dx
3 3 X
1 1 x3 1

1 1
=§x3lnx—§fx2dx=§x3lnx—§.?+c=§x3lnx—§x3+c
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2. THE DEFINITE INTEGRALS

In this section, we shall study what is called definite integral of a function. The definite integral

has a unique value. A definite integral is denoted by f: f(x) , where a is called the lower limit
of the integral and b is called the upper limit of the integral. The definite integral is introduced
either as the limit of a sum or if it has an anti derivative F in the interval [a, b], then its value is

the difference between the values of F at the end points, i.e., F(b) - F(a).
2.1 First fundamental theorem of integral calculus

Theorewm 1

Let f be a continuous function on the closed interval [a, b] and let A (x) be the area function.

Then A'(x) = f (x), forall x € [a, b].
2.2 Second fundamental theorem of integral calculus

We state below an important theorem which enables us to evaluate definite integrals by making

use of anti derivative.

Theorewm 2.

Let f be continuous function defined on the closed interval [a, b] and F be an anti derivative of

f. Then
b
[ r@ax =@ = o) - F@

Steps for calculating f: f(x)dx :
1-Find the indefinite integral [ f(x)dx . Let this be F(x). There is no need to keep

integration constant C because if we consider F(x) + C instead of F(x), we get

b
ff(x)dx= [F(x) + cla = [F(b) + c] = [F(a) + c] = F(b) — F(a)

Thus, the arbitrary constant disappears in evaluating the value of the definite integral.

2- Evaluate F(b) - F(a) = [F(x)]} , which is the value of f; f(x)dx

We now consider some examples
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Examples: Evaluate the following integrals:

2 4
(D fxz dx (2) J(6x+4) dx
Solution:
(1) = [ l
23 (-1)° _
3 3
(2) = f_41(6x + 4) dx = GZLZ + 4x]i1 = [3x? + 4x]%,

= [3(4)% + 4(4)] - [3(~1) + 4(-1)] =64—(-1) = 65

2.3. Some Properties of Definite Integrals

We list below some important properties of definite integrals. These will be useful in evaluating

the definite integrals more easily
[P dx = - [*F@)dx.
Ll =o.
[PFG) dx =[£G dx + [ F () do.
[Pafeodx = a [ &) dx.
P+o@dr= [P dc+ [ g dx.
[Pfeydx = [PF©) dx.
[} f@dx= [ fla+b—x)dx.
[ fde = [ fa—x)dx.

foza f(x)dx = foaf(x) dx + foaf(Za —x)dx
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3% Fydx = 2 [} (o) dx if f(2a—x) = £(x)
and 0 if f(2a —x) = —f(x)
[ FG) =2 [ f(x) dxif f is an even function, i.e., if f (- x) = f (x).
[° f(x) = 0 if f is an odd function, i.e., if (- x) = - f (x).
3. Applications of integration in economics

- Economic applications of Definite integration: There are several economic and administrative

applications, the most important of which are as follows:
A. Consumer surplus.

B. Producer surplus.
3.1.Consumer’s Surplus :If the demand function is as follows : P = f(Q)
Where:

P :The price of the item.
Q :The required quantity of the item.

The following figure illustrates the difference in prices that consumers are willing to pay for

different quantities of a commodity.

rt
kD
N
NN
Pilc
A —>
o Q- =

Source: Eid Ahmed Abu Bakr, 2013 - 1434, Page: 345

The area OABC represents the total amount of money paid by consumers to obtain quantity

Q*, which is P*Q*. When Q* = (Q, the price P* = P..
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The shaded part BCD represents the advantages that the consumer receives when paying the
fixed price P*, this is called the consumer surplus symbolized by the symbol CS can be found by

the following relation:

Consumer surplus = what the consumer should have paid — what the consumer actually paid.
- Integration of the demand function from zero to Q*— the product of the

equilibrium price multiplied by the equilibrium quantity.

.
cs= [ r@ade- rer
0

If the demand curve for a commodity is :P = 250 — 2Q
Assuming that the equilibrium price in the market for this commodity is

equal to 150

Required: Create the consumer's surplus.

Solution:

Since the price in equilibrium is equal to 150 by substituting in the equation of the demand

curve, we get the equilibrium quantity as follows:

P =250 —20Q
150 = 250 — 2Q
20 =100
100
Q=—-=50

Now calculate the consumer surplus
Consumer surplus = the integration of the demand function from zero to Q*— the product of the

equilibrium price multiplied by the equilibrium quantity.

;
cs = f £(Q)dQ — PQ*
0

50
= f (250 — 2Q) dQ — (150 X 50)
0
2750
= [250 Q- % — 7500
0

= [250(50) — (50)% — (0)] — 7500
= [12500 — 2500] — 7500
= 10000 — 7500 = 2500
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3.2 Producer’s Surplus :

If the supply function of a commodity is P = g(Q) on the following image, the following
figure shows the difterence in prices at which producers want to display different quantities of

goods.

Source: Eid Ahmed Abu Bakr, 2013 - 1434, Page: 349

The area OABC represents the total amount of what the seller receives and is equal toP*Q*, this

is when Q* = Q the price P* = P assumes that all goods are sold.

The shaded part BCD represents the advantages that the seller receives when selling the
commodity at the specified price P*, and this is called the surplus of the product ,

symbolized by the symbol PS, which can be found through the following relationship:
Surplus product = what the product actually got — what he wanted to get.

=The product of the equilibrium price multiplied by the equilibrium quantity —
the integration of the width function from zero to Q*
Q*
ps= o~ [ g@do

0

If the supply curve of a commodity is determined by the relation -

P = 3Q% + 150

Assuming the price in equilibrium 1s 297

Required: Find the surplus product.
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Solutiow:

We compensate by price to find the quantity

297 =3Q* + 150

297 — 150 = 3Q?

147 = 3Q?

Q=v49=7

That is, the equilibrium quantity = 7, the equilibrium price = 297.

Surplus product = what the product actually got — what he wanted to get.
Q

Ps=PQ' - [ g@da

0

7
=297 x 7 — J(SQZ +150) dQ
0

3Q3 7
= 2079 ~ |-~ 150Q
0

= 2079 — [(7)3 + 150(7) — (0)]
= 2079 — 1393 = 686
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[ SERIES N° 5: INTEGRATION ]]

Exercise 01:
Evaluate the following integral:
& [x3 dx
@ [Vx? dx
¢ [Qx+5)(x+1) dx
oo X2
* f(x2—4x+5)
[ sin(4x) dx
3-1
. [ dx

x2

X/
°e

e

Exercise 02:

Solve the differential equation
. f'(x) = 6x?+ x — 5 subject to the initial condition f(0) = 2
. f"(x) = 5 cos x + 2 sin x subject to the initial conditions f(0) = 3 and f' (0) = 4
. f'(x) = 3x? — 2x + 1 subject to the initial condition f(2) = 3
. f'(x) = ax — 5 subject to the initial condition f(—1) =9 and f(2) = -3

S R O R

Exercise 03:

1- Evaluate the integral By Substitution formulae

f x2—1
(x3-3x+1)°

o [V2x—-5dx
f dx
xlInx
o f xdx
V9—4x2
2- Find the following integration By using the formulae for integration by part
e [e3*.3dx

o [x3e*dx
Exercise 04: Evaluate the following integrals:
o | = f 23 x?% dx ,

[ = ff%dx
<3o—x5>
e | = f_ll Sx*Vx> + 1dx

o [ = f_zllx3 — x| dx
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[ ANSWER TO SERIES NUMBER 5 j]

Exercise 01:

1- Evaluate the following integral:

fx3 dx

dex

= f(x) = ix4+c

2 3 5
= x3dx = sXitc
f(2x+5)(x+1) dx
= [(2x% +2x +5x +5) dx

=[(2x*+7x+5) dx = [2x?dx+ [7x dx+ [ 5 dxzszS+7’26—2+5x

j x—2 d
(x2—4x+5) *

(x2—4x+5)""
-1

ﬁ%f(x2—4x+5)‘2(2x—4)dx=% +c
fsin(4x) dx

= —%cos(4x) +c

-1
j g dx

= [xdx— [x? dx=9;—2+i+c

Exercise 02:

1-Solve the differential equation f '(x) = 6x% + x — 5 subject to the initial condition

f(0) =2
1
ff’(x) dx = f6x2+x—5 dx = f(x) =2x3 + Zx2—5x+c
Use the condition f(0) = 2 by substituting x = 0 into the function f(x). We have
f(0)=04+0—-0+c=c=2

Therefore, the solution of the differential equation is f(x) = 2x3 + ixz —5x+2
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2-Solve the differential equation f''(x) =5 cos x + 2 sin x subject to the initial
conditions f(0) = 3 and f' (0) = 4

ff”(x) dx = f5c05x+25inx dx = f'(x) =5sinx—2cosx+c¢
Using the condition f'(0) = 4 gives

F(0)=0-2+c=4=c=6

Hence, f'(x) = 5sinx — 2 cos x + 6. Now, again

[ Fredx= [(ssinx—2cosx+6) dx

= f(x) =—5cosx—2sinx+6x+c
Use the condition f(0) = 3 by substituting x = 0 into f(x). We obtain
f(0O)=-5-0+0+c=3=>c=8

Hence, the solution of the difterential equation is f(x) = —5 cos x — 2 sin x + 6x + 8

3-Solve the differential equation f '(x) = 3x% — 2x + 1 subject to the initial condition
f(2) =3

3x3  2x2
ff’(x) dx = f3x2—2x+1 dx =>f(x)=T—T+x+c=x3—x2+x+c

Use the condition f(2) = 3 by substituting x = 2 into the function f(x). We have

f2)=8-4+24+c=3=6+c=>c=3-6=-3

Therefore, the solution of the differential equationis f(x) = x3 —x? +x — 3

4-Solve the differential equation f'(x) = ax — 5 subject to the initial condition
f(-1) =9and f(2) = -3

2
jf’(x) dx = jax—s dx :f(x)=a%—5x+c

Using the condition f'(—1) = 9 gives

—1)2
ff(_l)za(zl) —5(-1D+c=9=>2+5+c=9
:%+c=4:a+26=8 ...... (D

Now, again, Using the condition f'(2) = —3 gives

2
fl@="-52)+c=-322-10+c=-3
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22a—10+c=-3>2a+c=7
Ra+c=7)xR2)=4a+2c=14.... (2)

By Subtracting the first equation from the second, we get:
3a=6=>a=2

We substitute @ = 2 in Equation 1
24+2c=8=>2c=6 >c=3

Therefore, the solution of the differential equation is f(x) = x% — 5x + 3

Exercise 03:

1-Evaluate the integral By Substitution formulae

x? -1 i
(x3 —3x+1)° .

Letu = x3—3x+ 1, thendu = 3(x2 — 1) dx. By substitution, we have:

1j' 6 gy = 1 1 te= -1 N
3) Y TR e T T s —3x+ 1)5 ¢
f\/Zx —5dx
Letu = 2x — 5, then du = 2 dx. By substitution, we have:
1. 2 0 1=, @x-52, 1 3
EfuZdu—E 3/2 + —T‘FC—E (2%—5) +c
j dx
xIlnx
The fact that dx /x is the differential of In x suggests the substitution u = In x, so du = dx/x
and
dx du
J = | —=Inu=In(Inx) +¢
xlnx u
f xdx
V9 — 4x?

Here the fact that the x in the numerator is essentially the derivative of the expression 9 — 4x?

inside the radical suggests the substitution u = 9 — 4x2. Then du = — 8x dx, and

1
_ /
R =i Ly Thdy =t = u= -G 4 e

1
2
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2-Find the following integration By using the formulae for integration by part

f e3*. 3 dx

. . . .1
Take first function as 3 and second function as e3* . The integral of the second function is = 3¥

Therefore, [ e3%.3 dx = 3.§e3x — f§e3x(0)dx =e3 +¢

fx3e2x dx
e?x 2xe?*
fx3ezxdx=x27—f > dx

1
= §x282x — j xe?* dx

1 erx er
:Exzezx— > —fl.T dx

1 1 1
— _N2,2x | 2x _ _ p2x
er [er 4e ]+c
1 1 1
— y2p2x _ 2x _ _ ,2x
er zxe e +c
1 1
_p2x 2 _ _
2e [x x+2]+c
Exercise 04:
3
szxzdx
2
(3.2 9. _ ﬁg _ _ _27_8_19
I=[’x dx—[g]z—F(3) F@=2-3=1
> x
I=| ———dx

LetI=f49 Vx

—— dx We first find the anti derivative of the integrand
(30—xf)

3
Put 30 —xz =t then —%ﬁdx = dt or Vxdx = —% dt ; Thus,

135




CHAPTER FIVE: ORIGINAL FUNCTIONS AND INTEGRATION

Therefore, by the second fundamental theorem of calculus, we have

9
1

1=FO) - F@ =3 ——| =3 [motom | =2 [r -] = 50
(30—x5)2 31(30-27) (30—8)] 313 221 99

wl N

1
I= f 5x*/x5 4+ 1dx
-1
Putt = x° + 1, then dt = 5x*dx

Therefore,

2 3 2 3
j5x4\/x5+1dx=j\/fdt=§t5=§(x5+1)§

Hence

1 2 341
sz 5x* x5+1dx=—[(x5+1)5]
1 3 -1

2 3 3
=2 |0+ D7 = (1% + 1]
20,2 312 _ 42
[ - 0] -3 -
I=f_21|x3—x|dx
We note that x3 - x > 0 on [- 1,0] and x3 - x < Qon [0,1] and that x3 - x > 0O on [1,2].

So we write

]_21|x3_x|dx=j_ol(x3—x)dx+J01_(x3_x)dx+f(x3_x)dx
= J_Ol(x3 - X) dx+J01(x—x3) dx+J12(x3 —x)dx

xt x2)°
Z_Tl
1
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