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INTRODUCTION 

 

 ͐ 

Mathematics 1 is one of the methodological education units offered in the LMD system. It is 

taught in the first semester of the first year of the common core for the Faculty of Economic 

Sciences, Business, and Management. Mathematics is a set of abstract knowledge resulting from 

logical deductions applied to sets, numbers, shapes, data, and transformations. It aims to study 

quantitative topics, helping us understand, compare, and comprehend the world around us, and 

develop the ability to think soundly and logically. Mathematics participates in many fields such as 

technology and other sciences, thereby assisting researchers and students in finding solutions to 

problems and making sound decisions. 

Mathematics helps provide logical solutions and address daily issues such as project planning, 

project management, budgeting, and even managing discussions. 

The overall objective of the course is to enable the student to understand mathematics and 

apply it in various administrative, financial, economic fields, and other related measures to the 

specialization. Under this objective, there are a set of skill goals to be achieved, which can be 

clarified as follows: 

• Introducing the concept of factorial and how to calculate it so that the student can use it in 

Statistics 1, 2, and 3. 

• Enabling the student to use the laws of sequences and apply them in the economic aspect in 

examples of interest-bearing savings. 

• Employing the fundamentals of mathematical analysis in fields related to the specialization of 

economic sciences, such as statistics, operations research, financial mathematics, etc. etc. 

• Distinguishing between the characteristics of functions and their economic applications. 

The module contains five main chapters, each of which is part of a pedagogical sequence that 

allows students to understand and assimilate the basic concepts covered in the lecture. Through 

guided work sessions, learning lessons are reinforced with a series of exercises that help students 

better understand and absorb concepts, in addition to applying theory to practice and drawing 

conclusions. These chapters are as follows:  

• First chapter: Combinatorial analysis  
• Second chapter: Generalities of numerical sequences 

• Third chapter: Logarithmic and exponential functions. 

• Fourth chapter: Derivatives. 

• Fifth chapter: Original functions and integration 
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Combinatorial analysis is only a method or technique that helps to count and limit the 
possible results of a random variable and an accident in case they cannot be found by direct 
counting, so Combinatorial analysis is used in order to facilitate the calculation of the number of 
elements of a set if they cannot be found directly . 

And the analysis of the combinatorial is concerned with giving the number of possible 
ways for the groups under certain conditions through some mathematical rules that facilitate this 
formation on the one hand and enables the study of the finite groups by simplifying the counting 
in them and deducing more effective ways, more effective ways, the number of suitable cases and 
the number of possible cases associated with that incident on the other hand, and thus the 
calculation of probabilities becomes one of the most important practical applications of the 
combinatorial analysis, so the necessity of presenting those mathematical rules to benefit from 
them when addressing the topic of probability and its laws becomes clear. 

In this chapter we will try to cover the following topics: 
permutation 

Arrangements 

Combinations 
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1.FACTORIALS : 

The sequences of consecutive numbers in products are: the factorials. 

 

͵! = ͵ × ʹ × ͳ = ͸ ͷ! = ͷ × Ͷ × ͵ × ʹ × ͳ = ͳʹͲ 

 

Definition: 
Let ݊ be a positive integer. We define "݊ factorial" as: ݊! = ͳ × ʹ × ͵ × … × ሺ݊ − ͳሻ݊        ݂݅       ݊ > Ͳ Ͳ! = ͳ 

 

 

ͳͷ!ͳʹ! = ͳͷ × ͳͶ × ͳ͵ × ͳʹ!ͳʹ! = ͳͷ × ͳͶ × ͳ͵ = ʹ͹͵Ͳ  
Practical exercise1:   

Calculate the following: ʹͲ!͵! × ͷ! × ʹ!  ,   ͵ͲͲ!͵! × ʹͻ͹! ሺͶ × ͵ሻ! ,        Ͷ! × ͵!,       ሺͶ + ͵ሻ! ,      Ͷ! + ͵!    

 

ʹͲ!͵! × ͷ! × ʹ! = ͳ.͸ͻ × ͳͲଵହ ͵ͲͲ!͵! × ʹͻ͹! = ͶͶͷͷͳͲͲ ሺͶ × ͵ሻ! = ͳʹ! = Ͷ͹ͻ ͲͲͳ ͸ͲͲ Ͷ! × ͵! = ͳͶͶ ሺͶ + ͵ሻ! = ͹! = ͷͲͶͲ       Ͷ! + ͵!  = ʹͶ + ͸ = ͵Ͳ 

Practical exercise2 : 
Simplify the expressions below (n is a positive integer): ݊!ሺ݊ − ͳሻ!,        ݊!ሺ݊ − ʹሻ!,        ሺ݊ + ͳሻ!݊! ,      ሺ݊ + ͳሻ!ሺ݊ − ͳሻ! 
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Solution :  

 

݊!ሺ݊ − ͳሻ! =  ݊ሺ݊ − ͳሻ!ሺ݊ − ͳሻ! = ݊       ݊!ሺ݊ − ʹሻ! =  ݊ሺ݊ − ͳሻሺ݊ − ʹሻ!ሺ݊ − ʹሻ! = ݊ሺ݊ − ͳሻ = ݊ଶ − ݊ ሺ݊ + ͳሻ!݊! =  ሺ݊ + ͳሻ݊!݊! = ݊ + ͳ  ሺ݊ + ͳሻ!ሺ݊ − ͳሻ! = ሺ݊ + ͳሻ × ݊ × ሺ݊ − ͳሻ!ሺ݊ − ͳሻ! = ሺ݊ + ͳሻ݊ = ݊ଶ + ݊  
2.THE COUNTING METHODS:  

 

The basic law of counting allows us to calculate the number of possible 
outcomes only and does not allow us to determine them. Therefore, 
we resort toa tree diagram to determine the elements of possible 
outcomes. This diagram is a graphical representation of the. It shows 
each stage and its possible outcomes through branches, with each 
branch of the trees howing only one outcome of each stage. All the 
outcomes in the branch are the final outcome of the random 
experiment 

 

3.PERMUTATION AND ARRANGEMENTS:  

There is another counting rule that is sometimes useful, which is the method of calculating 
arrangements. It allows us to calculate the number of possible outcomes when selecting ݊ 
elements from ܰ elements (݊ ൑ ܰ), taking into account the order of the elements drawn. If the 
number of elements drawn n is equal to ܰ, i.e., we draw all the elements, then we have a system 
consisting of one element. If we arrange it in a certain order, we get a permutation. and each time 
we swap the elements, we get another permutation different from the previous one. The first 
system is called the permutation of ݊ elements taken from ܰ elements, in which we have selected 
some but not all of the elements (݊ < ܰ). If we draw all the elements, the system in this case is 
called the permutation of ݊ elements (݊ = ܰ). 

 

If we have the following letters: A, B, C, D, how many different words 
can be formed from these letters without repeating them (these words 
do not have to have meaning)? Name three of them. 
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There are 24 permutations of four letters, three of which are mentioned here as examples:  
A B C D, B C D A, C D A B.  

 

Each permutation consists of the same elements, i.e., the letters A, B, 
C, and D. The difference between one permutation and another lies 
in the order of these elements.  

 

 

If we have the same letters as before: A, B, C, D, how many 
different two-letter words can be formed without repeating letters 
(these words do not have to make sense)? List all these words.  

 

 

 

 

All possible cases can be found using a tree diagram:  

 

 

 

 

 

 

C 

A 

B 

C 

B 

C 

D 

A 

C 

D 

A 

B 

D 

D A 

B 

Solution: 
Each word consists of two letters taken from four letters in a arrangement. There are four 
possible cases for choosing the first letter and three cases for the second letter, resulting in 
the number of possible words (number of arrangement):  Aସଶ = Ͷ × ͵ = ͳʹ 

 

Solution: 
Each word consists of four letters, and since letters cannot be repeated, there are four possible 
cases for choosing the first letter, three possible cases for choosing the second letter, two 
cases for the third letter, and one case for the last letter. Therefore, the number of possible 
words (the number of permutations of four elements) is equal to:  Pସ = Ͷ! = Ͷ × ͵ × ʹ × ͳ = ʹͶ 
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The tree diagram shows the arrangement of two of the four elements: The set of these words is:  

(A B,A C,A D,B A, B C, B D, C A, C B, C D, D A, D A, D B, D C) 

 

Each arrangement differs from the other either in terms of elements or 
order. The result (A B) differs from (B A) in order, while the result (A 
B) differs from (B D) in terms of elements.  

Theory:  

The number of permutations (�ܖ)  of ࢔ elements is equal to: �࢔ = ࢔ × ሺ࢔ − ૚ሻ × ሺ࢔ − ૛ሻ × …× ૚ =  !࢔
 

Three students, Ahmed, Muhammad, and Mahmoud, are 
nominated for a competition for a certain position. Calculate the 
number of possible permutations for these students if we arrange 
them according to their exam scores, and list all possible results.  

 

 

 

 

 

3.1.permutations with repetition:  

If we have set ܣ containing ݊ such that element ݅ is repeated ݊୧  times and we have: ∑ ݊� = ݊�=௥�=ଵ , then the number of possible permutations is equal to:  

௡ܲ௡ଵ,௡ଶ,…,௡௥ = ݊!݊ଵ! × ݊ଶ! × …× ݊௥! 
 

How many words can be formed from the word  « Tomat »? 

The letter “t” is repeated twice, and the letter “o”, “m”, “a” is 
repeated once so the number of substitutions is equal to:  

ହܲଶ,ଵ,ଵ,ଵ = ͷ!ʹ! × ͳ! × ͳ! × ͳ! = ͸Ͳ 

Solution: 
Based on the above data, there are three ranks: The first, second, and third ranks. The first 
rank has three possible cases: Ahmed, Muhammad, or Mahmoud. If we place one of them 
in the first rank, only two cases remain for the second rank. As for the third and last rank, it 
has only one possible case after placing the first and second ranks. Therefore, the number of 
possible permutations for three elements is:  ௡ܲ = ݊ × ሺ݊ − ͳሻ × ሺ݊ − ʹሻ × …× ͳ = ݊! ⇒ ଷܲ = ͵ × ʹ × ͳ = ͸ 
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3.2.Arrangement with repetition:  

The number of samples that can be formed by repeated drawing is equal to (nr). The first 
individual has ݊ chances of being drawn, and the same applies to the second individual because 
we have returned the first individual to the population. Thus, individuals are drawn one after 
another until we reach the ݎ୲୦  element of the sample, which has the same possibilities as the 
previous elements. Therefore, the number of samples formed in this way is equal to:  nr = ݊ × ݊ × … × ݊ 

 

3.3. Arrangement without repetition:  

If we want to form a system of ܭ elements taken from ݊ elements such that ሺ݇ < ݊ሻ, we will 
choose the first element of this system from among ݊ elements. Therefore, there are n possible 
cases for choosing the first element. If we fix the first element, there are only ሺ݊ − ͳሻ possible 
cases left for choosing the second element, and so on until we reach the ݇௧ℎ element, which has ሺ݊ − ݇ + ͳሻ possibilities for selection. Therefore, the number of arrangements is equal to:  ܣ௡௞ = ݊ × ሺ݊ − ͳሻ × ሺ݊ − ʹሻ × … × ሺ݊ − ݇ − ͳሻ = ݊ × ሺ݊ − ͳሻ × ሺ݊ − ʹሻ × … × ሺ݊ − ݇ − ͳሻ [ሺ݊ − ݇ሻ × ሺ݊ − ݇ − ͳሻ × … × ͳሺ݊ − ݇ሻ × ሺ݊ − ݇ − ͳሻ × … × ͳ] 
Therefore:  

௡௞ܣ = ݊!ሺ݊ − ݇ሻ! 
The number of arrangements for ݎ elements taken from ݊ elements (A୬r ) is equal to:  

 

If we take two candidates based on the points they earned in the 
competition and take into account the ranking, what is the number of 
arrangements for selecting two elements n from three:  

௡௞ܣ = ݊!ሺ݊ − ݇ሻ! ⇒ ଷଶܣ = ͵!ሺ͵ − ʹሻ! = ͸ 

 

 

 

 

r
r



CHAPTER ONE: COMBINATORIAL ANALYSIS 

 

 ͘ 

Practical exercise: 
The archive contains 20 driver's licenses. Three licenses have been withdrawn from the total. 
How many samples can be formed if: 
- The withdrawal is with repetition. 
- The withdrawal is without repetition.  
Solution :  

 

The number of samples in the case of repeated sampling is equal to:  nr ⇒ ݊ଷ = ʹͲ × ʹͲ × ʹͲ = ͺͲͲͲ 

The number of samples in a draw without repetition is equal to:  ܣ௡௞ = ݊!ሺ݊ − ݇ሻ! ⇒ ଶ଴ଷܣ  = ʹͲ!ሺʹͲ − ͵ሻ! = ʹͲ × ͳͻ × ͳͺ = ͸ͺͶͲ 

4. COMBINATIONS  : 

There is a third counting rule that is often useful, which allows us to calculate the number of 
results obtained when choosing ݎ elements from ݊ elements without taking order into account. 
This counting rule is called combinations. A combination of ݎ elements taken from among ݊ 
elements is any subset of ݎ elements, and we symbolize it as: C୬r  

4.1. Combination with repetition:  

If the draw is with replacement, it is possible that the drawn item will appear again. In this case, 
we have a combination with repetition, and therefore the number of ways to draw partial sets is:  

C୬+p−ଵ୔ = ሺ݊ + ݌ − ͳሻ!݌! ሺ݊ − ͳሻ!  

 

We want to draw a sample of 3 students from among 6 students, 
knowing that the sampling method is with replacement.  

How many ways can this sample be drawn?  
 

 

 

4.2. Combination without repetition: 

The number of combinations ݎ elements selected from ݊ elements is equal to:  

Solution: C଺+ଷ−ଵଷ = ሺ͸ + ͵ − ͳሻ!͵! ሺ͸ − ͳሻ! = ͺ!͵! ͷ! = ͺ × ͹ × ͸ × ͷ!͵! ͷ! = ͷ͸ 
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C୬r = ݊!ሺ݊ − !ሻݎ ×  !ݎ
 

The soccer coach wanted to form a team of 11 players, selected from 
among 20 players. 
 How many teams can be formed?  

 

 

 

 

 

5. PROPERTIES 

Let n and p be two natural integers. So let n and p be two natural integers. Then we ; 

• For all natural integers  ݌ ܽ݊݀ ݊ ሺ݊ ൒ ͳ, ݌ ൑ ݊ሻ, ௡௣ܣ = ௡!ሺ௡−௣ሻ! 
• For all natural integers ݌ ܽ݊݀ ݊ ሺ݊ ൒ ͳ, ݌ ൑ ݊ሻ, ௡௣ܥ = ௡!௣!ሺ௡−௣ሻ! 
• For all integers ݊ ൒ ͳ ܥ௡଴ = ௡௡ܥ = ͳ 

• For all natural integers  ݌ ܽ݊݀ ݊ ሺ݊ ൒ ͳ, ݌ ൑ ݊ሻ, ௡௣ܥ =  ௡௡−௣ܥ

• For all natural integers ݌ ܽ݊݀ ݊ ሺ݊ ൒ ͳ, ݌ ൑ ݊ሻ, ௡௣ܥ + ௡௣+ଵܥ = ௡+ଵ௣+ଵܥ
 

 

Practical exercise: 
An urn contains 8 red balls, 3 white balls, and 9 blue balls; we draw 3 balls at random from this 
urn in a single draw. What is the number of ways to draw  

1. three red balls? 
2. one ball of each color? 
3. at least one of the balls is white? 

Solution :  

 

Drawing all at once eliminates the notion of order. 
1) The number of ways to draw 3 red balls is the number of choices of 3 
elements from 8; hence the result is : ܥଷ଼ = ͺ!͵! × ͷ! = ͷ͸ 

Solution: 
The coach selects 11 players from among 20, and each team differs from the other in terms 
of players, so the ranking is not taken into consideration if the number of teams is equal to 
the number of combinations of elements from among 20 elements:  

Cଶ଴ଵଵ = ʹͲ!ሺʹͲ − ͳͳሻ! × ͳͳ! = ͳ͸͹ͻ͸Ͳ 
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2) The number of ways to draw a ball of each color is the number of 
choices of one element from 8 and one element from 3 and one element 
from 9; hence the result is: ܥଵ଼ × ଷଵܥ × ଽଵܥ = ͺ × ͵ × ͻ = ʹͳ͸ 

3) The number of ways to draw at least one of the balls that is white is ܥଷଵ × ଵ଻ଶܥ + ଷଶܥ × ଵ଻ଵܥ + ଷଷܥ = ͵ × ͳ͹!ʹ! × ͳͷ! + ͵ × ͳ͹ + ͳ = Ͷ͸Ͳ 

Or, the result is given directly by :  ܥଶ଴ଷ − ଵ଻ଷܥ = ʹͲ!͵! × ͳ͹! − ͳ͹!͵! × ͳͶ! = Ͷ͸Ͳ 

6.NEWTON'S PAIRING FORMULA  

Theorem:  

Let a, b א R and n be a positive integer, then: ሺܽ + ܾሻ௡ =∑ቀ݊݇ቁ ܽ௡−௞. ܾ௞௡
௞=଴  

Or we can say  : 

For all real a; b and for any natural whole non -zero n, we have :  

ሺܽ + ܾሻ௡ .௡௞ܽ௡−௞ܥ∑= ܾ௞௡
௞=଴  

In other words: ሺܽ + ܾሻ௡ = ቀͲ݊ቁ ܽ௡. ܾ଴ + ቀͳ݊ቁ ܽ௡−ଵ. ܾଵ +⋯+ ቀ݊݇ቁ ܽ௡−௞. ܾ௞ +⋯+ ቀ݊݊ቁ ܽ଴. ܾ௡ 

The theorem is also true if a and b are complex numbers. 
Proof. (By induction) 
 For : ݊ = ͳ, ሺܽ + ܾሻଵ =  ͳܽ + ͳܾ = ଵ଴ܽܥ + ݊ ଵଵܾܥ = ʹ , ሺܽ + ܾሻଶ =  ͳܽଶ + ʹܾܽ + ܾଶ = ଶ଴ ܽଶܥ + ଶଵܾܽܥ +   ଶଶܾଶܥ
We assume it is true for n and we prove that it is true for n + 1; 
 According to property,  and since  ܥ௡଴ = ௡+ଵ଴ܥ  and ܥ௡௡ = ௡+ଵ௡+ଵ : So we can write:  ሺܽܥ + ܾሻ௡+ଵ = ሺܽ + ܾሻሺܽ + ܾሻ௡ = ሺܽ + ܾሻሺܥ௡଴ܽ௡ + ௡ଵܽ௡−ଵܾܥ ௡௡−ଵܾܽ௡−ଵܥ +⋯+ + ௡଴ܽ௡+ଵܥ = ௡௡ܾ௡ሻܥ + ሺܥ௡଴ + ௡ଵሻܽ௡ܾܥ +⋯+ ሺܥ௡௡−ଵ + ௡௡ሻܾܽ௡ܥ +   ௡௡ܾ௕+ଵܥ
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= ௡+ଵ଴ܥ ܽ௡+ଵ + ௡+ଵଵܥ ܽ௡ܾ +⋯+ ௡+ଵ௡ܥ ܾܽ௡ +   ௡+ଵ௡+ଵܾ௡+ଵܥ
= ௡+ଵ௞௡+ଵܥ∑

௞=଴ ܽ௡+ଵ−௞ܾ௞  
 

Develop ሺܽ − ܾሻ଺ 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Solution: ሺܽ − ܾሻ଺ = (ܽ + ሺ−ܾሻ)଺ = ܽ଺ + ͸ܽହሺ−ܾሻ + ͳͷܽସሺ−ܾሻଶ + ʹͲܽଷሺ−ܾሻଷ + ͳͷܽଶሺ−ܾሻସ + ͸ܽሺ−ܾሻହ + ሺ−ܾሻ଺ = ܽ଺ − ͸ܽହܾ + ͳͷܽସܾଶ − ʹͲܽଷܾଷ + ͳͷܽଶܾସ − ͸ܾܽହ + ͸଺ 
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SERIES NO. 01: COMBINATORIAL ANALYSIS 

 

Exercise 01: 
1-  Calculate the following: ʹͲ!͵! × ͷ! × ʹ!  ,   ͵ͲͲ!͵! × ʹͻ͹! ሺͶ × ͵ሻ! ,        Ͷ! × ͵!,       ሺͶ + ͵ሻ! ,      Ͷ! + ͵!    
2- Simplify the expressions below (n is a positive integer): ݊!ሺ݊ − ͳሻ!,        ݊!ሺ݊ − ʹሻ!,        ሺ݊ + ͳሻ!݊! ,      ሺ݊ + ͳሻ!ሺ݊ − ͳሻ! 
Exercise 02: 
Let us have the following words: MATHS, STATISTICS. 
-  How many words can be formed (no matter the meaning) of the letters of the two words in 

each case? 
Exercise 03: 
06 workers were invited to attend a meeting at a company to form a workers' representative 
committee. 
1. How can they sit in a row with six seats? 

2. How can they form a committee of 03 workers? 

3. How can they form a committee of 03 workers containing a President, Rapporteur and 
Secretary General? 

Exercise 04: 
Someone wanted to create a password for their e-mail using the numbers, how many words can 
be created and made up of: 
1. Three digits with the possibility of redundancy? 

2. Four digits without duplication? 
3. Two even and two odd numbers with the possibility of repetition? 

Exercise 05: 
What is the number of groups of six people that can be formed with 4 men and 6 women if we 
want them to necessarily contain: 
1. exactly 2 men. 
2. at least 2 men. 
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Exercise 06: 
A sports team consists of 8 players in red uniforms, 3 players in white uniforms, and 9 players in 
blue uniforms; we randomly select 3 players from this team in one draw. What is the number of 
ways to take: 
1. Three players in red uniforms? 
2. One player of each color? 
3. At least one player in white uniform? 

Exercise 07: 
What is the count of possibilities: 
1. To choose 6 questions from 10 

2. For seating 10 people on a chair with 4 places. 
3. To form a word of 5 letters knowing that all the letters are different. 
4. To form a 5-letter word knowing that there are two identical letters among them. 
5. To form a 5-letter word knowing that 4 letters are identical in pairs. 

Exercise 08:    Find n where: ͵ܥ୬+ଵଷ = ͹C୬ଶ ܣ௡+ଵଷ = ௡ସܣ  

Exercise 09:Calculate the following expressions: 

( )4
2 3a + ، ( )5

2 3a b+  ،  
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ANSWER TO SERIES NUMBER 1 

Exercise 01: 
1-  Calculate the following: ʹͲ!͵! × ͷ! × ʹ! = ͳ.͸ͻ × ͳͲଵହ ͵ͲͲ!͵! × ʹͻ͹! = ͶͶͷͷͳͲͲ ሺͶ × ͵ሻ! = ͳʹ! = Ͷ͹ͻ ͲͲͳ ͸ͲͲ Ͷ! × ͵! = ͳͶͶ ሺͶ + ͵ሻ! = ͹! = ͷͲͶͲ Ͷ! + ͵!  = ʹͶ + ͸ = ͵Ͳ 

2- Simplify the expressions (n is a positive integer): ݊!ሺ݊ − ͳሻ! =  ݊ሺ݊ − ͳሻ!ሺ݊ − ͳሻ! = ݊ ݊!ሺ݊ − ʹሻ! =  ݊ሺ݊ − ͳሻሺ݊ − ʹሻ!ሺ݊ − ʹሻ! = ݊ሺ݊ − ͳሻ = ݊ଶ − ݊ ሺ݊ + ͳሻ!݊! =  ሺ݊ + ͳሻ݊!݊! = ݊ + ͳ ሺ݊ + ͳሻ!ሺ݊ − ͳሻ! = ሺ݊ + ͳሻ × ݊ × ሺ݊ − ͳሻ!ሺ݊ − ͳሻ! = ሺ݊ + ͳሻ݊ = ݊ଶ + ݊ 

Exercise 02: 

1- Number of words that can be formed from the word “MATHS” (no matter the 
meaning)  

We note that we are dealing with:  

all from all, order is important, there is no repetition, so we are dealing with a permutation 
without repetition:  

௡ܲ௡ = ݊! ; ହܲହ = ͷ! = ͷ × Ͷ × ͵ × ʹ × ͳ = ͳʹͲ 

2- Number of words that can be formed from the word “STATISTICS” (no matter the 
meaning)  

We note that we are dealing with:  
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all from all, order is important, there is repetition, so we are dealing with a permutation with 
repetition:  

௡ܲ௡ଵ,௡ଶ,…,௡௞ = ݊!݊ଵ! × ݊ଶ! × …× ݊௞! ⇒   ଵܲ଴ଷ,ଷ,ଵ,ଶ,ଵ = ͳͲ!͵! × ͵! × ͳ! × ʹ! × ͳ! = ͷͲͶͲͲ 

Exercise 03: 

1)  How can they sit in a row with six seats? 

We note that we are dealing with:  

all from all, order is important, there is no repetition, so we are dealing with a permutation 
without repetition:  

௡ܲ௡ = ݊! ; ଺ܲ଺ = ͸! = ͸ × ͷ × Ͷ × ͵ × ʹ × ͳ = ͹ʹͲ 

2) How can they form a committee of 03 workers? 

We note that we are dealing with:  

part from all, order is not important, there is no repetition, so we are dealing with a 
Combination without repetition:  

C୬୩ = ݊!ሺ݊ − ݇ሻ! × ݇! ⇒ C଺ଷ = ͸!ሺ͸ − ͵ሻ! × ͵! = ͸ × ͷ × Ͷ × ͵!͵! × ͵! = ͸ × ͷ × Ͷ͵! = ʹͲ 

3) How can they form a committee of 03 workers? 

  We note that we are dealing with:  

part from all, order is important (President, Rapporteur and Secretary General), there is no 
repetition, so we are dealing with a arrangement without repetition:  

A୬୩ = ݊!ሺ݊ − ݇ሻ! ⇒ A଺ଷ = ͸!ሺ͸ − ͵ሻ! = ͸ × ͷ × Ͷ × ͵!͵! = ͸ × ͷ × Ͷ = ͳʹͲ 

Exercise 04: 

1-Create a password consisting of 03 digits with repetition:  

We note that we are dealing with:  

part from all (3 number from 10), order is important, there is repetition, so we are dealing with 
a arrangement with repetition:  ܣ௡௞ = ݊௞ ⇒ ଵ଴ଷܣ = ͳͲଷ = ͳͲͲͲ 
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2- Four numbers without repetition:  

We note that we are dealing with:  

part from all, order is important, there is no repetition, so we are dealing with a arrangement 
without repetition:  

௡௞ܣ = ݊!ሺ݊ − ݇ሻ! ⇒ ଵ଴ସܣ  = ͳͲ!ሺͳͲ − Ͷሻ! = ͳͲ × ͻ × ͺ × ͹ × ͸!͸! = ͳͲ × ͻ × ͺ × ͹ = ͷͲͶͲ 

3- Two even numbers and two odd numbers (with the possibility of repetition)  

We have even numbers :2, 4, 6, 8, 10 …… 5 even numbers. 

We have odd numbers :1, 3, 5, 7, 9 …… 5 odd numbers. 

The conditions are the same as in the first case, in addition to the condition of two even numbers 
and two odd numbers, because we must take two numbers from 5 even numbers and two 
numbers from 5 odd numbers, and the letter “and” here means multiplication, so we use the rule 
of arrangement with repetition, i.e.:  ܣହଶ × ହଶܣ = ͷଶ × ͷଶ = ͸ʹͷ 

Exercise 05: 

1-The number of groups required is the number of selections of 2 men from 4 and 4 women 
from 6, and the result is: 

ସଶܥ × ଺ସܥ = Ͷ!ʹ! × ʹ! × ͸!Ͷ! × ʹ! = ͻͲ 

2-At least two men. These are combinations without repetition, and the result is: 

ସଶܥ × ଺ସܥ + ସଷܥ × ଺ଷܥ + ସସܥ × ଺ଶܥ = ͻͲ + Ͷ × ͸!͵! × ͵! + ͸!ʹ! × Ͷ! = ͳͺͷ 

Exercise 06: 

1- The number of ways to select 3 players in red uniforms is to select 3 players from 8, so 

the result is: 

ଷ଼ܥ = ͺ!͵! × ͷ! = ͷ͸ 
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2- The number of ways to select a player from each uniform (each color): is the 
number of options to select one player from 8 players in red uniforms, one player from 3 players 
in white uniforms, and one player from 9 players in blue uniforms. Therefore, the result is:  ܥଵ଼ × ଷଵܥ × ଽଵܥ = ͺ × ͵ × ͻ = ʹͳ͸ 

3- The number of ways to select at least one player wearing white is:  

ଷଵܥ × ଵ଻ଶܥ + ଷଶܥ × ଵ଻ଵܥ + ଷଷܥ = ͵ × ͳ͹!ʹ! × ͳͷ! + ͵ × ͳ͹ + ͳ = Ͷ͸Ͳ 

Or the result can be given directly as follows:  

ଶ଴ଷܥ − ଵ଻ଷܥ = ʹͲ!͵! × ͳ͹! − ͳ͹!͵! × ͳͶ! = Ͷ͸Ͳ 

Exercise 07: 

1-The number of possibilities for choosing 6 questions out of 10 is:  

Cଵ଴଺ = ͳͲ!͸! ሺͳͲ − ͸ሻ! = ʹͳͲ 

2-The number of possibilities for seating 10 people on a 4-seat bench is:  ܣଵ଴ସ = ͳͲ × ͻ × ͺ × ͹ = ͷͲͶͲ 

3-The number of possibilities for forming a 5-letter word, given that each letter is different. 
(These words do not need to have any meaning.) 

ହܲ = ͷ! = ͷ × Ͷ × ͵ × ʹ × ͳ = ͳʹͲ 

4- The number of possibilities for forming a 5-letter word, knowing that two of the letters are 
identical, is:  

ହܲଶ,ଵ,ଵ,ଵ = ͷ!ʹ! × ͳ! × ͳ! × ͳ! = ͸Ͳ 

5- The number of possibilities for forming a 5-letter word, given that 4 letters are identical in 
pairs, is:  

ହܲଶ,ଶ,ଵ = ͷ!ʹ! × ʹ! × ͳ! = ͵Ͳ 

 

 



CHAPTER ONE: COMBINATORIAL ANALYSIS 

 

 ͐͘ 

Exercise 08: 

୬+ଵଷܥ͵ = ͹C୬ଶ ⇒ ͵ ሺn + ͳሻ!͵! ሺn − ʹሻ! = ͹ n!ʹ! ሺn − ʹሻ! ⇒ ͵ ሺn + ͳሻn!͵ × ʹ! n! = ͹ ሺn − ʹሻ!ʹ! ሺn − ʹሻ! ⇒ n + ͳ = ͹⇒ n = ͸ ܣ௡+ଵଷ = ௡ସܣ ⇒ ሺ݊ + ͳሻሺ݊ሻሺ݊ − ͳሻ = ݊ሺ݊ − ͳሻሺ݊ − ʹሻሺ݊ − ͵ሻ ⇒ ሺ݊ + ͳሻ = ݊ଶ − ͷ݊ + ͸⇔ ሺ݊ − ͳሻሺ݊ − ͷሻ ⇒ ݊ = ͳ, ݊ = ͷ 

Exercise 09: 
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SUGGESTED EXERCISES FOR SOLUTION: 
 

Exercise 01: 
Simplify the expressions below : n!ሺn − ͳሻ! , ሺ݊ + ͵ሻ!ሺ݊ − ͳሻ! , ሺ݊ − ͳሻ! ሺ݊ − ͵ሻ!ሺ݊ − Ͷሻ! ሺ݊ + ʹሻ! 
Exercise 02: 
How many committees can be formed from representatives of professors if they are selected 
randomly according to their rank, such that three assistant professors, two lecturers, and one 
professor are selected, given that the number of assistant professors, lecturers, and professors are 
20, 10, and 5, respectively?  
Exercise 03: 
How many times can a maximum of 5 players be selected from a team consisting of 11 players?  
Exercise 04: 
One of the clerks has 16 books, including 5 books with the same title and 7 others with the same 
title but different from the first. The rest have different titles. 
Find the number of different ways to organize these books on the library shelf.  
Exercise 05: 
A class of 30 students, 12 girls and 18 boys, must elect a committee composed of a president, a 
vice-president, and a secretary. 
1. How many committees can we form? 

2. How many committees can we form knowing that the position of secretary must be held by a 
girl? 
3. What is the number of committees including student X? 

4. What is the number of committees for which the president is a boy and the secretary is a girl? 

Exercise 06: 
We call an anagram of the word MAI any word (whether it makes sense or not) formed from 
the three letters M, A, and I. How many anagrams are there of the word MAI? 

2. How many anagrams can be formed using the letters of the words INTERNATIONAL, 
THEOREME, and ANANAS? 
Exercise 07: 
A multinational company decides to launch dog toothpaste. The name of this new essential 
product must consist of three letters. 
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1. How many names can we form with all the letters of the alphabet? 

2. How many names can we form containing one consonant and two vowels? 
3. How many names can we form consisting of one consonant and two different vowels? 

Exercise 08: 
In a batch of 20 manufactured parts, 4 are bad. In how many different ways can we select 4 in 
the following cases: 
1. all 4 pieces are good. 
2. At least one of them is bad. 
3. At least two are bad. 
Exercise 09: 
Let a and b be two real numbers. 
1. Expand  ሺܽ + ܾሻସ,  ሺܽ + ܾሻହ ,  ሺܽ + ܾሻଶ 

2. Expand  ሺܽ + ͳሻ଺,  ሺܽ − ͳሻହ 

 



 

 

 

 

 

 

 

 

 

 

 

 

CHAPTER TWO :  
GENERALITIES OF 

NUMERICAL SEQUENCES 



CHAPTER TWO : GENERALITIES OF NUMERICAL SEQUENCES 

 

 ͑͒ 

1. GENERAL DEFINITIONS ABOUT SEQUENCES 

1.1.Definition of a sequence 

We call a sequence ሺݑ௡ሻ any function that assigns to each natural number ݊ the real number ݑ௡. 

And knowledge in the following form:   ݑ௡ ∶  ℕ → ℝ           ݊ ↦ ሺ݊ሻݑ  =  ௡ݑ

is called the general term of the sequence u, which is also noted ሺݑ௡ሻ௡אே or more simply (un).  

Remark 2.1. A sequenceሺݑ௡ሻ can be defined in two ways, in explicit form or in recursive form . 

1.2.Explicit definition:  

Definition: 

 A sequence ሺݑ௡ሻ is said to be explicit if it is possible to calculate ݑ௡ directly from n. We then 
denote ݑ௡ = ݃ሺ݊ሻ where g is a function defined on ℕ (and most often on ℝ+ as well). 

 

For all ݊ א ℕ, we have:    ܽ ݑ௡ = ሺ−ͳሻ௡ ܿݏ݋ ቀ݊�ʹቁ , ௡ݑ  = �in ݊ 

1.3.Sequence defined by recurrence: 

A sequence is defined recursively if the term ݑ௡+ଵ can be defined from: 

: ௡ݑ  ௡+ଵݑ = ݂ሺݑ௡ሻ with ݂ being a function usually defined on ℝ. 

We define the sequence ሺݑ௡ሻ௡אே  as follows: { ࢛૙ = ૚+࢔࢛,ࢇ = ݂ሺݑ௡ሻ 
 

We define the sequence ሺݑ௡ሻ௡אே  as follows: { ࢛૙ = ૛,࢛࢔+૚ = ࢔࢛͵ + ݊ ݈݈ܽ ݎ݋݂     ʹ א ℕכ   
In other words, we call a real number sequence ݑ every function that assigns to each 

natural number ݊, greater than or equal to a given natural number  ݊଴, the number ݑሺ݊ሻ. 
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Practical exercise:   

We consider the following sequences ݑ, ࢔࢛ :defined on N as  ݓ ݀݊ܽ ݒ = ૜࢔ + ૚  , ࢜࢔ = ࢔࢝  ,  ૚+࢔࢔ = ૛࢔− + ૛࢔ − ૚ 

Calculate the first five terms of each of these sequences? 
Solution : 

 

଴ݑ = ͵ × Ͳ + ͳ = ͳ,  ݑଵ = ͵ × ͳ + ͳ = Ͷ,  ݑଶ = ͵ × ʹ + ͳ = ͹,  ݑଷ = ͵ × ͵ + ͳ = ͳͲ,  ݑସ = ͵ × Ͷ + ͳ = ͳ͵ 

We notice that the sequence ࢛࢔ is an arithmetic sequence and its base is ݎ = ଴ݒ ͵ = ͲͲ + ͳ = Ͳ,  ݒଵ = ͳͳ + ͳ = ͳʹ,  ݒଶ = ʹʹ + ͳ = ଷݒ  ,͵ʹ = ͵͵ + ͳ = Ͷ͵,  ݒସ = ͶͶ + ͳ = Ͷͷ 

We notice that the sequence ݓ௡ = −݊ଶ + ʹ݊ − ͳ = −ሺ݊ଶ − ʹ݊ + ͳሻ  ݐ ݋ݏℎܽݓ ݐ௡ = −ሺ݊ − ͳሻଶ  �଴ = −ሺͲ − ͳሻଶ = −ͳ, �ଵ = −ሺͳ − ͳሻଶ = Ͳ,  �ଶ = −ሺʹ − ͳሻଶ = −ͳ,  �ଷ = −ሺ͵ − ͳሻଶ = −Ͷ,  �ସ = −ሺͶ − ͳሻଶ = −ͻ 

 

1.4.Terms: 

- The sequence ݑ is denoted by the symbol ሺݑ௡ሻ௡≥௡బ  if the sequence ݑ is defined for ݊ 
greater than or equal to ݊଴.  

It is also denoted by the symbol ሺݑ௡ሻ௡אℕ or ሺݑ௡ሻ  if the sequence ݑ is defined on ℕ  . 
 .ݑ ௡  is the term whose index is ݊, also called the general term of the sequenceݑ -
݊ if it is defined for ݑ ௡బ is the first term of the sequenceݑ - ൒  .  ଴௡ݑ
 .if it is defined on ℕ ݑ ଴ is the first term of the sequenceݑ -
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And knowledge is either: 

- In general terms, such as: ݒ௡ = ௡య−ଷ௡଻  

- With its first term ݓ௡బ and the relation  ݓ௡+ଵ = ݂ሺݓ௡ሻ (recursive sequence), such as: { ଴ݓ = −ͳݓ௡+ଵ = ௡ݓʹ − ͵. 

 

• Sequence ሺݑ௡ሻ where: ݑ௡ = Ͷ݊ଶ − ͸ known on ℕ. 

• Sequence ݓ  where: ݓ௡ = ଻−ଷ௡௡−ସ  Known for ݊ ൒ ͷ and we 
write ݊ ൒ ͷ. 

1.5. Direction change of sequence : 

1.5.1.  strictly Increasing sequence 

We say that the sequence ሺݑ௡ሻ is strictly increasing if: ∀݊ א ௡+ଵݑ :ܰ > ݊∀௡ or ሺݑ א ௡+ଵݑ :ܰ − ௡ݑ > Ͳሻ 
 

1-We consider the sequence   ࢛࢔ such that: ݑ௡ = ݊ + ͳ; ∀݊ א ܰ  
Note that for all א ܰ , we have : 
௡+ଵݑ   − ௡ݑ = ሺ݊ + ʹሻ − ሺ݊ + ͳሻ =  ͳ > Ͳ 

Therefore, ݑ௡ is strictly increasing. 

2- We consider the sequence   ࢛࢔ such that: ݑ௡ = ͳ − ଵ௡ ; ∀݊ א  כ ܰ
Note that for all ݊ א ௡+ଵݑ : we have , כ ܰ − ௡ݑ = (ͳ − ͳ݊ + ͳ) − (ͳ − ͳ݊)= − ͳ݊ + ͳ + ͳ݊= ͳ݊ሺ݊ + ͳሻ > Ͳ.  

Therefore, ݑ௡ is strictly increasing. 

1.5.2.Increasing sequence 

We say that the sequence ሺݑ௡ሻ is increasing if: ∀݊ א ௡+ଵݑ :ܰ ൒ ݊∀௡ or ሺݑ א ௡+ଵݑ :ܰ − ௡ݑ ൒ Ͳሻ 
 

We consider the sequence   ݑ௡ such that: ݑ௡ = ݊ଶ − ͷ݊; ∀݊ ൒ ʹ  
Note that for all ൒ ʹ , we have : 
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௡+ଵݑ   − ௡ݑ = (ሺ݊ + ͳሻଶ − ͷሺ݊ + ͳሻ) − ሺ݊ଶ − ͷ݊ሻ 
 = ሺሺ݊ଶ + ʹ݊ + ͳ − ͷ݊ − ͷሻ − ሺ݊ଶ − ͷ݊ሻ 

   = ݊ଶ − ͵݊ − Ͷ − ݊ଶ + ͷ݊ 

   = ʹ݊ − Ͷ ൒ Ͳ 

Therefore ݑ௡ is increasing. 

1.5.3.strictly Decreasing sequence : 

We say that the sequence ሺݑ௡ሻ is strictly decreasing if: 

∀݊ א ௡+ଵݑ :ܰ < ݊∀௡ or ሺݑ א ௡+ଵݑ :ܰ − ௡ݑ < Ͳሻ 
 

We consider the sequence   ݑ௡ such that: ݑ௡ = ͳ + ଵ௡ ; ∀݊ א  כ ܰ
Note that for all ݊ א ௡+ଵݑ : we have , כ ܰ − ௡ݑ = (ͳ + ͳ݊ + ͳ) − (ͳ + ͳ݊)= − ͳ݊ + ͳ − ͳ݊= −ͳ݊ሺ݊ + ͳሻ < Ͳ.  

Therefore, ݑ௡ is strictly increasing. 

1.5.4. Decreasing sequence: 

We say that the sequence ሺݑ௡ሻ is decreasing if: 

∀݊ א ௡+ଵݑ :ܰ ൑ ݊∀௡ or ሺݑ א ௡+ଵݑ :ܰ − ௡ݑ ൑ Ͳሻ 
 

We consider the sequence   ݑ௡ such that: ݑ௡ = ͷ݊ − ݊ଶ; ∀  ݊ ൒ ʹ 

Note that for all ݊ ൒ ʹ , we have : ݑ௡+ଵ − ௡ݑ = Ͷ − ʹ݊ ൑ Ͳ 

Therefore, ݑ௡ is strictly dicreasing. 

1.5.5. Constant sequence: 

We say that the sequence ሺݑ௡ሻ is constant if: 

 ∃݊଴ א ℕ �uc� u� ∀n ൒ n଴, u୬ = u୬଴  o� ∀݊ א ௡+ଵݑ :ܰ =  .௡ (All boundaries are equal)ݑ
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a) Monotonous sequence 

We say that the sequence ሺݑ௡ሻ is monotonic on the domain ܫ of ܰ if it is either increasing on the 
domain ܫ of ܰ or decreasing on the domain ܫ of ܰ. 

 

There are sequences that are neither increasing nor decreasing; we say that 
they are non-monotonic. 
For example: The sequence ሺݑ௡ሻ defined by its general term ሺݑ௡ሻ = −ͳ௡ 

b) Method:  

To study the Direction change of sequence  ሺݑ௡ሻ, you can: 
1. We examine the signal ݑ௡+ଵ −   ௡ for every natural number ݊: orݑ
2. We compare between : ௨�+భ௨�  and 1. 

3. If we find a function ݂ such that for every natural number ݊:  ݑ௡ = ݂ሺ݊ሻ, we study the 
changes in the function ݂. 

 

 

We apply method 1 to study the direction of change of the sequence: ݑ௡ = ௡య−௡ହ .  
We have: ݑ௡+ଵ − ௡ݑ = ሺ݊ + ͳሻଷ − ሺ݊ + ͳሻͷ − ݊ଷ − ݊ͷ = ʹͷ݊ ൒ Ͳ 

And the sequence ሺݑ௡ሻ is increasing. 
We apply method 2 to study the direction of change of the sequence: ݑ௡ = ଵ௡+ଵ  
We have: ݑ௡+ଵݑ௡ = ଵ௡+ଶଵ௡+ଵ = ݊ + ͳ݊ + ʹ 

For every natural number n: ݊ + ͳ < ݊ + ʹ And from it : ௨�+భ௨� < ͳ 

Therefore, ሺݒ௡ሻ is a strictly decreasing sequence for every natural number ݊. 
We apply method 3 The sequence ሺݑ௡ሻ is defined by the formula   ݑ௡ = ݂ሺ݊ሻ where: 
 ݂ሺݔሻ = ଶݔ +  ݔʹ

The function is defined and differentiable on ܴ, and we have: 
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݂̀ሺݔሻ = ݔʹ + ʹ 

After studying the signal, we find that ݂̀ሺݔሻ > Ͳ on the domain ]−ͳ,+∞[ 
And from it, the function ݂ is strictly increasing on the domain [Ͳ, +∞[  
Therefore, the sequence ሺݑ௡ሻ is strictly increasing. 

1.6.Finite sequences:  

-To say that the sequence ሺݑ௡ሻ௡אே is limited from above means that there exists a real number ܯ 
such that ∀݊ א ܰ, ௡ݑ ൑  .is a sharp element from above ܯ We say that ,ܯ

-To say that the sequence ሺݑ௡ሻ௡אே is limited from below means that there exists a real number ݉ such that ∀݊ א ܰ, ௡ݑ ൒ ݉, We say that ݉ is a sharp element from below. 

- To say that the sequence ሺݑ௡ሻ௡אே is finite  if it is limited from above and from below, i.e.:  ∀݊ א ܰ,݉ ൑ ௡ݑ ൑ ,ܯ ݉,ܯ ∃ א ℝ 

 

1-Sequence ࢛࢔ = ૞ − ૚࢔ (where: ࢔ ൒ ૚)  
The sequence ሺݑ௡ሻ is limited from above and has 5 sharp elements 
above. 
The sequence ሺݑ௡ሻ is limited from below and has 4 sharp elements 
below. 
So  the sequence ሺݑ௡ሻ is finite  , i.e., ∀ ݊ א ℕכ, then Ͷ ൑ ௡ݑ ൑ ͷ.  

2- The sequence �ܖ = − ૛ܖ (where: ܖ > ૙)  
is limited from above with -2 and limited from below with 0, i.e:  ∀ ݊ א ℕכ, then Ͳ ൑ ௡ݒ ൑ −ʹ. 

1.7.Convergent sequences 

We say about a sequence ሺݑ௡ሻ௡אே is convergent if there exists a real number ݈ such that:  ∀ε > Ͳ , ∃݊଴ א ܰ / ݊ ൒  ݊଴  ฺ ௡ݑ| − ݈| <  ߝ

In this case, we say that the sequence ሺݑ௡ሻ  converges to the real number ݈, and we write: �i�௡→+∞ݑ௡ = ݈  or ݈݅݉ ݑ௡ = ݈ or ݑ௡  ௡→+∞⃗⃗⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ݈⃗ 
If ሺݑ௡ሻ is a non-convergent sequence, then it is divergent (its end is infinite or does not exist). 

In this case, we say that the sequence ሺݑ௡ሻ diverges to +∞ such that: ∀ܣ > Ͳ , ∃݊଴ א ܰ / ݊ ൒  ݊଴  ฺ ௡ݑ >   ܣ
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Or diverge toward −∞ such that: ∀ܣ > Ͳ , ∃݊଴ א ܰ / ݊ ൒  ݊଴  ฺ ௡ݑ <  ܣ−

And we write: ݑ௡  ௡→+∞⃗⃗⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗ ±∞ or ݈݅݉ ݑ௡ = ±∞ or  �i�௡→+∞ݑ௡ = ±∞ 

Or we could say:  

Suppose that ݑ௡ is a sequence. We say that �i�௡⟶∞ݑ௡ = ݈  if for every ܣ > Ͳ there is an ܰ > Ͳ  so 
that whenever ݊ > ܰ, ௡ݑ| − |ܮ < ௡ݑ∞⟶If �i�௡ .ܣ = ݈  we say that the sequence converges, 
otherwise it diverges. 

 

The sequence ሺݑ௡ሻ defined by: ݑ௡ = ହ௡ Converges to zero because: �i�௡→+∞ݑ௡ = Ͳ 

The sequence ሺݒ௡ሻ defined by: ݒ௡ = ݊ଶ + ͳ is divergent because: �i�௡→+∞ݒ௡ = +∞.  

Reminder 

Let the sequence ሺݑ௡ሻ be defined as follows: ݑ௡ = ݂ሺ݊ሻ, where the function is defined on the 
domain [ߙ،+∞[. 
Where ߙ is a real number, if �i�୬→∞݂ሺݔሻ = ݈, then �i�୬→∞ݑ௡ = ݈.  

 

Let the sequence ሺݑ௡ሻ defined on � be as follows: ݑ௡ = ଶ௡+ଷସ௡+ଵ 
-Set the end of the sequence ሺݑ௡ሻ. 

 

 

 

 

 

Result 

- If ሺݑ௡ሻ is an increasing sequence limited from above, then it is convergent. 

-If ሺݑ௡ሻ is a decreasing sequence and limited from below, then it is convergent. 

Solution: 
The sequence ሺݑ௡ሻ of the form ݑ௡ = ݂ሺ݊ሻ where f is a function defined on [Ͳ،+∞[as follows:  ݂ሺ݊ሻ = ݔʹ + ͵Ͷݔ + ͳ 

We have : �i�୬→∞݂ሺݔሻ = ଵଶ, so �i�୬→∞ݑ௡ = ଵଶ, Then the sequence ሺݑ௡ሻ is convergent.  
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The sequence ݒ௡ = ହ௡ is decreasing and limited from below by 0, so 
it is convergent. 

1.8. Adjacent sequences 

We say that the sequences ሺݒ௡ሻ and ሺݑ௡ሻ are adjacent if: 

One is increasing and the other is decreasing, and the difference between them is zero. ቀ �i�௡→+∞ሺݑ௡ − ௡ሻݒ = Ͳ ቁ. 
 

 

Let ሺݑ௡ሻ and ሺݒ௡ሻ be numerical sequences such that: ݒ௡ = ଶ௡+ଵ and ݑ௡ = −ଵ௡+ଶ  
Are the sequences ሺݑ௡ሻ and ሺݒ௡ሻ adjacent?  

 

 

 

 

 

 

 

 

 

 احل:

 

 

 

 

 

 

Solution: 
Study of the direction of change of the sequences ሺݑ௡ሻ and ሺݒ௡ሻ:  
direction of change of sequence ሺ࢛࢔ሻ:  
we have:  ∀݊ א ℕ;  ݑ௡+ଵ − ௡ݑ = −ͳ݊ + ͵ − −ͳ݊ + ʹ = ͳሺ݊ + ͵ሻሺ݊ + ʹሻ > Ͳ   
Then the sequence ሺݑ௡ሻ is increasing for every natural number ݊. 
direction of change of sequence ሺ࢜࢔ሻ: 
we have:  ∀݊ א ℕ;  ݒ௡+ଵ − ௡ݒ = ʹ݊ + ʹ − ʹ݊ + ͳ = −ʹሺ݊ + ͳሻሺ݊ + ʹሻ < Ͳ 

Then the sequence ሺݒ௡ሻ is decreasing for every natural number ݊. 
Calculation of ࢔ܕܑܔ→+∞ሺ࢛࢔ − ሻ࢔࢜ = ૙  
we have:  �i�௡→+∞ሺݑ௡ − ௡ሻݒ = �i�௡→+∞ ( ʹ݊ + ͳ − −ͳ݊ + ʹ) = �i�௡→+∞ ( ͵݊ + ͷ݊ଶ + ͵݊ + ʹ) =Ͳ  
Since ሺݑ௡ሻ is increasing, ሺݒ௡ሻ is decreasing, and �i�௡→+∞ሺݑ௡ − ௡ሻݒ = Ͳ , then ሺݑ௡ሻ and ሺݒ௡ሻ 
are adjacent. 
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2. ARITHMETIC SEQUENCES: 

Identification We call an arithmetic sequence with a base ݎ Each sequence ሺݑ௡ሻ௡אே 
verification : ∀݊ א ℕ: ݑ௡+ଵ = ௡ݑ +    ݎ

2.1. The general term of the arithmetic sequence 

 is given by: 

௡ݑ  = ଴ݑ +  .଴ݑ If the first term of the sequence is  ݎ ݊

௡ݑ   = ଵݑ + ሺ݊ − ͳሻ ݎ   If the first term of the sequence is: ݑଵ 

 

Does the number 203 belong to the arithmetic sequence 
3,7,11,...? 
Solution 

Here ݑଵ = ͵ end ݎ = Ͷ, so ݑ௡ = ͵ + ሺ݊ − ͳሻͶ = Ͷ݊ − ͳ 

We set Ͷ݊ − ͳ = ʹͲ͵ and find that ݊ = ͷͳ  Hence, 203 is 
the 51st term of the sequence. 

 

 

Find the formula for the ݊௧ℎ term of the arithmetic sequence  
1. 2, 5, 8 …  
2. 107, 98, 89 ….  

 

 

 

 

2.2. The sum of the terms of an arithmetic sequence: 

 if the first term of the sequence is ݑ଴ Given by: 

ܵ௡ = ଴ݑ + ଵݑ + ଶݑ +⋯……… . . ௡ݑ+ = ݊ + ͳʹ ሺݑ଴ +  ௡ሻݑ
if the first term of the sequence is ݑଵ Given by: ܵ௡ = ଵݑ + ଶݑ +⋯……… . . ௡ݑ+ = ݊ʹ ሺݑଵ +  ௡ሻݑ

Solution: 
1- Hence ݑଵ = ʹ and ݎ = ͵, so  ݑ௡ = ʹ + ሺ݊ − ͳሻ͵ = ͵݊ − ͳ 

2- Hence ݑଵ = ͳͲ͹ and ݎ = −ͻ, so  ݑ௡ = ͳͲ͹ + ሺ݊ − ͳሻሺ−ͻሻ = ͳͳ͸ − ͻ݊ 
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And we can write it in general as follows: 

ܵ௡ = ʹݏ݉ݎ݁ݐ ݂݋ ݎܾ݁݉ݑܰ ሺ݂݅݉ݎ݁ݐ ݐݏݎ +  ሻ݉ݎ݁ݐ ݐݏ݈ܽ 
where: 

Number of terms = last term guide -First limit guide +1. 

 

Find the formula for the sum of the first ݊ terms of the 
arithmetic sequence  

1. 2, 5, 8 …  
2. 107, 98, 89 ….  

 

 

 

 

 

 

 

2.3. Direction of change of arithmetic sequence 

Let it be ݑ௡  Arithmetic sequence with base ݎ 

We know that: ݑ௡+ଵ = ௡ݑ + ௡+ଵݑ :And from it   ݎ − ௡ݑ =  :So we conclude that  ݎ

- ሺݑ௡ሻ Increasing if: ݎ > Ͳ 

- ሺݑ௡ሻ Decreasing if: ݎ < Ͳ 

- ሺݑ௡ሻ Fixed if:  ݎ = Ͳ 

Property: 

 to be ܽ and ܾ and ܿ In this order, the consecutive terms of an arithmetic sequence are:  ܽ + ܿ = ʹܾ 

It is called ܾ arithmetic mean of two numbers ܽ and ܿ. 

 

Solution: 
͐- Here  ݑଵ = ʹ and ݎ = ͵, so  ܵ௡ = ݊ʹ ଵݑʹ] + ሺ݊ − ͳሻݎ] ܵ௡ = ݊ʹ [Ͷ + ሺ݊ − ͳሻ͵] = ݊ʹ ͵݊ + ͳ 

2- Here ݑଵ = ͳͲ͹ and ݎ = −ͻ, so  ܵ௡ = ݊ʹ ଵݑʹ] + ሺ݊ − ͳሻݎ] ܵ௡ = ݊ʹ [ʹͳͶ + ሺ݊ − ͳሻሺ−ͻሻ] = ݊ʹ ʹʹ͵ − ͻ݊ 
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Practical exercise: 
Consider the numerical sequence defined as follows: ∀݊ א ℕ: ݑ௡ = ͵݊ + ͷ 

1. Prove that ሺݑ௡ሻ An arithmetic sequence and determine its first base. 
2. Calculate ݑଷ and ݑଵଵ 

3. Calculate the sum of: ݑଷ + ସݑ +⋯+  ଵଵݑ

Solution :  

 

1.We have: ݑ௡+ଵ − ௡ݑ = ͵ሺ݊ + ͳሻ + ͷ − ͵݊ = ͵ 

And ݑ଴ = ͵ + ሺͲሻ + ͷ = ͷ  
permission ሺݑ௡ሻ Arithmetic sequence with base ݎ = ͵ And its first term ݑ଴ = ͷ 

2.We have: ݑଷ = ͵ + ሺ͵ሻ + ͷ = ͳͶ and ݑଵଵ = ͵ + ሺͳͳሻ + ͷ = ͵ͺ  
ଷݑ .3 + ସݑ +⋯+ ଵଵݑ = ሺͳͳ − ͵ + ͳሻ ଵଵݑ + ʹଷݑ = ͻͷʹʹ = ʹ͵Ͷ 
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3.GEOMETRIC SEQUENCE: 

3.1.Definition of geometric sequence and its laws:  
We call a geometric sequence based on ݍ any sequence ሺݑ௡ሻ that satisfies the following: 

∀݊ א ℕ: ݑ௡+ଵ = ௡ݑ ×  ݍ

3.2.The general term of a geometric sequence: ሺݑ௡ሻ A geometric sequence whose first term ݑ଴ and base ݍ are not zero: 

{ ଵݑ = ଴ݑ × ଶݑ                                                   ݍ = ଵݑ × ݍ = ሺݑ଴ × ሻݍ × ݍ = ଴ݑ × ଷݑଶݍ = ଶݑ × ݍ = ሺݑ଴ × ଶሻݍ × ݍ = ଴ݑ × ଷݍ       ฺ   ∀݊ א ℕ: ݑ௡ = ଴ݑ ×  ௡ݍ

 

In general:  ሺݑ௡ሻ is a geometric sequence whose first term ݑ௠ and base ݍ are non zero: ∀݊ א ℕ: ݑ௡ = ௠ݑ ×  ௡−௠ݍ

The proof: 

∀݊ א ℕ ; ∀݉ א ℕ: { ௡ݑ = ଴ݑ × ௠ݑ௡………ሺͳሻݍ = ଴ݑ ×  ௠………ሺʹሻݍ
Dividing (1) by (2), we find: ݑ௡ݑ௠ = ଴ݑ × ଴ݑ௡ݍ × ௠ݍ = ௠ݍ௡ݍ = ௡ݍ × ௠−ݍ =  ௡−௠ݍ

Meaning that : ݑ௡ݑ௠ = ௡−௠ݍ ⇒ ௡ݑ = ௠ݑ ×  ௡−௠ݍ

 

Find the formula for the ݊௧ℎ term of the geometric sequence  
1. 2, 6, 18, … 

2. 486, 162, 54, …. 
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Does the number 6072 belong to the geometric sequence 

3, -6, 12, -24, 48, …?  
Solution 

Here ݑଵ = ͵ end ݍ = −ʹ, so  ݑ௡ = ͵ × ሺ−ʹሻ௡−ଵ 

We set  ͵ × ሺ−ʹሻ௡−ଵ = ͸Ͳ͹ʹ  this give ሺ−ʹሻ௡−ଵ = ʹͲʹͶ   
But 2024 is not a power of 2, and so 6072 does not belong to 
the sequence. 

3.3.Sum of terms of a geometric sequence:  

Let   ܵ௡ be the sum of the terms of a geometric sequence with base ݍ, first term ݑ଴, and last term ݑ௡: 

ܵ௡ = ଴ݑ + ଵݑ + ଶݑ +⋯……… . . ௡ݑ+ = ଴ݑ × ቆͳ − ௡−଴+ଵͳݍ − ݍ ቇ = ଴ݑ × ቆͳ − ௡+ଵͳݍ − ݍ ቇ 

Let   ܵ௡ be the sum of the terms of a geometric sequence with base ݍ, first term ݑଵ, and last term ݑ௡: 

ܵ௡ = ଵݑ + ଶݑ + ଷݑ +⋯……… . . ௡ݑ+ = ଵݑ × ቆͳ − ௡−ଵ+ଵͳݍ − ݍ ቇ = ଵݑ × (ͳ − ௡ͳݍ − ݍ ) 

In general:  

 Let  ܵ௡ be the sum of the terms of a geometric sequence with base ݍ, first term ݑ௣, and last term ݑ௡: 

ܵ௡ = ௣ݑ + ௣+ଵݑ + ௣+ଶݑ +⋯……… . . ௡ݑ+ = ௣ݑ × ቆͳ − ௡−௣+ଵͳݍ − ݍ ቇ 

 

Solution: 
1) Hence ݑଵ = ʹ and ݍ = ͵, so  ݑ௡ = ʹ × ͵௡−ଵ 

2)  Hence ݑଵ = Ͷͺ͸ and ݍ = ଵଷ, so  ݑ௡ = Ͷͺ͸ × ͳ͵௡−ଵ 
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Find the formula for the sum of the first ݊ terms of the 
geometric sequence 

1. 2, 6, 18, … 

2. 486, 162, 54, …. 
 

 

 

 

 

 

3.4.The direction of change of a geometric sequence: 

 Let ሺݑ௡ሻ be a geometric sequence with its first term ݑ଴ and its base ݍ: 

∀݊ א ℕ ∶ ௡ݑ} = ଴ݑ × ௡+ଵݑ        ௡ݍ = ଴ݑ × ௡+ଵݍ   ฺ ௡+ଵݑ − ௡ݑ = ሺݑ଴ × ௡+ଵሻݍ − ሺݑ଴ × ௡+ଵݑ ௡ሻݍ − ௡ݑ = ሺݑ଴ × ௡ݍ × ሻݍ − ሺݑ଴ × ௡ሻݍ = ଴ݑ × ௡ݍ × ሺݍ − ͳሻ ∀݊ א ℕ ∶ ௡+ଵݑ − ௡ݑ = ଴ݑ × ሺݍ − ͳሻ ×  ௡ݍ

 

The sign of the difference ݑ௡+ଵ −  .ݍ ଴ and the baseݑ ௡ relates to the first termݑ
If it is: 

ݍ • > ͳ  and    ܷ଴ > Ͳ  We say that ሺݑ௡ሻ is an increasing sequence. 
ݍ • > ͳ  and   ܷ଴ < Ͳ  We say that ሺݑ௡ሻ is a decreasing sequence   

• Ͳ < ݍ < ͳ  and   ܷ଴ > Ͳ  We say that ሺݑ௡ሻ is a decreasing sequence 

• Ͳ < ݍ < ͳ   and   ܷ଴ < Ͳ   We say that ሺݑ௡ሻ is an increasing sequence. 
ݍ • = ͳ   We say that ሺݑ௡ሻ is a constant sequence and all its terms are 

equal and equal to the first term ݑ଴. 
ݍ • < Ͳ  and   ݑ଴ (Positive or negative) we say that ሺݑ௡ሻ is sometimes 

positive and sometimes negative, so it is an unordered sequence. 

 

 

Solution: 
ଵݑ  = ʹ and ݍ = ͵, so  ܵ௡ = ʹ ሺ͵௡ − ͳሻ͵ − ͳ = ͵௡ − ͳ 

Here  ݑଵ = Ͷͺ͸ and ݍ = ଵଷ, so  

ܵ௡ = Ͷͺ͸ ሺͳ − ଵଷ௡ሻͳ − ଵଷ = ͹ʹͻሺͳ − ͳ͵௡ሻ 
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3.5.The limit of a geometric sequence:  ሺݑ௡ሻ is a geometric sequence with its first term ݑ଴ and its base ݍ:  

We know that the general term of a geometric sequence with the first term ݑ଴ and the common 
ratio ݍ is: ݑ௡ = ଴ݑ ×  ௡ݍ

so:   �i�௡⟶+∞ݑ௡ = �i�௡⟶+∞ሺݑ଴ × ௡ሻݍ = ଴ݑ × �i�௡⟶+∞ݍ௡ 

If it is: 
ݍ  • < −ͳ  We say that ሺݑ௡ሻ does not have a limit because �i�௡⟶+∞ݑ௡ = +∞ or �i�௡⟶+∞ݑ௡ = −∞  Therefore, we say that ሺݑ௡ሻ is a divergent sequence. 
ݍ • = −ͳ  We say that ሺݑ௡ሻ does not have a limit because �i�௡⟶+∞ݑ௡ = ௡ݑ∞+⟶଴ or   �i�௡ݑ+ =  .௡ሻ is a divergent sequenceݑ଴ Therefore, we say that ሺݑ−
• −ͳ < ݍ < Ͳ ฺ �i�௡⟶+∞ݑ௡ = Ͳ   So ሺݑ௡ሻ is a convergent sequence. 
ݍ • = Ͳ  ฺ  �i�௡⟶+∞ݑ௡ = Ͳ       So ሺݑ௡ሻ is a convergent sequence 

• Ͳ < ݍ < ͳ  ฺ  �i�௡⟶+∞ݑ௡ = Ͳ  So ሺݑ௡ሻ is a convergent sequence 

ݍ • = ͳ    ฺ   �i�௡⟶+∞ݑ௡ =  ௡ሻ is a convergent sequenceݑ଴  So ሺݑ

ݍ • > ͳ    and   ݑ଴ > Ͳ  ฺ   �i�௡⟶+∞ݑ௡ = +∞    So ሺݑ௡ሻ is a divergent sequence 

ݍ • > ͳ    and   ݑ଴ < Ͳ  ฺ      �i�௡⟶+∞ݑ௡ = −∞    So ሺݑ௡ሻ is a divergent sequence 

 

Find the limiting sum for the geometric series 

1- ͳ + ଵଷ+ ଵଽ +⋯.  
2- ͺ − ͸ + ଽଶ+⋯  

 

 

 

 

 

 

Solution: 
1- Here  ݑଵ = ͳ and ݍ = ଵଷ, so the limiting sum exists and is equal to ݏ∞ = ͳͳ − ଵଷ = ͵ʹ

 

2- Here  ݑଵ = ͺ and ݍ = ଷସ, so the limiting sum exists and is equal to ݏ∞ = ͳͳ + ଷସ = ͵͹ʹ  
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• The sequence ሺݑ௡ሻ converges to the number ݉ if and only if �i�௡⟶+∞ݑ௡ = ݉. And if it is not convergent, it is divergent. 
• The divergent sequence is the sequence that has no end or has an 

infinite end ሺ �i�௡⟶+∞ݑ௡ = ∞−+ ሻ. 
• The geometric sequence converges if and only if the base belongs to 

the domain ݍ א ]−ͳ, ͳ]. 
Theory:  

✓ Every increasing geometric sequence that is limited from above is convergent.  
✓ Every decreasing geometric sequence that is limited from below is convergent. 

Property  

Let it be ܽ and ܾ and ܿ In this order, the consecutive terms of geometric sequence are: ܾଶ = ܽܿ 

It is called ܾ geometric mean of two numbers ܽ and ܿ 

Practice Exercise: 

We consider the numerical sequence: ሺݑ௡ሻ௡אே defined as follows: 

{ ଴ݑ = ௡+ଵݑ,ʹ− = ʹ͵ ௡ݑ − ͳ. 
We put: ݒ௡ = ௡ݑ + ͵  
1- Prove that the sequence ሺݑ௡ሻ௡אே is geometric sequence. 
2-Deduce formula of  ሺݑ௡ሻ and ሺݒ௡ሻIndicative ݊, then conclude ௟�௠  ௡⟶+∞ݑ௡ 

3- We put : ܵ௡ = ଴ݒ + ଵݒ +⋯+   ݊ ௡Write ܵ௡ Indicativeݒ
solution: 

 

1-We have: ݒ௡+ଵݒ௡ = ௡+ଵݑ + ௡ݑ͵ + ͵ = ଶଷݑ௡ − ͳ + ௡ݑ͵ + ͵ = ଶଷݑ௡ + ௡ݑʹ + ͵ = ʹ͵ ௡ݑ) + ௡ݑ͵ + ͵) = ʹ͵
 

And from it: ሺݒ௡ሻ is geometric sequence with  base ݍ = ଶଷ and it’s fist term 
is:  ݒ଴ = ଴ݑ + ͵ =  −ʹ + ͵ = ͳ 

2-Deduce formula of  ሺ࢛࢔ሻ  and ሺ࢜࢔ሻIndicative ࢔ 

formula of  ሺݒ௡ሻ: 
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௡ݒ = ௡ݍ଴ݒ  = (ʹ͵)௡ 

formula of  ሺݑ௡ሻ ݑ௡ = ௡ݒ − ͵ = (ʹ͵)௡ − ͵  
conclude ௟�௠  ௡⟶+∞ݑ௡ ݈݅݉  ݊ ⟶ ௡ݑ∞+ = ݈݅݉  ݊ ⟶ +∞(ʹ͵)௡ − ͵ =  −͵ 

3- calculate : ࢔ࡿ = ࢜૙ + ࢜૚ +⋯+  ࢔࢜

ܵ௡ = ଴ݒ + ଵݒ +⋯+ ௡ݒ = ଴ݒ ቌͳ − ቀଶଷቁ௡ͳ − ଶଷ ቍ = ͵ቆͳ − (ʹ͵)௡ቇ 

4. APPLICATIONS TO FINANCE: 

One of the many applications of sequences and series occurs in financial mathematics. 

Here we will briefly discuss compound interest and superannuation. 
4.1.Compound interest 

Compound interest was discussed in the TIMES module Consumer arithmetic (Year 9). 
We invest an amount $P at an interest rate ݍ  paid at the end of a prescribed interval for a period 
of n such intervals. Interest rates are usually quoted as percentages, and so an interest rate of 3% 
means that ݍ =  Ͳ.Ͳ͵. 

Let us here assume the time interval is one year. Hence, after one year, the investment has 
the value ݑଵ  + ଵݑݍ  = ଵሺͳݑ  +  .ሻݍ
 After the end of two years, the investment has the value 

ଵሺͳݑ  + ሻݍ + ଵሺͳݑݍ + ሻݍ  = ଵሺͳݑ  +   .ሻଶݍ
We can see from this that, after ݊ years, the investment will be worth ݑଵሺͳ +  .ሻ௡ݍ
These amounts form a geometric sequence with common ratio ͳ + ଵሺͳݑ and the ݊௧ℎ term is ,ݍ +  .ሻ௡ݍ

 

If $1000 is invested at 4% p.a. compounded yearly, what is 
the value of the investment after ten years? 

Solution 

Here ݑଵ = ͳͲͲͲ and ݍ = Ͳ.ͲͶ  and  ݊ =  ͳͲ. Thus, after ten 
years, the investment is worth ͳͲͲͲሺͳ + Ͳ.ͲͶሻଵ଴ ≈ ͳͶͺͲ.ʹͶ $ 
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Depreciation is closely related to compound interest. When a company, for example, buys a car 
for work-related purposes, it is able to claim the depreciation in the value of the car over time as 
a tax deduction. 

If the car is initially worth $ݑଵ and is depreciated at a rate of ݍ per annum, then the value of the 
car after one year is: ݑଵ − ଵݑݍ  = ଵሺͳݑ  − ଵሺͳݑ  ሻ . After the end of two years, the car has valueݍ − ሻݍ + ଵሺͳݑݍ − ሻݍ  = ଵሺͳݑ  −  ሻଶ. We can see from this that, after ݊ years, the car will beݍ
worth   ݑଵሺͳ −   ሻ௡ݍ

 

What is the value of a car after ten years, if it is initially worth 
$30000 and is depreciated at 6% p.a.? 

 

 

 

 

4.2.Superannuation 

  Superannuation is a way of saving for retirement. Money is regularly invested over a long 
period of time and (compound) interest is paid. Suppose I invest in a superannuation scheme for 
30 years which pays 6% per annum. I put $3000 each year into the scheme, and (for the sake of 
simplicity) we will suppose that the interest is added yearly. 

Thus, the first $3000 will be invested for the full 30 years at 6% per annum. Hence, it will 
accrue to $3000×1.0630. The next $3000, deposited at the beginning of the second year, will be 
invested for 29 years and so will accrue to $3000×1.0629, and so on. Writing the amounts from 
smallest to largest, the total value of my investment after 30 years is 

A = 3000×1.06+3000×1.062+···+3000×1.0630. 

This is a geometric series with first term ݑଵ  =  ͵ͲͲͲ × ͳ.Ͳ͸ and common ratio ݍ =  ͳ.Ͳ͸; 
the number of terms is ݊ =  ͵Ͳ. Using the formula for the sum of a finite geometric series, the 
final value of the investment is   ܣ ≈  $ʹͷͳͶͲͷ. 

Solution: 
Here ݑଵ = ͵ͲͲͲͲ and ݍ = Ͳ.Ͳ͸  and  ݊ =  ͳͲ. Thus, after ten years, the car is worth ͵ͲͲͲͲሺͳ + Ͳ.Ͳ͸ሻଵ଴ ≈ ͳ͸ͳͷͺ $ 
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This example illustrates both the value of regular saving and the power of compound 
interest. The $90000 invested becomes roughly $251400 over 30 years. 

4.3.Simple interest savings status application 

A customer deposited an amount of 6000 DZD in the bank with simple interest for several 
years, meaning that at the end of each year the bank gives interest of 8% To increase his savings 
every year by a fixed amount equal to 8%From the initial amount. 

- calculate  ݑଵ, ݑଶ, ݑଷ  
- Verify that for every natural  number ݊, We have : ݑ௡+ଵ = ௡ݑ + ͶͺͲ 

- Write ݑ௡ Indicativen  
- How many years do have he to wait for the initial amount to triple? 
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Series No. 02: NUMERICAL SEQUENCES 

 
Exercise 01: 
Let the sequence ݑ௡  be defined as follows: 

{ ଴ݑ = ͵ʹ ௡+ଵݑ, = ሺݑ௡ − ͳሻଶ + ͳ. 
1-Prove that for every ݊ א ܰ, ͳ < ௡ݑ < ʹ.. 
2- Prove that the sequence ሺݑ௡ሻ௡אே is increasing. 
3 - Deduce that the sequence ሺݑ௡ሻ௡אே  is convergent, and determine its limit ሺ݈ =? ሻ 
Exercise 02: 
 We consider the numerical sequence ሺݑ௡ሻ௡אℕ defined by : 

 { ଴ݑ = ୬+ଵݑ͵ = ହ୳n−ସ୳n+ଵ  

1- Prove that:  ∀݊ א ℕ ∶ ௡ݑ > ʹ 

2- study monotony. ሺݑ௡ሻ௡אℕ 

3- Deduce the convergence of the sequence  ሺݑ௡ሻ௡אℕ 

Exercise 03: 
 We consider The two sequences ሺݑ௡ሻ and ሺݒ௡ሻ The identifiers By: ݑ଴ = ͳʹ and  ݒ଴ = ͳ, 

and for, every natural number ݊ :   ݒ௡+ଵ = ௨�+ଷ௩�ସ ௡+ଵݑ        ݀݊ܽ   = ௨�+ଶ௩�ଷ    
1-for, every natural number ݊ We put �௡ = u௡ − v௡, prove That the sequence �௡  is geometric 
and determine its first term and base.  
2- Study the direction of change of the two sequences ሺݑ௡ሻ and ሺݒ௡ሻ then conclude that they are 

adjacent.  

Exercise 04: 
Let ; the arithmetic sequence ሺݑ௡ሻ, with first term  ݑଵ : 
1- Given that ݑ଻ = ͹ݑଵଽ  and   ݑଷଵ = ʹͷ, find  the  base of the sequence ሺݑ௡ሻ , Then deduce 
the expression ݑ௡ in terms of ݊. 
the last terms of the sequence ሺݑ௡ሻ is 150.  
2- Determine the number of terms in the sequence ሺݑ௡ሻ  
3- Find the sum of the last 20 terms of the sequence ሺݑ௡ሻ.  
Exercise 05: 
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ሺݑ௡ሻ is a numerical sequence defined by:  

{ 
଴ݑ  = ͳʹ
୬+ଵݑ = ͳʹ − u୬ 

We Consider the sequence  ሺݒ௡ሻ defined by: ݒ୬ = ଵଵ−୳n 

1-Calculate the terms: ݒ଴    ،   ..ଶݒ   ଵ andݒ
2-Prove that the sequence ሺݒ௡ሻ  is arithmetic by determining its  base.  
3-Write ݒ௡ and then ݑ௡ in terms of ݊.  

Exercise 06: 
Let the sequence ሺݑ௡ሻ be defined as follows: ݑ଴ = ݁  and for, every natural number ݊ : ݑ௡+ଵ   ௡ݑ√=
1- Prove by regressing, for every natural number ݊: .ݑ௡ > ͳ  
2- Study the direction of change of the sequenceሺݑ௡ሻ And concluded its convergence.  
3- Let it beThe sequence ሺݒ௡ሻ Knowledge is as follows : ݒ௡ = ݈݊ሺݑ௡ሻ.  
a. prove that ሺݒ௡ሻ is Geometric sequence, assignment required its basis and its first term.  
b. Write  ݊ݒ And ݑ௡ by implication,݊ then calculate the limit of the sequenceሺݑ௡ሻ.  
c. We put.ܵ௡ = ଴ݒ + ଵݒ +⋯+ ௡   ܽ݊݀    ௡ܲݒ = ଴ݑ × ଵݑ × …×   : ௡ݑ
calculate ܵ௡ ݐℎ݁݊   ௡ܲ Indicatively.݊ 

 

Exercise 07: 
Osama starts his new job on an annual salary of 18000 DZD . His contract promises a pay  rise 
of 1800  DZD in each subsequent year until his salary reaches 36000 DZD. When the salary 
reaches 36000 DZD Osama will receive no more pay rises. Osama’s salary first reaches the 
maximum salary of 36000 DZD in year N . 
a) Determine the value of N . 
b) Find Osama’s total salary earnings during the first N years of his employment. 
Obama starts his new job at the same time as Osama on an annual salary of A DZD . 
His contract promises a pay rise of 1000 DZD in each subsequent year until his salary reaches 
36000 DZD. When the salary reaches 36000 DZD Obama will receive no more pay rises. 
Obama’s salary first reaches the maximum salary of  36000 DZD in year 15. 
c) Find the year when both Osama and Obama have the same annual salary. 
d) Calculate the difference in the total salary earnings between Osama and Obama in the first 
15 years of their employment. 
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ىللǳيناǵل1800جزائرȉ.لينصلعقدهلعࠄلǶاǭǳليلالراتبلقدǵهاللǳيناǵل18000يبدأ لأ سامːلمهلا߫ديدلبراتبلس نوȉلقدǵهل جزائرȉليلللس نːلاليːلحىليص̣لǵاتبهلا 
ىللǳيناǵل36000 ىلا߬دلال قىلالبال̌للǳيناǵل36000جزائرȉ.لعندماليص̣لالراتبلا  جزائرȉ،لل̬لحص̣لأ سامːلعࠄلأ ȉلǶاǭǳلأ خرȈليلالراتب.ليص̣لǵاتبلأ سامːلل ȃȇلمرǭلا 

 هولǵاتبلعامهلاȃȇليلال̫̣̋.للଵݑ،لأ Ǵالاعترالاȅل.N جزائرȉليلالس نːلǳيناǵل36000

ːلقمǳأ (لحد N . 

Ǯلالس نواȃلخاːاتبلأ سامǵجاࠅل  .ال ȇىلم̬لمه Ǭ N(لأ ȇجدلا 

 جزائرȉ.لǳيناA ǵ يبدأ لأ ȇامالمهلا߫ديدليلنفسلالوقˑلاذȉلبدأ لفيهلأ سامːلبراتبلس نوȉلقدǵه

ىلللǳيناǵلل1000يض̫̬لعقدهلǶاǭǳليلالراتبلقدǵهال ىللǳيناǵل36000جزائرȉليلللس نːلاليːلحىليص̣لǵاتبهلا  ǳيناǵلجزائرȉ،لل̬للل36000جزائرȉ.لعندماليص̣لالراتبلا 
ىلا߬دلال قىلللراتبلالبال̌ل  .ǳ15يناǵلجزائرȉليلالس نːلل36000حص̣لأ ȇامالعࠄلأ ȉلǶاǭǳلأ خرȈليلالراتب.ليص̣لǵاتبلأ ȇامالل ȃȇلمرǭلا 

 .ج(لأ ȇجدلالس نːلاليلي̢وȅلفهالǵاتبلأ سامːلȇأ ȇامالمتساȇين

جاࠅلǳخ̣لالراتبلبنلأ سامːلȇأ ȇاماليلأ ȃȇل  س نːلم̬لملها.لǳ15(لاحسبلالفرȁليلا 

 

Exercise 08:     
A person deposited 11,000 DZD in a bank in 2000, earning 6% compound interest per annum.  
Let us consider the deposited amount as ݑ଴  and the number ݑ௡ as the new balance after n years. 
1- Calculate the amount earned in 2001, 2002, and 2003.  
2- Find the relation between ݑ௡  and ݑ௡+ଵ 

3-Conclude the nature of the sequence ሺݑ௡ሻ௡אℕ , and write ݑ௡ in terms of n.  
حدȈ ج.ǳ 11000 قدǵه مبلغا خص أ ǳȇع ل.ل%6ل قدǵها مركبː س نويː فائدǭ ه حص̣ حي˘ 2000 عاȄ البنوȂ ا 

Ǵا عترا ا   س نواǮ.لnب̋دل ا߫ديد الرصيد ௡ݑ ال̋دȇ ǳن̋ترل଴ݑهول اموǳع امبل̌ أ ȅ ا 

 .لل2003،ل2002،لل2001 عاȄ عليه احص̣ امبل̌ أ حسب -1

لل௡+ଵݑȇلل௡ݑبنلل ال̋اقː أ ȇجدل-2

    nبداةلل௡ݑȇكتابːل،لℕא௡ሻ௡ݑሺامتتاليːللل طبيː̋ اس تن˗ج-3
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2ANSWER TO SERIES NUMBER  

Exercise 01: 
1-Prove that for every ࢔ א �, ૚ < ࢔࢛ < ૛.. 
- Let's assume that: ሺ ௡ܲሻ: ͳ < ௡ݑ < ʹ. 
Using the proof by regression we prove that ( ௡ܲ) is true for every: ݊ א ܰ 

Proof: 

For: ݊ = Ͳ, we assume that : ͳ < ଴ݑ = ଷଶ < ʹ. 
Heredity: 
Let us assume that the proposition ሺ ௞ܲሻ is true for all ͳ ൑  ݇ ൑ ݊ , and prove that ܲሺ݊ + ͳሻ is 
also true ሺͳ < ௡+ଵݑ   <  ʹሻ. 
Since ͳ < ௡ݑ   <  ʹ (recursion hypothesis). 
Therefore, Ͳ < ௡ݑ  −  ͳ <  ͳ,  hence Ͳ < ሺݑ௡ −  ͳሻଶ  <  ͳ 

Then ͳ < ሺݑ௡ −  ͳሻଶ + ͳ <  ʹ. 
That is mean: ܲሺ݊ +  ͳሻ is also true. 
Conclusion: 
By the principle of recurrence, we deduce that ሺ ௡ܲሻ  is true for all ݊ א ܰ. That is mean :  ͳ < ௡ݑ   <  ʹ. 
2- Prove that the sequence ሺ࢛࢔ሻא࢔� is strictly increasing. 
Let ݊ א ܰ. Calculate ݑ௡+ଵ −  :௡ݑ
We have : ݑ௡+ଵ − ௡ݑ = ሺݑ௡ − ͳሻଶ + ͳ − =௡ݑ ௡ଶݑ − ௡ݑʹ + ͳ + ͳ − =௡ݑ ௡ଶݑ − ௡ݑ͵ + ʹ= ሺݑ௡ − ͳሻሺݑ௡ − ʹሻ.  

According to the first question, ݑ௡ − ͳ >  Ͳ and ݑ௡ − ʹ <  Ͳ. 
Therefore, ݑ௡+ଵ − ௡ݑ   < Ͳ     
Hence, the sequence ሺݑ௡ሻ௡אே is strictly decreasing. 
3 - Deduce that the sequence ሺ࢛࢔ሻא࢔�  is convergent, and determine its limit ሺ࢒ =? ሻ 
-Since the sequence ሺݑ௡ሻ௡אே   is limited from  below by 1 and strictly decreasing, so  ሺݑ௡ሻ௡אே  is convergent to ݈ such that ݈  verifies ݈ =  ሺ݈ −  ͳሻଶ  +  ͳ. 
Therefore, ݈ଶ +  ͵݈ +  ʹ =  Ͳ. 
So ݈ =  ͳ or ݈ =  ʹ. 

Since the first term ݑ଴ = ଷଶ  and ሺݑ௡ሻ௡אே  is decreasing, then ݈ =  ͳ. 
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Exercise 02: 
We consider the numerical sequence ሺݑ௡ሻ௡אℕ defined by : 

{ ଴ݑ = ୬+ଵݑ͵ = ͷu୬ − Ͷu୬ + ͳ  

1- To prove that:  ∀࢔ א ℕ ∶ ࢔࢛ > ૛, we use the proof by regression: ሺ ௡ܲሻ:  ∀݊ א ℕ ∶ ௡ݑ > ʹ. 
Using proof by regression, we prove that ሺ ௡ܲሻ is true for all: ݊ א ܰ 

2-We verify the validity of ሺ ଴ܲሻ, that is, the validity of the relation for: n = Ͳ 

We have: ݑ଴ = ͵ > ʹ and thus: ሺ ଴ܲሻ is verified (true). 
3- We assume that ሺ ௡ܲሻ is true and prove the truth of ሺ ௡ܲ+ଵሻ. 
We have: ݑ௡+ଵ = ͷݑ௡ − Ͷݑ௡ + ͳ = ͷݑ௡ − Ͷ + ͷ − ͷݑ௡ + ͳ = ௡ݑ + ͷݑ௡ + ͳ − ͻݑ௡ + ͳ = ͷ − ͻݑ௡ + ͳ 

And we have :  ݑ௡ > ʹ ⇒ ௡ݑ + ͳ > ͵ ⇒ ͳݑ௡ + ͳ < ͳ͵  ⇒ ͻݑ௡ + ͳ < ͵ ⇒ −ͻݑ௡ + ͳ > −͵ ⇒ ͷ − ͻݑ௡ + ͳ > ʹ  
And from it: ݑ௡+ଵ > ʹ so: ሺ ௡ܲ+ଵሻ is correct   
We conclude that:  ∀݊ א ℕ ∶ ௡ݑ > ʹ.. 
2- study monotony. ሺ࢛࢔ሻא࢔ℕ ݑ௡+ଵ − ௡ݑ = ͷݑ௡ − Ͷݑ௡ + ͳ − ௡ݑ = ሺͷݑ௡ − Ͷሻ − ௡ݑ௡ሺݑ + ͳሻݑ௡ + ͳ = ͷݑ௡ − Ͷ − ௡ଶݑ − ௡ݑ௡ݑ + ͳ  = ௡ଶݑ− + Ͷݑ௡ − Ͷݑ௡ + ͳ = −ሺݑ௡ଶ − Ͷݑ௡ + Ͷሻݑ௡ + ͳ  = −ሺݑ௡ − ʹሻଶݑ௡ + ͳ   
We have: ݑ௡+ଵ > Ͳ and  −ሺݑ௡ − ʹሻଶ < Ͳ, so  ݑ௡+ଵ − ௡ݑ < Ͳ and from it: ሺݑ௡ሻ௡אℕ  is strictly 
decreasing. 
3- Deduce the convergence of the sequence  ሺ࢛࢔ሻא࢔ℕ 

 We have ݑ௡  limited from below by the number 2, and it is strictly decreasing, and therefore ݑ௡ is convergent. 
Exercise 03: 
1 - prove That the sequence ࢔ܟ is geometric  : ݓ ௡+ଵ ௡+ଵݑ =  − = ௡+ଵݒ  ௡ݑ + ͵௡ݒʹ − ௡ݑ + ௡Ͷݒ͵ ௡+ଵ ݓ  = Ͷݑ௡ + ͺݒ௡ − ௡ݑ͵ − ͻݒ௡ͳʹ = ௡ݑ − ʹ௡ͳݒ  
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So :  ݓ ௡+ଵ = ͳͳʹݓ ௡ 

So the sequence  ݓ ௡ is a geometric sequence with a base ݍ = ଵଵଶ and the first term ݓ ଴ ଴ݑ = = ଴ݒ −  ͳͳ 

For every natural number ݊:  ݓ ௡ = ͳͳ ( ͳͳʹ)௡ 

2-Study the direction of change of the two sequences ሺ࢛࢔ሻ and ሺ࢜࢔ሻ : ݑ ௡+ଵ ௡ݑ − = ௡ݑ + ͵௡ݒʹ − ௡ݑ = ௡ݑ + ௡ݒʹ − ͵௡ݑ͵ = −ʹሺݑ௡ − ͵௡ሻݒ =  ௡ ݓ͵ʹ−

Then: ݑ ௡+ଵ ௡ݑ − = −ଶଶଷ ቀ ଵଵଶቁ௡ Therefore, for every natural number ݊: ݑ ௡+ଵ ௡ݑ − < Ͳ 

And the sequence ሺݑ௡ሻ is decreasing on ܰ. ݒ ௡+ଵ ௡ݒ − = ௡ݑ + ௡Ͷݒ͵ − ௡ݒ = ௡ݑ + ௡ݒ͵ − Ͷݒ௡Ͷ = ሺݑ௡ − ௡ሻͶݒ = ͳͶݓ ௡ 

So: ݒ ௡+ଵ ௡ݒ − = ଵଵସ ቀ ଵଵଶቁ௡ and thus for every natural number ݊: ݒ ௡+ଵ ௡ݒ − > Ͳ 

And the sequence ሺݒ௡ሻ is increasing on ܰ. 
We know that: ௟�௠  ௡⟶+∞ݓ௡ = Ͳ  and that: �௡ = u௡ − v௡, thus: ௟�௠  ௡⟶+∞ ሺݑ௡ − ௡ሻݒ = Ͳ  
We conclude that ሺ࢛࢔ሻ and ሺ࢜࢔ሻ  are convergent. 
 

Exercise 04: 
1-find  the common difference ( base) of the sequence ሺ࢛࢔ሻ : 
we have :  ݑ௡ = ଵݑ + ሺ݊ − ͳሻݑ ݎ଻ = ͹ݑଵଽ ฺ ଵݑ + ͸ݎ = ͹ሺݑଵ + ͳͺݎሻ ฺ ଵݑ + ͸ݎ = ͹ݑଵ + ͳʹ͸ݎ ฺ ͸ݑଵ = −ͳʹͲݑ ݎଵ = −ʹͲݎ 

ଷଵݑ = ʹͷ ฺ ଵݑ + ͵Ͳݎ = ʹͷ ฺ ଵݑ = ʹͷ − ͵Ͳݎ 

−ʹͲݎ = ʹͷ − ͵Ͳݎ ͳͲ ݎ =  ʹͷ ݎ = ͷʹ
 

the expression ࢛࢔ in terms of n : 
we have : ݑଵ = −ʹͲݎ ฺ ଵݑ = −ʹͲ (ͷʹ) ฺ ଵݑ = −ͷͲ  
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So that : ݑ௡ = −ͷͲ + ሺ݊ − ͳሻ ହଶ 
2- Determine the number of terms in the sequence ሺ࢛࢔ሻ : ݑ௡ = ଵݑ + ሺ݊ − ͳሻݎ ฺ ͳͷͲ = −ͷͲ + ሺ݊ − ͳሻ ͷʹ ฺ ʹͲͲ = ሺ݊ − ͳሻ ͷʹ ฺ ʹͲͲ ͷʹ = ሺ݊ − ͳሻ ฺ ሺ݊ − ͳሻ = ͺͲ 

So : ݊ = ͺͳ 

3- Find the sum of the last 20 terms of the sequence ሺ࢛࢔ሻ : 
20 terms 

 

150 +  147.5 +  145 +………………. ܵ௡ = ݊ʹ ଵݑʹ] + ሺ݊ − ͳሻݎ] 
We have : ݑ௡+ଵ − ௡ݑ = ฺ ݎ ௡ݑ ௡+ଵݑ := − so that :  ܵ௡ ݎ = ʹͲʹ [ʹሺͳͷͲሻ − ሺͳͻሻ ͷʹ] ܵ௡ = ͳͲ [͵ͲͲ − ሺͳͻሻ ͷʹ] = ͵ͲͲͲ − Ͷ͹ͷ = ʹͷʹͷ 

Exercise 05: 
Calculate the terms: ࢜૙   ، ࢜૚ and   ࢜૛.. : 

଴ݒ  = ͳͳ − u଴ = ͳͳ − ଵଶ = ʹ 

ଵݑ = ͳʹ − u଴ = ͳʹ − ଵଶ = ʹ͵
ଵݒ  = ͳͳ − uଵ = ͳͳ − ଵଷ = ͵ 

ଶݑ = ͳʹ − uଵ = ͳʹ − ଶଷ = Ͷ͵ ݒଶ = ͳͳ − uଶ = ͳͳ − ଷସ = Ͷ 

Prove that the sequence ሺ࢜࢔ሻ  is arithmetic  

We know that: ݒ௡+ଵ − ௡ݒ =   ݎ

We have: ݒ୬ = ଵଵ−୳n 

So ݒ௡+ଵ − ௡ݒ = ͳͳ − u୬+ଵ − ͳͳ − u୬ 
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ͳͳ − ଵଶ−௨� − ͳͳ − u୬ = ͳଵ−୳nଶ−௨� − ͳͳ − u୬ = ʹ − u୬ͳ − ௡ݑ − ͳͳ − u୬ = ʹ − u୬ − ͳͳ − ௡ݑ = ͳ − u୬ͳ − ௡ݑ = ͳ 

The sequence ሺݒ௡ሻ is arithmetic with base  ݎ = ͳ. 

Writing ࢜࢔ in terms of ݒ .࢔௡ = ଴ݒ + ݎ݊ = ʹ + ݊ 

Writing ࢛࢔ in terms of ݒ .࢔୬ = ͳͳ − u୬ ฺ ୬ݑ = ͳ − ͳv୬ = ͳ − ͳʹ + n ฺ ୬ݑ = ͳ + nʹ + n 

 
Exercise 06: 
1-Prove by regressing, for every natural number ݊: .࢛࢔ > ૚  
We have: the  property is true for ݊ = Ͳ 

We assume ࢛࢔ > ૚   that and from it √࢛࢔ > ૚   i.e. ࢛࢔+૚ > ૚   and therefore, according to the 
principle of regression inference, for every natural number ݊, ࢛࢔ > ૚   
2- Study the direction of change of the sequence(࢛࢔) 
Since ࢛࢔ > ૚  , then ࢛࢔૛ > ࢔࢛ and thus ,  ࢔࢛ >  ሻ is࢔Therefore, the sequence ሺ࢛ .࢔࢛√
decreasing. 
Convergence conclusion: 
Since the sequence ሺ࢛࢔ሻ is decreasing and limited from below by the number 1, it is 
convergent. 
3-prove that ሺ࢜࢔ሻ is Geometric sequence, assignment required its basis and its first 
term.  
Let ݊ be a natural number. ݒ௡+ଵ = ௡+ଵݑ݈݊ = ௡ݑ√݈݊ = ௡భమݑ݈݊ = ͳʹ ௡ݑ݈݊ = ͳʹ  ௡ݒ

So, ሺݒ௡ሻ is a geometric sequence with a base of  ଵଶ and the first term: ݒ଴ = ଴ݑ݈݊ = ݈݊ ݁ = ͳ 

Writing ࢛࢔ and ࢜࢔ in terms of ݑ  :࢔௡ = ݁௩� = ݁ቀభమቁ�; ௡ݒ   = ଴ݒ (ͳʹ)௡ = (ͳʹ)௡ 

calculate the limit of the sequence(࢛࢔).  

We have : ௟�௠  ௡⟶+∞ ቀଵଶቁ௡ = Ͳ   : so :   ௟�௠  ௡⟶+∞ݑ௡ = ௟�௠  ௡⟶+∞ ݁ቀభమቁ� = ͳ 

calculate ݐ ࢔ࡿℎ݁݊   �࢔ Indicatively.݊ 
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ܵ௡ = ଴ݒ + ଵݒ +⋯+ ௡ݒ = ଴ݒ ቌͳ − ቀଵଶቁ௡ͳ − ଵଶ ቍ = ʹቆͳ − (ͳʹ)௡ቇ
௡ܲ = ଴ݑ × ଵݑ ×…× ௡ݑ = ݁௩బ × ݁௩భ × …× ݁௩� = ݁௩బ+௩భ+⋯+௩�
௡ܲ = ݁ଶ(ଵ−ቀభమቁ�)

 

 
Exercise 07: 
We have    : ଵݑ = ͳͺͲͲͲ  ݑଶ = ͳͺͲͲͲ + ͳͺͲͲ = ͳͻͺͲͲ ݑଶ = ଵݑ + ͳͺͲͲ ݑଶ = ଵݑ + ሺʹ − ͳሻ × ͳͺͲͲ ݑଷ = ͳͻͺͲͲͲ + ͳͺͲͲ = ʹͳ͸ͲͲ ݑଷ = ଶݑ + ͳͺͲͲ ݑଷ = ଵݑ + ʹ × ͳͺͲͲ ݑଷ = ଵݑ + ሺ͵ − ͳሻ × ͳͺͲͲ 

. 

. 

. 

. 
௡ݑ  = ଵݑ + ሺ݊ − ͳሻ × ͳͺͲͲ 

Thus, the sequence ݑ௡ is arithmetic with the first term ݑଵ = ͳͺͲͲͲ and the base  ݎ =  ͳͺͲͲ. 

a) Determine the value of � . ܰ can be calculated as follows:  ݑ௡ = ଵݑ + ሺ݊ − ͳሻ × ͸ͲͲͲ͵ ݎ = ͳͺͲͲͲ + ሺ݊ − ͳሻ × ͳͺͲͲ ͳͺͲͲͲ = ሺ݊ − ͳሻ × ͳͺͲͲ ͳͲ = ݊ − ͳ ݊ = ͳͳ 

The number of years is: 11 years. 
b) Find Osama’s total salary earnings during the first N years of his employment. ܵ௡ = ݊ʹ ଵݑ] + ௡] ܵଵଵݑ = ͳͳʹ [ͳͺͲͲͲ + ͵͸ͲͲͲ] ܵଵଵ = ͳͳʹ [ͷͶͲͲͲ] = ͳͳ × ʹ͹ͲͲͲ = ʹͻ͹ͲͲͲ 
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c) Find the year when both Osama and Obama have the same annual salary. 
We have:   ݑ௡ = ଵݑ + ሺ݊ − ͳሻ × ͸ͲͲͲ͵ ݎ = ܣ + ሺͳͷ − ͳሻ × ͳͲͲͲ ͵͸ͲͲͲ = ܣ + ͳͶͲͲͲ ܣ = ʹʹͲͲͲ 

So that the two salaries are equal, we have: ͳͺͲͲͲ + ሺ݊ − ͳሻ × ͳͺͲͲ = ʹʹͲͲͲ + ሺ݊ − ͳሻ × ͳͲͲͲ ͳͺͲͲ × ሺ݊ − ͳሻ − ͳͲͲͲ × ሺ݊ − ͳሻ = ͶͲͲͲ ͺͲͲ × ሺ݊ − ͳሻ = ͶͲͲͲ ݊ − ͳ = ͷ ݊ = ͸ 

So Osama and Obama's salary is equal in the sixth year of work. 
d) Calculate the difference in the total salary earnings between Osama and Obama in 
the first 15 years of their employment   
Find Obama's total salary over 15 years. ܵ௡ = ݊ʹ ଵݑ] + ௡] ܵଵହݑ = ͳͷʹ [ʹʹͲͲͲ + ͵͸ͲͲͲ] ܵଵହ = ͳͷʹ [ͷͺͲͲͲ] = ͳͷ × ʹͻͲͲͲ = Ͷ͵ͷͲͲͲ 

Find Osama's total salary over 15 years. ʹͻ͹ͲͲͲ + ሺͶ × ͵͸ͲͲͲሻ = ʹͻ͹ͲͲͲ + ͳͶͶͲͲͲ = ͶͶͳͲͲͲ 

 

The difference between the two salaries  :ͶͶͳͲͲͲ − Ͷ͵ͷͲͲͲ = ͸ͲͲͲ ܦܼܦ 

Exercise 08:      
Since it is compound interest, then: 

1- Calculate the amount earned in 2001, 2002, and 2003.  
ଵݑ :   2001 = ଴ݑ + Ͳ.Ͳ͸ × ଴ݑ = ͳͳͲͲͲ × ͳ.Ͳ͸ = ͳͳ͸͸Ͳ 

ଶݑ :   2002 = ଵݑ + Ͳ.Ͳ͸ × ଵݑ = ଵݑ × ͳ.Ͳ͸ = ͳͳ͸͸Ͳ × ͳ.Ͳ͸ = ͳʹ͵ͷͻ.͸ 

ଷݑ :   2003 = ଶݑ + Ͳ.Ͳ͸ × ଶݑ = ଶݑ × ͳ.Ͳ͸ = ͳʹ͵ͷͻ.͸ × ͳ.Ͳ͸ = ͳ͵ͳͲͳ.ͳ͹͸ 

2- Find the relation between ࢛࢔  and ࢛࢔+૚ ݑ௡+ଵ = ௡ݑ + Ͳ.Ͳ͸ ×  ௡ݑ
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௡+ଵݑ = ௡ݑ × ሺͳ + Ͳ.Ͳ͸ሻ ݑ௡+ଵ = ௡ݑ × ሺͳ.Ͳ͸ሻ 
3-Conclude the nature of the sequence ሺ࢛࢔ሻא࢔ℕ ,  

so, we can say that the sequence ሺݑ௡ሻ௡אℕ  is geometric with its first term: ݑ଴ = ͳͳͲͲͲ, and its 
base: ݍ = ͳ.Ͳ͸. 
write ࢛࢔ in terms of ݑ  ࢔௡ = ͳͳͲͲͲ × ሺͳ.Ͳ͸ሻ௡ 
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1.GENERALITIES ABOUT NUMERICAL FUNCTIONS OF A REAL VARIABLE 

 At the beginning of this chapter, we present some general definitions related to numerical 
functions with a real variable. 

Definition 1:  

A function is a rule which maps a number to another unique number. 

In other words, if we start off with an input, and we apply the function, we get an output.  

For example, we might have a function that added 3 to any number. So if we apply this function 
to the number 2, we get the number 5. If we apply this function to the number 8, we get the 
number 11. If we apply this function to the number ݔ, we get the number ݔ + ͵. We can show 
this mathematically by writing : ݂ሺݔሻ  = ݔ  + ͵.  
The number x that we use for the input of the function is called the argument of the function. So 
if we choose an argument of 2, we get: ݂ሺʹሻ  =  ʹ + ͵ = ͷ. 
 If we choose an argument of 8, we get: ݂ሺͺሻ  =  ͺ + ͵ = ͳͳ. 
If we choose an argument of −6, we get: ݂ሺ−͸ሻ  =  −͸ + ͵ = −͵. 
 If we choose an argument of ݖ, we get:  ݂ሺݖሻ  = + ݖ  ͵. 
 If we choose an argument of ݔଶ, we get: ݂ሺݔଶሻ  = ଶݔ   + ͵. 
 At first sight, it seems that we can pick any number we choose for the argument. However, that 
is not the case, as we shall see later. But because we do have some choice in the number we can 
pick, we call the argument the independent variable. The output of the function, e.g. ݂ሺݔሻ, ݂ሺͷሻ, 
etc. depends upon the argument, and so this is called the dependent variable. 

Definition2:  

A function with a real variable is an application of a domain.ܫ towards ܴ   ሺܫ ⊆ ℝሻ, we usually 
denote the function by ݂, and the set of functions by ℱሺܫ, ℝሻ 
The group   ܦ௙ = א ݔ} ℝ; ݂ሺݔሻ}   It is the function definition set.݂ 

The group  ܥ௙ = {ሺݔ, ݂ሺݔሻሻ; א ݔ   ݂.௙} It is a statement of the functionܦ
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Definition 3:  

The function is every application of ݂ defined from ܫ towards ܴ ሺ݂: ܫ ⟶ ℝሻ , Where ܫ is a part 
(domain) of ℝ and we call ܫ the domain of definition of the function ݂. 

 

૚ሺ࢞ሻࢌ -1 = √ሺ࢞ + ૝ሻ ;  ܦ௙భ = ݔ} ⁄ݔ + Ͷ ൒, ݔ  :Ͷ,+∞[ }  where−]�ݔ + Ͷ ൒ Ͳ ⇒ ݔ ൒ −Ͷ ⇒ ݔ א [−Ͷ,+∞[  
૛ሺ࢞ሻࢌ -2 = ૚࢞+૚ ;  ܦ௙భ = ݔ} ⁄ݔ + ͳ ≠ Ͳ,   ݔ� ]−∞, ͳ[ ׫ ]−ͳ,+∞[ } where:  ݔ + ͳ ≠ Ͳ ⇒ ݔ ≠ −ͳ ⇒ ݔ א ℝ − {−ͳ} ⇒ ,∞−[ �ݔ ͳ[ ׫ ]−ͳ,+∞[  

1.1.Plotting the graph of a function: 

If we have a function given by a formula, we can try to plot its graph. Suppose. 

 

:  we have a function ݂ defined by: ݂ሺݔሻ  = ଶݔ͵   − Ͷ.  
The argument of the function (the independent variable) is ݔ, and the output (the dependent 
variable) is ͵ݔଶ  − Ͷ. So we can calculate the output of the function for different arguments: ݂ሺͲሻ  =  ͵ × Ͳଶ − Ͷ =  −Ͷ ݂ሺͳሻ =  ͵ × ͳଶ − Ͷ =  −ͳ  ݂ሺʹሻ  =  ͵ × ʹଶ − Ͷ =  ͺ ݂ሺ−ͳሻ  =  ͵ × ሺ−ͳሻଶ − Ͷ =  −ͳ  ݂ሺ−ʹሻ  =  ͵ × ሺ−ʹሻଶ − Ͷ =  ͺ.  
We can put this information into a table to help us plot the graph of the function. 2 1 0 1- 2- ݔ ݂ሺݔሻ 8 -1 -4 -1 8 
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we can also use the graph for values of ݔ which are not in our table. If we have an argument of 
1.5, we follow the line up to the graph, and then across to the vertical axis. The result is a number 
between 2 and 3.  

 

If we want to calculate this number exactly, we can substitute 1.5 into the formula: ݂ሺͳ.ͷሻ  =  ʹ.͹ͷ 

1.2..Algebraic operations on numerical functions 

Let ݂ and ݃ be two functions defined from ܫ towards ܴ  as follows: ݂: → ܫ ܴ ݃: → ܫ → ݔ ܴ ݂ሺݔሻ ݔ → ݃ሺݔሻ 
We define the sum function ሺ݃ + ݂ሻ: ܫ → ܴ by the relation: ሺ݃ + ݂ሻሺݔሻ = ݃ሺݔሻ + ݂ሺݔሻ, ݔ∀ א  ܫ
We define the multiplication function ሺ݂݃ሻ: ܫ → ܴ by the relation: ሺ݂݃ሻሺݔሻ = ݃ሺݔሻ݂ሺݔሻ, ݔ∀ א  ܫ
We define the division function ሺ௙௚ሻ: ܫ → ܴ where the dependent ݃ ≠ Ͳ by the relation: 

ሺ݂݃ሻ ሺݔሻ = ݂ሺݔሻ݃ሺݔሻ , ݔ∀ א  ܫ
We define the function multiplying the function by a real number ሺ݂ߙሻ: ܦ → ܴ where ߙ א ܴ by 
the relation: ሺ݂ߙሻሺݔሻ = ,ሻݔሺ݂ߙ ݔ∀ א  ܫ
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1.3..composite function : 

Given two functions ݂ and ݃, the composite function, denoted by ݂ ° ݃ (read as “ ݂ composed 
with ݃”), is defined by: ሺ݂ ° ݃ሻ = ݂ሺ݃ሺݔሻሻ 
The domain of ݂ ° ݃ is the set of all numbers ݔ in the domain of ݃ such that ݃ሺݔሻ is in the domain 
of ݂. 
Example 1:  

 

Suppose that ݃ሺݔሻ = ݔʹ + ͵ and ݂ሺݔሻ =   ݃ ° ݂ :ଶ, findݔ 
Solution: 
 ݂ ° ݃ = ݂(݃ሺݔሻ) = ሺʹݔ + ͵ሻଶ  

Example 2:  

 

Suppose that ݂ሺݔሻ = ଶݔʹ − ͵ and ݃ሺݔሻ =  Ͷݔ  
find: 1-  ሺ݂ ° ݃ሻሺͳሻ    ʹ − ሺ݃ ° ݂ሻሺͳሻ     
3− ሺ݂ ° ݂ሻሺ−ʹሻ      
4- ሺ݃ ° ݃ሻሺ−ͳሻ    

 

 

 

 

1.4..Even, odd and periodic functions: 

A Function can be classified as Even, Odd or Neither. This classification can be 
determined graphically or algebraically. 

1.4.1.Even Function:  ݕ = ݂ሺݔሻ is Even when, for each ݔ in the domain of ݂ሺݔሻ, ݂ሺ−ݔሻ = ݂ሺݔሻ 
Or; we say about a function ݂: ܫ ⟶ ℝ that it is even if: ∀ ݔ א ,ܫ ݔ− א ܫ ∶ ݂ሺݔሻ = ݂ሺ−ݔሻ 

Solution: 
1- ݂ ° ݃ = ݂(݃ሺݔሻ) = ʹሺͶݔሻଶ − ͵ ฺ ሺ݂ ° ݃ሻሺͳሻ = ݂(݃ሺͳሻ) = ݂ሺͶሻ = ʹ. Ͷଶ − ͵ = ʹͻ      
2- ሺ݃ ° ݂ሻሺͳሻ = ݃(݂ሺͳሻ) = ݃ሺ−ͳሻ = Ͷ. ሺ−ͳሻ = −Ͷ 

3- ሺ݂ ° ݂ሻሺ−ʹሻ = ݂(݂ሺ−ʹሻ) = ݂ሺͷሻ = ʹ. ͷଶ − ͵ = Ͷ͹           
4- ሺ݃ ° ݃ሻሺ−ͳሻ = ݃(݃ሺ−ͳሻ) = ݃ሺ−Ͷሻ = Ͷ. ሺ−Ͷሻ = −ͳ͸    
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1.4.2. Odd Function:  ݕ = ݂ሺݔሻ is Odd when, for each ݔ in the domain of ݂ሺݔሻ, ݂ሺ−ݔሻ = −݂ሺݔሻ 
Or; we say about a function ݂: ܫ ⟶ ℝ that it is odd if: ∀ ݔ א ,ܫ ݔ− א ܫ ∶ ݂ሺݔሻ = −݂ሺݔሻ 

 

ሺ࢞ሻࢌ (1 =  ࢞૛ + ૝ ݂ሺ−ݔሻ =  ሺ−ݔሻଶ + Ͷ ݂ሺ−ݔሻ = ଶݔ  + Ͷ ݂ሺ−ݔሻ = ݂ሺݔሻ ࢌ Is even function 

ሺ࢞ሻࢌ (2 =  ࢞૜ − ૛࢞ ݂ሺ−ݔሻ =  ሺ−ݔሻଷ − ʹሺ−ݔሻ ݂ሺ−ݔሻ = ଷݔ−  + ሻݔ−ሺ݂ ݔʹ = − ሺݔଷ −  Is odd function ࢌ ሻݔሻ = −݂ሺݔʹ

ሺ࢞ሻࢌ (3 =  ࢞૛ − ૜࢞ + ૝ ݂ሺ−ݔሻ =  ሺ−ݔሻଶ                  −͵ሺ−ݔሻ + Ͷ ݂ሺ−ݔሻ = ଶݔ  + ݔ͵ + Ͷ ݂ሺ−ݔሻ ≠ ݂ሺݔሻ 
Neither 

Graphical Interpretation  

Even Function: 
 Have a graph that is symmetric with respect 
to the Y-Axis. 

Odd Function:  
 Have a graph that is symmetric with respect 
to the Origin. 
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1.4.3.Periodic function: 

A function ݂ሺݔሻ is periodic if the function values repeat at regular intervals of the 
independent variable ܶ. The regular interval is referred to as the period. 

 We say about ݂ it is periodic and its role � > Ͳ : if it was: ∀ ݔ א ܴ, ݂ሺݔ + ܶሻ = ݂ሺݔሻ 
Such as: functions ࢙࢔࢏ ࢞  and ࢙࢕ࢉ ࢞ They are periodic functions whose period is:  ܶ = ʹ� 

because: ݊݅ݏ ሺݔ + ʹ�ሻ = �in ݔሺ ݏ݋ܿ  , ݔ + ʹ�ሻ = co�  :As shown by the following figure , ݔ

 

1.5. Finite functions :  

Let be the function ݂ defined from ܫ towards ܴ as follow:  ݂: ܫ ⟶ ℝ ݔ ⟶ ݂ሺݔሻ 
We then say that : ݂ is Constant function if : ∀ݔ א ,ܫ ߙ∃ א ܴ: ݂ሺݔሻ = ݔ∀ : is Limited from above if ݂  ߙ א ,ܫ ܯ ∃ א ܴ: ݂ሺݔሻ ൑ ݔ∀ : is Limited from Bellow if ݂ ܯ א ,ܫ ∃ ݉ א ܴ: ݂ሺݔሻ ൒ ݉ ݂ is Finite if : ∀ݔ א ,ܫ ܯ ∃ א ܴ: |݂ሺݔሻ| ൑  ܯ
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Function ݂ሺݔሻ = co�ሺݔሻ is Limited from above because: |co�ሺݔሻ|  ൑ ͳ  

Function ݂ሺݔሻ = �in ሺݔሻ is Limited from Bellow because: ݊݅ݏሺݔሻ ൒ −ͳ 

1.6. Increasing and decreasing functions (monotonicity) 

1.6.1.Monotonicity about a point 

Let a function ݂ be defined on an open interval containing the point ݔ =  ܽ. We have a set of 
four standard terms to describe the increasing–decreasing behaviour of the function in a 
sufficiently small neighbourhood around ݔ =  ܽ. They are as follows:  

Increasing: ∀ݔ, ݕ א I, ݔ ൑ ฺ  ݕ ݂ሺݔሻ ൑ ݂ሺݕሻ 
Strictly increasing: ∀ݔ, ݕ א I, ݔ < ฺ  ݕ ݂ሺݔሻ < ݂ሺݕሻ 
Decreasing: ∀ݔ, ݕ א I, ݔ ൒ ฺ  ݕ ݂ሺݔሻ ൒ ݂ሺݕሻ 
Strictly decreasing: ∀ݔ, ݕ א I, ݔ > ฺ  ݕ ݂ሺݔሻ > ݂ሺݕሻ 
1.6.2.Increasing: 

A function ݂ሺݔሻ is said to be increasing about the point ݔ =  ܽ if ݂ሺܽ –  ℎሻ  ݂ሺܽሻ  ݂ሺܽ +  ℎሻ, 
where h is a small positive arbitrary number. 

Derivatives can be used to determine is a function increasing, on an interval: ݂ሺݔሻ is increasing if   derivative ݂′ሺݔሻ  >  Ͳ.  

 

Examine the behaviour of the function fሺݔሻ = – ଷݔ  + ݔ͵   ʹ at the 
points ݔ = ʹ. 
Solution:  
At the point ݔ =  ʹ, ݂ ሺʹሻ  =  ͻ >  Ͳ  ݂ሺݔሻ is increasing at ݔ =  ʹ. 

1.6.3.Strictly increasing: 

 A function ݂ሺݔሻ is said to be strictly increasing about the point ݔ =  ܽ if: 

 ݂ሺܽ –  ℎሻ  <  ݂ሺܽሻ  <  ݂ሺܽ +  ℎሻ, where ℎ is a small positive arbitrary number.  
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Function ݊݅ݏሺݔሻ is strictly monotonic on each interval 

  [−�/ʹ + ݇�, �/ʹ + ݇�], ݇ =  Ͳ, ±ͳ,±ʹ,±͵, . .. It is increasing on [−�/ʹ + ݇�, �/ʹ + ݇�], ݇ =  Ͳ, ±ʹ,±Ͷ,±͸, . ... 
1.6.4.Decreasing: 

A function ݂ሺݔሻ is said to be decreasing about the point ݔ =  ܽ if ݂ሺܽ –  ℎሻ  ݂ሺܽሻ  ݂ሺܽ +  ℎሻ, 
where ℎ is a small positive arbitrary number. 

Derivatives can be used to determine is a function decreasing on an interval: ݂ሺݔሻ is decreasing if  derivative ݂′ሺݔሻ  <  Ͳ 

 

Examine the behaviour of the function fሺݔሻ = – ଷݔ  + ݔ͵   ʹ at the 
points ݔ = Ͳ. 
Solution:  
At the point ݔ =  Ͳ, ݂ ሺͲሻ = −͵ <  Ͳ  ݂ሺݔሻ is decreasing at ݔ =  Ͳ 

1.6.5.Strictly decreasing: 

 A function ݂ሺݔሻ is said to be strictly decreasing about the point ݔ =  ܽ if: 

 ݂ሺܽ –  ℎሻ  >  ݂ሺܽሻ  >  ݂ሺܽ +  ℎሻ, where ℎ is a small positive arbitrary number. 

 

Examine the behaviour of the function ݂ሺݔሻ  =   ଵ௫+ଵ  
at the point ݔ =  Ͳ.  

 

 

 

 

 

. 

Solution: 
We have ݂ሺݔሻ  =   ଵ௫+ଵ  ݂ሺͲሻ  = ͳ  ݂ሺͲ − ℎሻ  = ଵଵ−ℎ > ͳ  ݂ሺͲ + ℎሻ  = ଵଵ+ℎ < ͳ  
Since, ݂ ሺͲ –  ℎሻ  >  ݂ሺͲሻ  >  ݂ሺͲ +  ℎሻ, where ℎ is a small positive arbitrary number, ݂ is strictly 
decreasing at ݔ =  Ͳ. 
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 Practical exercise1:   

Find where ݂ሺݔሻ  = ଶݔ  − ͷݔ + ͳ is increasing and where it is decreasing.  

 

Consider ݂′ሺݔሻ  = ݔʹ  − ͷ  ݂′ሺݔሻ >  Ͳ   ݂݅ ݔ >  ͷ/ʹ,   ݂′ሺݔሻ  <  Ͳ  ݂݅ ݔ <  ͷ/ʹ.  

By Thm. B: ݂ሺݔሻ is increasing for ݔ >  ହଶ  ݂ሺݔሻ is decreasing for ݔ <  ହଶ  
1.7.The endings Limits  

In this section, we will cover the definitions and some properties related to the limits of numerical 
functions of a real variable. 

Definition: 

The limits are defined as the value that the function approaches as it goes to an ݔ value. 

1.7.1.Function defined at the point 

Definition: 

We call a definition at the point ݔ଴ in ܴ any open interval centered at ݔ଴. Any interval ]�଴ − α, �଴ + α[ where ߙ > Ͳ. We say that the function ݂ is defined at the point ݔ଴ and at ݔ଴ 
itself if and only if there exists a number ߙ > Ͳ such that ]ݔ଴ − ,ߙ ଴ݔ + ]ߙ ⊂ Df, where Df is the 
domain of the function ݂. 

And we say that the function ݂ is defined at the point ݔ଴ and except for ݔ଴ if and only if there 
exists a number ߙ > Ͳ such that: ]ݔ଴ − ,ߙ ]଴ݔ ׫ ]�଴, �଴ + α[ ⊂ Df 

 

݂ሺݔሻ = ૚࢞ − ૚ 

is defined at the point 1 except for 1. 
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1.7.2.One-Sided Limits: General Definition 

 One-sided limits are differentiated as right-hand limits (when the limit approaches from the right) 
and left-hand limits (when the limit approaches from the left) whereas ordinary limits are 
sometimes referred to as two-sided limits. Right-hand limits approach the specified point from 
positive infinity. Left hand limits approach this point from negative infinity.  

We say that ݂ has a limit at ݔ଴ if and only if ݈ଵ = ݈ଶ = ݈ 
 And written as: �i�௫→௫బ ݂ሺݔሻ = ݈    
1.7.3. The right-handed limit: 

Let ݂: ܫ ⊂ ܴ → ܴ  and let ݔ଴ be an interior point of ܫ, and ݂ is defined on ܫ except for ݔ଴ at most. 

We say that ݂ has a right-hand limit at ݔ଴ if there exists a unique real number ݈ଶ  that satisfies the 
following: ∀ߝ > Ͳ, ߜ∃ > Ͳ, ݔ∀ א ௙ܦ , Ͳ ൑ ݔ − ଴ݔ ൑ ߜ ⇒ |݂ሺݔሻ − ݈ଶ| <  ߝ

And written as: �i�௫→௫బ+ ݂ሺݔሻ = ݈ଶ  
1.7.4. The left-handed limit: 

Let ݂: ܫ ⊂ ܴ → ܴ  and let ݔ଴ be an interior point of ܫ, and ݂ is defined on ܫ except for ݔ଴ at most. 

We say that ݂ has a left-hand limit at ݔ଴ if there exists a unique real number ݈ଵ   that satisfies the 
following: ∀ߝ > Ͳ, ߜ∃ > Ͳ, ݔ∀ א ௙ܦ , ߜ− ൑ ݔ − ଴ݔ ൑ Ͳ ⇒ |݂ሺݔሻ − ݈ଵ| <  ߝ

And written as: �i�௫→௫బ− ݂ሺݔሻ = ݈ଵ 

 

Prove that: �i�௫→ଵሺݔଶ + ͳሻ = ʹ 
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When does a limit not exist?  
• A general limit does not exist if the left-and right-hand limits aren’t 
equal (resulting in a discontinuity in the function). 
 • A general limit does not exist wherever a function increases or 
decreases infinitely (“without bound”) as it approaches a given x-
value.  
• A general limit does not exist in the cases of infinite oscillation when 
approaching a fixed point. 

1.7.5.Unfinished endings: 

1-We say that �i�௫→+∞ሺݔሻ = ݈ If and only if the following definition is satisfied: ∀ߝ > Ͳ, ሻߝሺܭ∃ > Ͳ, ݔ∀ ൒ ܭ ⇒ |݂ሺݔሻ − ݈| <  .ߝ
2- We say that �i�௫→−∞ሺݔሻ = ݈ If and only if the following definition is satisfied: ∀ߝ > Ͳ, ሻߝሺܭ∃ < Ͳ, ݔ∀ ൑ ܭ ⇒ |݂ሺݔሻ − ݈| <  .ߝ
3-We say that �i�௫→௫బ ݂ሺݔሻ = +∞  If and only if the following definition is satisfied: 

ܣ∀ > Ͳ, ሻܣሺߜ∃ > Ͳ, ,ݔ∀ ݔ| − |଴ݔ ൑ ߜ ⇒ ݂ሺݔሻ ൒  .ܣ
4-We say that �i�௫→௫బ ݂ሺݔሻ = −∞   If and only if the following definition is satisfied: 

Solution: 
Prove that: �i�௫→ଵሺݔଶ + ͳሻ = ʹ 

According to the definition: ∀ߝ > Ͳ, ሻߝሺߜ∃ > Ͳ, ݔ∀ א ܴ ∶ ݔ|  − ͳ| < ߜ ⇒ |ሺݔଶ + ͳሻ − ʹ| <  ߝ

Suppose that 
ݔ|  − ͳ| < ݔ|  so ߜ + ͳ| = |ሺݔ − ͳሻ + ʹ| < ߜ + ʹ 

And from it  |ݔ − ͳ| < ߜ ⇒ |ሺݔଶ + ͳሻ − ʹ| = ଶݔ| − ͳ| = |ሺݔ − ͳሻሺݔ + ͳሻ| < ʹሺߜ + ሻߜ <  ߝ

By solving the inequality ߜଶ + ߜʹ − ߝ < Ͳ  We find that:  
ߜ   = −ͳ + √ͳ +  .Achieves definition  ߝ
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ܣ∀ < Ͳ, ሻܣሺߜ∃ > Ͳ, ,ݔ∀ ݔ| − |଴ݔ ൑ ߜ ⇒ ݂ሺݔሻ ൑  .ܣ
5-We say that �i�௫→+∞ሺݔሻ = +∞   If and only if the following definition is satisfied: ∀ܣ > Ͳ, ሻܣሺܭ∃ > Ͳ, ݔ∀ ൒ ܭ ⇒ ݂ሺݔሻ ൒  .ܣ
6-We say that �i�௫→+∞ሺݔሻ = −∞    If and only if the following definition is satisfied: 

ܣ∀ < Ͳ, ሻܣሺܭ∃ > Ͳ, ݔ∀ ൒ ܭ ⇒ ݂ሺݔሻ ൑  .ܣ
7-We say that �i�௫→−∞ሺݔሻ = +∞    If and only if the following definition is satisfied: ∀ܣ > Ͳ, ሻܣሺܭ∃ < Ͳ, ݔ∀ ൑ ܭ ⇒ ݂ሺݔሻ ൒  .ܣ
8-We say that �i�௫→−∞ሺݔሻ = −∞    If and only if the following definition is satisfied: ∀ܣ < Ͳ, ሻܣሺܭ∃ < Ͳ, ݔ∀ ൑ ܭ ⇒ ݂ሺݔሻ ൑  .ܣ

 

If �i�௫→∞݂ሺݔሻ = ∞  and ݃ is a limited function from below  ∀ݔ א ௙ܦ , ݃ሺݔሻ ൒ then : �i�௫→∞ሺ݂ ,ܭ + ݃ሻሺݔሻ = ∞ 

1.7.6. Properties of limits :  

Theory 

If it is �i�௫→௫బ ݃ሺݔሻ = ܾ and �i�௫→௫బ ݂ሺݔሻ = ܽ  where ݔ଴ = ±∞ or  ݔ଴ א ܴ and ܽ, ܾ א ܴ Then:  

• �i�௫→௫బሺ݂ߙሺݔሻ + ሻሻݔሺ݃ߚ = ܽߙ + ,ߙ  For all  ܾߚ ߚ א ܴ  .  

• �i�௫→௫బሺ݂ሺݔሻ݃ሺݔሻሻ = ܾܽ  

• If it is ܾ ≠ Ͳ then �i�௫→௫బ ௙ሺ௫ሻ௚ሺ௫ሻ = ௔௕.  

Special cases: 

1) α = ߚ = ͳ  We find that   �i�௫→௫బሺ݂ሺݔሻ + ݃ሺݔሻሻ = +ܽ  .  

2) α = ͳ and  ߚ = −ͳ We find that     �i�௫→௫బሺ݂ሺݔሻ − ݃ሺݔሻሻ = −ܽ  ,  

3) α א � and  ߚ = Ͳ We find that    �i�௫→௫బ(݂ߙሺݔሻ) = ܽߙ  ,  
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4) 4) If we put ݂ሺݔሻ = ݃ሺݔሻ then �i�௫→௫బ(݂ሺݔሻ)ଶ = ܽଶ, More generally, we have : ∀݊ א ܰ,�i�௫→௫బ(݂ሺݔሻ)௡ = ܽ௡ 

5) If ݂ ሺݔሻ ൑ ݃ሺݔሻ in the neighborhood of the point ݔ଴, then ܽ ൑ ܾ, and in particular, if ݂ ሺݔሻ ൑ܭ in the neighborhood of the point ݔ଴, then ܽ ൑  .ܭ

1.8. Limits: Numeric Solutions  

There are a many better (and more accurate) ways to find the value of the limit than 
graphing or plugging in numbers that get closer and closer to the value of interest. These solution 
methods fall under three categories: substitution, factoring, and the conjugate method. But first 
things first, let’s discuss some of the general rules for limits. 

1.8.1.Limit Rules  

Here are some of the general limit rules with: �i�௫→௫బ ݂ሺݔሻ = and  �i�௫→௫బ  ܮ ݃ሺݔሻ =  ܯ

a-Sum Rule: The limit of the sum of two functions is the sum of their limits �i�௫→௫బሺ݂ሺݔሻ + ݃ሺݔሻሻ = �i�௫→௫బ ݂ሺݔሻ + �i�௫→௫బ ݃ሺݔሻ = ܮ  ܯ+

b-Difference Rule: The limit of the difference of two functions is the difference of their limits �i�௫→௫బሺ݂ሺݔሻ − ݃ሺݔሻሻ = �i�௫→௫బ ݂ሺݔሻ − �i�௫→௫బ ݃ሺݔሻ = ܮ  ܯ−

c-Product Rule: The limit of a product of two functions is the product of their limits �i�௫→௫బሺ݂ሺݔሻ × ݃ሺݔሻሻ = �i�௫→௫బ ݂ሺݔሻ × �i�௫→௫బ ݃ሺݔሻ = ܮ  ܯ×

d-Constant Multiple Rule: The limits of a constant times a function is the constant times the 
limit of the function �i�௫→௫బ(݇ כ ݂ሺݔሻ) = ݇ �i�௫→௫బ ݂ሺݔሻ = ݇ כ  ܮ

e-Quotient Rule: The limit of a quotient of two functions is the quotient of their limits, 
provided the limit of the denominator is not zero 

�i�௫→௫బ ቀ௙ሺ௫ሻ௚ሺ௫ሻቁ = ୪୧୫�→�బ௙ሺ௫ሻ୪୧୫�→�బ௚ሺ௫ሻ = ௅ெ ܯ   ,  ≠ Ͳ  .  
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Find the following limits using the above limit rules: ݈݅݉௫→ଷሺݔଷ + Ͷݔଶ − ሻݔ͵ = ݈݅݉௫→ଷݔଷ + ݈݅݉௫→ଷͶݔଶ − ݈݅݉௫→ଷ͵ݔ = ͵ଷ + Ͷ כ ͵ଶ − ͵ כ ͵ = ʹ͹ + ͵͸ − ͻ = ͷͶ  ݈݅݉௫→ଶ ௫ర+௫మ௫మ+ହ = ௟�௠�→మ௫ర+௟�௠�→మ௫మ௟�௠�→మሺ௫మ+ହሻ = ଶర+ଶమଶమ+ହ = ଼+ସସ+ହ = ଵଶଽ   

 

 

If it is �i�௫→௫బ ݃ሺݔሻ = and �i�௫→௫బ ܯ ݂ሺݔሻ =   : then  ܮ

1) ܽ ≠ ±∞ and ܾ = ±∞ So it will be: 

 �i�௫→௫బሺ݂ሺݔሻ + ݃ሺݔሻሻ = ±∞ and   �i�௫→௫బ ௙ሺ௫ሻ௚ሺ௫ሻ = Ͳ 

2) ܽ ≠ ±∞ and  ܾ = ±∞ and  ܽ ≠ Ͳ  So it will be: �i�௫→௫బሺ݂ሺݔሻ݃ሺݔሻሻ = ±∞  and  �i�௫→௫బ ௚ሺ௫ሻ௙ሺ௫ሻ = ±∞  With 

consideration of signal ܽ. 

3) ܽ = +∞ and  ܾ = +∞ So it will be:  
 �i�௫→௫బሺ݂ሺݔሻ + ݃ሺݔሻሻ = +∞ and  �i�௫→௫బሺ݂ሺݔሻ݃ሺݔሻሻ = +∞  ,  

4) ܽ = −∞ and  ܾ = −∞ So it will be: 
 �i�௫→௫బሺ݂ሺݔሻ + ݃ሺݔሻሻ = −∞ and �i�௫→௫బሺ݂ሺݔሻ݃ሺݔሻሻ = +∞  ,  

5) ܽ = +∞ and  ܾ = −∞  So it will be:   �i�௫→௫బሺ݂ሺݔሻ݃ሺݔሻሻ = −∞   

, 

1.8.2.Limits of Rational Functions:  

A rational function is a function that can be written as the ratio of two algebraic expressions. If a 
function is considered rational and the denominator is not zero. 

a-Substitution Method:  the limit can be found by substitution. This can be seen in the example 
below : ݈݅݉௫→ଶ ସݔ + ଶݔ − ଶݔ͵ + ͷ = ʹସ + ʹଶ − ͵ʹଶ + ͷ = ͺ + Ͷ − ͵Ͷ + ͷ = ͻͻ = ͳ 

This can be defined more formally as: If ݂ሺݔሻ ܽ݊݀ ݃ሺݔሻ are algebraic expressions and ݃ሺݔሻ ≠ Ͳ  
, then: �i�௫→௫బ ݂ሺݔሻ݃ሺݔሻ = ݂ሺݔ଴ሻ݃ሺݔ଴ሻ 
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b-Factoring Method 

 Consider the function :  ݂ሺݔሻ = ௫మ−ଽ௫+ଷ  

How would you find the limit of ݂  as  ݔ approaches -3?  

If you try to use substitution to find the limit, world-ending paradoxes ensue:  

݈݅݉௫→−ଷ = ଶݔ − ͻݔ + ͵ = ሺ−͵ሻଶ − ͻሺ−͵ሻ + ͵ = ͲͲ 

But fear not, this answer just tells us that we must use a different method to find the limit, because 
the function likely has a “hole” at the given ݔ value. Therefore, the factoring method can be 
tried. To start this method, the numerator and denominator must be factored (in this case the 
denominator is “factored” already).  

݈݅݉௫→−ଷ = ሺݔ + ͵ሻሺݔ − ͵ሻݔ + ͵  

The factor ሺݔ + ͵ሻ can be canceled to get the much simpler limit expression of that can easily be 
evaluated via substitution:  ݈݅݉௫→−ଷሺݔ − ͵ሻ = −͵ − ͵ = −͸ 

Therefore, the result of the limit can be found, with the understanding that there is a “hole” in 
the graph at ݔ = −͵ . Hence,  

݈݅݉௫→−ଷ = ଶݔ − ͻݔ + ͵ = −͸ 

c-Conjugate Method : 

The conjugate of a binomial expression (i.e. an expression with two terms, you can tell this 
because of the Latin root bi- meaning two) is the same expression with opposite middle signs. For 
example, the conjugate of  (√ݔ − ͷ) is  (√ݔ + ͷ). This is really useful if you have a radical in 
your limit. This is because the product of two conjugates containing radicals will, itself, contain 
no radical expressions. See below:  

ଶݔ√) − ͷ)(√ݔ + ͷ) = ݔ√  + ͷ√ݔ − ͷ√ݔ − ʹͷ = ݔ − ʹͷ  
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You should use the conjugate method whenever you have a limit problem containing radicals for 
which substitution does not work. 

 

Evaluate :  

 ݈݅݉௫→ହ √௫+ଵଵ−ସ௫−ହ  

 

 

 

 

 

 

 

 

 

 

1.8.3.Limits: indeterminate form 

 Previously, when we found that the result of a limit doing straight substitution yielded we used 
factoring or conjugation to be able to solve the problem. What happens when neither of those 
methods prove useful? You become very grateful for the 17th-century French mathematician 
Guillaume de L’Hôpital. L’Hôpital was the man that derived a method of solving these types of 
equations, known as indeterminate forms. This method, known as L’Hôpital’s Rule, is formally 
defined below. 

1.9.Formal Definition: L’Hôpital’s Rule 

 If the limit �i�௫→௫బ ௙ሺ௫ሻ௚ሺ௫ሻ results in one of the following forms: 

Solution: 
First try the substitution method: 

 ݈݅݉௫→ହ √௫+ଵଵ−ସ௫−ହ = √ହ+ଵଵ−ସହ−ହ = ଴଴ 
Well, another hole in the universe, or at least the graph. Indicating that you’ll need another 
method to find the limit since the function probably has a hole at ݔ = ͷ . To start, multiply both 
the numerator and denominator by the conjugate of the radical expression (√ݔ + ͳͳ + Ͷ): ݈݅݉௫→ହ ݔ√ + ͳͳ − Ͷݔ − ͷ × ݔ√) + ͳͳ + Ͷ)(√ݔ + ͳͳ + Ͷ) ݈݅݉௫→ହ ሺݔ + ͳͳሻ − ͳ͸ሺݔ − ͷሻ(√ݔ + ͳͳ + Ͷ) ݈݅݉௫→ହ ݔ − ͷሺݔ − ͷሻ(√ݔ + ͳͳ + Ͷ) 
Cancel the ሺݔ − ͷሻ factor in the numerator and denominator. ݈݅݉௫→ହ ͳ(√ݔ + ͳͳ + Ͷ) = ͳ(√ͷ + ͳͳ + Ͷ) = ͳͅ
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∞∞  ,   ଴଴ , ∞ −∞,   Ͳ × ∞,   ͳ∞, Ͳ଴,   ∞଴,   
And �i�௫→௫బ ௙′ሺ௫ሻ௚′ሺ௫ሻ exits and ݃′ሺݔሻ ≠ Ͳ, then: 

�i�௫→௫బ ݂ሺݔሻ݃ሺݔሻ = �i�௫→௫బ ݂′ሺݔሻ݃′ሺݔሻ 
 

Find the limit �i�௫→଴ ௘�−ଵ௫  �i�௫→଴ ݁௫ − ͳݔ = ૙૙ 

Using L’Hôpital’s Rule: ݈݅݉௫→଴ ݁௫ − ͳݔ = ݈݅݉௫→଴ ݁௫ͳ = ͳͳ = ͳ 

Practical exercise:   

1-Find the limit �i�௫→∞ ௫మଶ� 

2-Find the limit �i�௫→ଶ ቀ ସ௫మ−ସ− ଵ௫−ଶቁ 

3-Find the limit �i�௫→ଵ ݔ భభ−� 

4-Find the limit �i�௫→଴+ሺݔ כ �n  ሻݔ
 

 

૛૛࢞࢞∞→࢞ܕܑܔ = ∞∞ 

Using L’Hôpital’s Rule: �i�௫→∞ ଶʹ௫ݔ = ݈݅݉௫→∞ ௫ʹݔʹ ݈݊ ʹ = ʹ݈݊ ʹ ݈݅݉௫→∞ ௫ݔʹ = ∞∞ 

Using L’Hôpital’s Rule again: ʹ݈݊ ʹ ݈݅݉௫→∞ ௫ݔʹ = ʹ�n ʹ ݈݅݉௫→∞ ͳʹ௫ �n ʹ = ʹሺ�n ʹሻଶ ݈݅݉௫→∞ ͳʹ௫ = ʹሺ�n ʹሻଶ × Ͳ = Ͳ �ܑ࢞ܕ→૛ ( ૝࢞૛ − ૝ − ૚࢞ − ૛) = ∞−∞ 

Using L’Hôpital’s Rule: Li�௫→ଶ ( Ͷݔଶ − Ͷ − ͳݔ − ʹ) =  ݈݅݉௫→ଶ Ͷ − ሺݔ + ʹሻሺݔ − ʹሻሺݔ + ʹሻ = ݈݅݉௫→ଶ ʹ − ଶݔݔ − Ͷ = ݈݅݉௫→ଶ−ͳʹݔ =  −ͳͶ ࢞ܕܑܔ→૚ ࢞ ૚૚−࢞ = ૚∞ 

Let ݕ = ݔ భభ−�. Then ݈݊ݕ = ݔ݈݊ భభ−� = ୪୬ ௫ଵ−௫ 

Using L’Hôpital’s Rule: 
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�i�௫→ଵ �n ݕ = �i�௫→ଵ  �n ͳݔ − ݔ = �i�௫→ଵ  ଵ௫−ͳ = −�i�௫→ଵ  ͳݔ = −ͳ 

Therefore �i�௫→ଵ �n ݕ = −ͳ   ,     �i�௫→ଵ ݔ భభ−� = �i�௫→ଵݕ = ݁−ଵ = ͳ݁   ࢞ܕܑܔ→૙ሺ࢞ כ ሻ࢞ܖܔ = ૙ ×∞ 

Using L’Hôpital’s Rule: 

�i�௫→଴+ሺݔ כ �n ሻݔ =  ݈݅݉௫→଴+ �n ଵ௫ݔ = ݈݅݉௫→଴+
ଵ௫− ଵ௫మ = ݈݅݉௫→଴+ − ݔ = Ͳ 

1.10.Formal Definition of Continuity 

From this information, a more formal definition can be found. Continuity, at ܽ point ܽ , is defined 
when the limit of the function from the left equals the limit from the right and this value is also 
equal to the value of the function. Using notation, for all points ܽ where ,  �i�௫→௫బ− ݂ሺݔሻ = �i�௫→௫బ+ ݂ሺݔሻ = ݂ሺݔ଴ሻ  .  

1.10.1.The function is said to be continuous. 

Definition  

Let ݂: ܫ ⊂ ܴ → ܴ be a real function, ݔ଴ א  ଴ if theݔ We say that ݂ is continuous at the point .ܫ
following holds: �i�௫→௫బ ݂ሺݔሻ = ݂ሺݔ଴ሻ 
1.10.2.Continue on the right (left) of the point. 

• We say that ݂ is continuous to the right of ݔ଴ if the following holds: �i�௫→௫బ+ ݂ሺݔሻ = ݂ሺݔ଴ሻ 
• We say that ݂ is continuous to the left of ݔ଴ if the following holds: �i�௫→௫బ− ݂ሺݔሻ = ݂ሺݔ଴ሻ 
• We say that ݂ is continuous at ݔ଴ if and only if ݂ is continuous to the right of ݔ଴ and to the 

left of ݔ଴ at the same time. 

 

If ݂ is continuous at every point ݔ଴ of ܫ, we say that ݂ is continuous 
on the set ܫ. 
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1-The function ࢌሺ࢞ሻ = ࢞ + ૛ is continuous on the entire set ࡾ because 
if ݔ଴ א ܴ is any point in ܴ, we have:  �i�௫→௫బ ݂ሺݔሻ = �i�௫→௫బሺݔ + ʹሻ ଴ݔ= + ʹ = ݂ሺݔ଴ሻ 
2-Let the function g be defined as follows: 

݃ሺݔሻ = { ;ଶݔ ݔ     > ͳͳ; ݔ      = ͳݔ + ʹ; ݔ    < ͳ 

We have : �i�௫→ଵ+ ݃ሺݔሻ = ͳ = ݃ሺͳሻ And thus ݃ is continuous to the right of 1, 
And we have �i�௫→ଵ− ݃ሺݔሻ = ͵ ≠ ݃ሺͳሻ, hence ݃ is not continuous to the left of 
1, so ݃ is not continuous at 1. 

 

 

For ݂ to be continuous at ݔ଴, three conditions must be met:  
• That ݂ is defined at ݔ଴, 
• That �i�௫→௫బ ݂ሺݔሻ exists and is unique, 

• To be �i�௫→௫బ ݂ሺݔሻ = ݂ሺݔ଴ሻ.  
Therefore, the function ݂ is discontinuous at ݔ଴ if none of the three previous 
conditions is satisfied. 

1.10.4. Definition function continuous on an interval: 

A function ݂ is continuous on an interval if it is continuous at every number in the interval. (If ݂ 
is de ned only on one side of an endpoint of the interval, we understand continuous at the 
endpoint to mean continuous from the right or continuous from the left at the endpoint as 
appropriate. ) 

 

The function ݂ ሺݔሻ =  ܴ is continuous on  ݔ

The constant function on a continuous domain on the same domain 

Function ݂ defined by:  ݂: ܴ → ݔ    ܴ → ݂ሺݔሻ = {ͳ, ݔ א ܳͲ, ݔ ב ܳ 

Is not continuous at all points of ܴ. 

1.10.5.Properties of continuous functions :  

Theory 1:  

If ݂, ݃: ܫ → ܴ are continuous functions at the point ݔ଴ א  :then ,ܫ
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1-All of the following functions ቆሺݔ଴ሻ ≠ Ͳ , ௙௚ቇ , ሺ݂. ݃ሻ , ሺ݂ − ݃ሻ , ሺ݂ + ݃ሻ are continuous at the 

point ݔ଴. 

2-If ݂ ל ݃ is defined, and ݂ is continuous at the point ݔ଴ = ݃ሺݔ଴ሻ, then ݂ ל ݃ is continuous at 
the point ݔ଴. 

Theory 2:  

If ݂, ݃: ܫ → ܴ are functions, and ݂ is continuous at the point ݕ଴  where �i�௫→௫బ ݃ሺݔሻ ଴, then: �i�௫→௫బሺ݂ݕ= ל ݃ሻሺݔሻ = ݂ሺݕ଴ሻ . 
Theory 3:  

If ݂, ݃: ܫ → ܴ are functions, and ݂ is continuous at the point ݕ଴  where �i�௫→±∞݃ሺݔሻ ଴, then: �i�௫→±∞ሺ݂ݕ= ל ݃ሻሺݔሻ = ݂ሺݕ଴ሻ . 
Theory 4:  

If ݂, ݃: ܫ → ܴ are functions, and ݂ is continuous �i�௫→±∞݂ሺݔሻ = ݈  and �i�௫→௫బ ݃ሺݔሻ = ±∞, then: �i�௫→௫బሺ݂ ל ݃ሻሺݔሻ = ݈ 
1.10.6.Intermediate Value Theorem 

Suppose that ݂ሺݔሻ is continuous on the closed interval [ܾܽ] and let ߙ be any number between ݂ሺܽሻ and ݂ሺܾሻ , ሺ݂ሺܽሻ ≠  ݂ሺܾሻሻ, then there exists a number ܿ in the interval ሺܾܽሻ with: ݂ሺܿሻ  =  .ߙ 
1.10.7.The Mean Value Theorem: 

If ݂: ܫ → ܴ is a continuous function on the closed and limited domain ܫ = [ܽ, ܾ], then: ∀ߙ א [in� ݂ሺݔሻ , �u� ݂ሺݔሻ]  ⇒ ∃ܿ א [ܽ, ܾ] ∶ ݂ሺܿሻ =  ߙ

 

If we consider the function ݂ሺݔሻ = ଶݔ  −  ͳ, on the interval [Ͳ, ʹ], we see 
that: ݂ሺͲሻ  =  ͳ < 0 and ݂ሺʹሻ  =  ͵ >  Ͳ.  
Therefore the intermediate value theorem says that there must be some 
number, ܿ, between 0 and 2 with ݂ሺܿሻ  =  Ͳ. The graph of ݂ሺݔሻ crosses the ݔ axis at the point where ݔ =  ܿ. What is the value of c in this case? 
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݂ሺݔሻ = ଶݔ  −  ͳ = Ͳ; ଶݔ  ݂݅   =  ͳ 

This is true if ݔ = ± ͳ, therefore for ܿ =  ͳ א [Ͳ, ʹ], we have ݂ሺܿሻ  =  Ͳ. 

1.10.8.Continuation extension: 

Definition: If a function is defined on a domain  ݈݅݉௫→௫బ݆ሺݔሻ = ܫ  ݀݊ܽ  ݈ ך  {଴ݔ}
function ݃ is defined  as follows: 

݃ሺݔሻ = {݂ሺݔሻ, ݔ ≠ ,଴݈ݔ ݔ =  ଴ݔ

It is an extension of the continuity of  ݂ 

 

Let it be ݂ሺݔሻ = ݊݅ݏ ݔݔ , ݔ ≠ Ͳ 

We have:  ݈݅݉௫→଴ ݔሻݔሺ݊݅ݏ = ͳ 

By applying the Lobital rule and from there ݃ is a continuation of ݂ where : ሺݔሻ = ݊݅ݏ} ݔݔ    , ݔ ≠ Ͳͳ  , ݔ = Ͳ 

2.DEFINITION OF THE NATURAL LOGARITHM FUNCTION  

One solid approach to defining and understanding logarithms begins with a study of the natural 
logarithm function defined as an integral through the Fundamental Theorem of Calculus. While 
this approach may seem indirect, it enables us to derive quickly the fa miliar properties of 
logarithmic and exponential functions. We use calculus for the very definition of the logarithmic 
functions. The natural logarithm of a positive number x, written as ln x, is the value of an integral.  

࢞࢒ =  ∫ ૚࢚࢞૚ ,  ࢚ࢊ ࢞ > ૙ 

2.1. DEFINITION The Natural Logarithm Function x 

ሺͳሻ ݊ܮ = Ͳ ,  ∀ ݔ א ]Ͳ,+ ∞[ , ሺ�n ′ሻݔ = ଵ௫ 

The function ݊ܮ is a continuous and strictly increasing on  ]Ͳ, + ∞[. 
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2.2. Graph  

A logarithmic function is a function that possesses the general form ݕ = ݈݊ሺݔሻ. Logarithmic 
functions increase infinitely but at a decreasing rate, as ݔ increases. The function has an asymptote 
at the vertical axis, meaning it approaches, but never touches, the y-axis. This is because you 
cannot take a logarithm of a negative number, and hence the graph only exists for positive values 
of ݔ.  

Consider the graph of a logarithmic function below, 

 

2.3.Rules: 

The below are rules and examples for using Natural Logarithm.  
Rule Example ݊ܮ ሺݕݔሻ  = ݔ ݈݊  + ሻݔ ݊݅ݏ ሺͶ ݈݊ ݕ ݈݊   =  ݈݊ Ͷ + ሻݔሺͳ ݊ܮ ݔ ݊݅ݏ ݈݊   = n� ݔ ݈݊ −  ͳͅ =  − ݈݊ ͺ ݊ܮ ሺݕݔሻ = – ݔ ݈݊  n� ݕ ݈݊  + ݔ  ͳʹݔ − ͵ =  ݈݊ ሺݔ +  ͳሻ −  ݈݊ ሺʹݔ −  ͵ሻ ݊ܮ ሺݔ�ሻ  = + ݔ√ ݊ܮ ݔ ݈݊ ߙ   ͳయ  =  ݈݊ ሺݔ +  ͳሻభయ  =  ͳ͵  ݈݊ ሺݔ +  ͳሻ 

2.4.Some Limits of the logarithmic function: ݈݅݉௫→଴+ ݈݊ሺݔሻ = −∞ ݈݅݉௫→+∞ ݈݊ሺݔሻ = +∞ 

݈݅݉௫→଴ ݈݊ሺݔ + ͳሻݔ = ͳ ݈݅݉௫→+∞ ݈݊ሺݔ + ͳሻݔ = Ͳ ݈݅݉௫→+∞ ݈݊ሺݔሻݔ� = Ͳ+, ߙ > Ͳ ݈݅݉௫→଴ ݈݊ሺݔߙ + ͳሻݔ =  ߙ
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݈݅݉௫→଴ ݔߙሺ݈݊ݔߙ + ͳሻ = ͳ ݈݅݉௫→଴ݔ� ݈݊ሺݔሻ = Ͳ, ߙ > Ͳ 

2.5. Solving logarithmic equations and inequalities: 
By solving examples about: 

2.5.1. logarithmic equations : 
Solve each of the following logarithmic equations. 

equations: Solution ݈݊ ሺ ݔ + ͵ሻ =  ʹ 

 

ฺ ݁௟௡ሺ௫+ଷሻ = ݁ଶ ฺ ݔ + ͵ = ݁ଶ ฺ ݔ = ݁ଶ − ͵ ฺ ݔ ≈ Ͷ.͵ͻ ʹ݈݊ ሺͳ − ሻݕ   + ͳ =  ͵ 

 

⇒ ʹ ݈݊ሺͳ − ሻݕ = ʹ ⇒ ݈݊ሺͳ − ሻݕ = ͳ ⇒ ݁௟௡ሺଵ−௬ሻ = ݁ଵ ⇒ ͳ − ݕ = ݁ ⇒ ͳ − ݁ = ฺ ݕ ݕ ≈ −ͳ.͹ʹ ݈݊ ሺʹݓ + ͳሻ  = ͳ +  ݈݊ሺݓ − ͳሻ 
 

⇒ ݈݊ሺʹݓ + ͳሻ − ݈݊ሺݓ − ͳሻ = ͳ ⇒ ݈݊ ݓʹ) + ͳݓ − ͳ ) = ݁ଵ ⇒ ݓʹ + ͳݓ − ͳ = ݁ ⇒ ݓʹ + ͳ = ݓ݁ − ݁ ⇒ ͳ + ݁ = ݓ݁ − ⇒ ݓʹ ͳ+ ݁ = ሺ݁ݓ − ʹሻ ⇒ ݓ = ͳ + ݁݁ − ݓฺ ʹ ≈ ͷ.ͳͺ 

2.5.2. logarithmic inequalities: 
Solve each of the following logarithmic inequalities. 

inequalities: Solution ݈݊ ݔ ൑ −ʹ ฺ ݁௟௡ ௫ ൑ ݁−ଶ ฺ ݔ ൑ ͳ݁ଶ ݈݊ሺݔ + ͷሻ > ͷ ⇒ ݁௟௡ሺ௫+ହሻ > ݁ହ ⇒ ݔ + ͷ > ݁ହ ⇒ ݔ > ݁ହ − ͷ 
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3. EXPONENTIAL FUNCTIONS AND THEIR GRAPHS 

Exponential functions are functions like ݂ ሺݔሻ =  ݁௫ where the base ݁ is a fixed number and the 
index is given different values. When , ݁ > ͳ , the function increases rapidly as ݔ increases, and 
when  ݁ < ͳ the function decreases rapidly as ݔ increases ݁ ∶  ℝ ⟶ ℝ+      ݔ ⟼ ݁௫ 

3.1. Graph  

An exponential function is a function that possesses the general form of ݕ = ݁௫  where “  ݁” is 
any constant greater than one. The graph of an exponential function will increase at an increasing 
rate as ݔ increases, and it will also have an asymptote at the ݔ-axis, that is, it will approach the ݔ-axis but never touch it.  

Consider the graph of an exponential function below, 

 

3.2.Rules: 

The below are rules and examples for using exponentials.  

Rule Example ݁଴ = ͳ ʹ݁଴ + ͵ = ͷ ∀ݔ א ܴ, ݈݊ሺ݁௫ሻ = ሺ݁ଶ௫+ଷሻ݈݊ ݔ = ݔʹ + ݔ∀ ͵ א ܴ+, ݁௟௡ሺ௫ሻ = ௟௡(௫మ+ହ௫−ଶ)݁ ݔ = ଶݔ + ͷݔ − ʹ ∀ሺݔ, ሻݕ א ܴ × ܴ, ݁௫+௬ = ݁௫ × ݁௬ ݁ହ + ݁ଶ = ݁଻ ∀ሺݔ, ሻݕ א ܴ × ܴ, ݁௫−௬ = ݁௫݁௬ 
݁ହ௫−ଶ݁௫మ = ݁ହ௫−ଶ−௫మ ∀ݔ א ܴ, ݁−௫ = ͳ݁௫ ݁−ସ = ͳ݁ସ 
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௫ߙ = ݁௫ ௟௡ሺ�ሻ ⋅ ͷ௫ = ݁௫ ௟௡ሺହሻ (݁௙ሺ௫ሻ)′ = ݂′ሺݔሻ௘�ሺ�ሻ  (݁ଶ௫మ+ହ௫)′ = ሺͶݔ + ͷሻ݁ଶ௫మ+ହ௫ 

3.3. Some Limits of an exponential function: 

݈݅݉௫→−∞݁௫ = Ͳ ݈݅݉௫→+∞݁௫ = +∞ 

݈݅݉௫→+∞ ݁௫ݔ� = ߙ,∞+ א ܼ ݈݅݉௫→଴ ݁௫ − ͳݔ = ͳ 

3.4. Solving exponential equations and inequalities 

By solving examples about: 

3.4.1. Exponential equations: 
Solve each of the following exponential equations. 

equations: Solution ݁௫+ଵ = ͳ͹ 

 

݁௫+ଵ = ͳ͹ ⇒ ݈݊ሺ݁௫+ଵሻ = ݈݊ ͳ͹ ⇒ ݔ + ͳ = ݈݊ ͳ͹ ⇒ ݔ = −ͳ + ݈݊ ͳ͹ ⇒ ݔ ≈ ͳ.ͺ͵ ͵݁௬ +  ʹ݁−௬    = ͹ 

 
⇒ ͵݁௬ + ʹ݁௬ = ͹ ⇒ ͵ܽ + ʹܽ = ͹, ሺܽ = ݁௬ሻ ⇒ ͵ܽଶ + ʹ = ͹ܽ ⇒ ͵ܽଶ − ͹ܽ + ʹ = Ͳ ⇒ ሺ͵ܽ − ͳሻሺܽ = ʹሻ = Ͳ ⇒ ܽ = {ܽଵ = ʹܽଶ = ͳ ͵  ⇒ ݁௬ = {ͳʹ ͵ 

⇒ ݕ = { ݈݊ʹ݈݊ ͳ ͵ = −݈݊͵ ݁ଶ௫⋅ + ͳͷ = ͺ݁௫ ܽଶ + ͳͷ = ͺܽ, ሺܽ = ݁௫ሻ ܽଶ − ͺܽ + ͳͷ = Ͳ ⇒ ሺܽ − ͵ሻሺܽ − ͷሻ = Ͳ ⇒ ܽ = {ܽଵ = ͵ܽଶ = ͷ  ⇒ ݁௫ = {ͷ͵ ⇒ ݔ = {݈݊͵݈݊ͷ 
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3.4.2. exponential inequalities: 
Solve each of the following exponential inequalities. 

inequalities: Solution ݁ସ−ଷ௫ > ʹͲ ⇒ ݈݊ሺ݁ସ−ଷ௫ሻ > ݈݊ ʹͲ ⇒ Ͷ − ݔ͵ > ݈݊ ʹͲ ⇒ Ͷ − ݈݊ ʹͲ > ݔ ݔ͵ > ͳ͵ ሺͶ − ݈݊ ʹͲሻ ⇒ ݔ > Ͳ,͵͵ͷ ݁௫ > Ͷ ⇒ ݈݊ሺ݁௫ሻ > ݈݊ Ͷ ⇒ ݔ > ʹ ݈݊ ʹ 

Practical exercise:   

1- A cup of coffee is cooling down in a room. 
The temperature T °C of the coffee, t minutes after it was made is modelled by ܶ = ʹͲ + ͷͲ݁−�భఱ   ,             ݐ ൒ Ͳ 

a) State the temperature of the coffee when it was first made. 
b) Find the temperature of the coffee, after 30 minutes. 
c) Calculate, to the nearest minute, the value of t when the temperature of the coffee has reached 
35°C . 

 

a) ܶ = ʹͲ + ͷͲ݁−�భఱ ࢚ = ૙  ܶ = ʹͲ + ͷͲ݁଴ ⇒ ܶ = ʹͲ + ͷͲ ⇒ ܶ = ͹Ͳ଴ܥ 

b) ࢚ = ૜૙  ܶ = ʹͲ + ͷͲ݁−ଶ  ⇒ ܶ ≈ ʹ͸.ͺ଴ܥ 

c) ࢚ = ૜૞ ͵ͷ = ʹͲ + ͷͲ݁−�భఱ    ⇒ ͳͷ = ͷͲ݁−భభఱ௧  ⇒ ͳ͵Ͳ = ݁−భభఱ௧ ⇒ ͳͲ͵ = ݁ భభఱ௧  ⇒ ݈݊ (ͳͲ͵) = ͳͳͷ ⇒ ݐ ݐ = ͳͷܾ (ͳͲ͵) ⇒ ≈ ݐ ͳͺ 

 



CHAPTER THREE: LOGARITHMIC AND EXPONENTIAL FUNCTIONS 

 

 ͗͏ 

3SERIES NUMBER   

Exercise 01: 
1- Create a definition set for each function in the following cases: 

ଵ݂ሺݔሻ = √ሺݔ + ʹሻ + ଵ௫+ଵ ;  ଶ݂ሺݔሻ = − ௫ଶ + ݈݊ |௫−ଵ௫ | :  ଷ݂ሺݔሻ = ݁ భ�మ ;  ସ݂ሺݔሻ = ݔʹ − |ݔ| ݈݊ሺݔଶሻ  
 

ହ݂ሺݔሻ = ଶ|௫−ଵ|௫మ+ଷ௫+ଶ ;      ଺݂ሺݔሻ = {ଷ ሺ௫+ଵሻ√௫+ଶ ݔ     ,    ൑ ͳ   ௫మଶ௫−ଵ ݔ     ,    > ͳ 

;  ଻݂ሺݔሻ =
{� + ଵଶ  + ଵ௫మ+ଵ ݔ      ,    ൑ Ͳ    ௫௫మ−ଵ+ ଷଶ ݔ    ,       > Ͳ   

  2- Determine the type of the following functions (odd or even). 

݂ሺݔሻ = ͷݔଷ − ሻݔሺ݂  ; ݔʹ = ଶݔ + ଶݔʹ√ + ͸ͳ ; ݂ሺݔሻ = ௫య√௫మ+ହ ; ݂ሺݔሻ = ଷ√௫ర+ଶ  
     

Exercise 02: Compute the limits of the following functions: 
 ݈݅݉௫→ଶ ௫−ଶ√௫మ−ସ     ; ݈݅݉௫→଴ ௦�௡ ௫௧௔௡ ௫ ; ݈݅݉௫→ଷ √௫మ−ଽ௫−ଷ  ;  ݈݅݉௫→଴ ௘మ�−ଵଷ௫మ+௫   ;   ݈݅݉௫→ଵ ௫ ௟௡ ௫−௫+ଵሺ௫−ଵሻ ௟௡ ௫  ;  ݈݅݉௫→∞ √௫మ+ଵ௫+ଵ  

 

Exercise 03 : Study the continuity of the following functions : 

݃ሺݔሻ = { ሺ� + ͳሻ�xమ ݔ      ,             ൒ −ͳ    ሺݔ + ͳሻଶ co� ቀ ଷ௫+ଵቁ ݔ    ,    < −ͳ     ;     ݂ሺݔሻ = {�nሺͳ + ݔ     ,    ሻݔ ൒ Ͳ    ݔସ �in ቀହ௫ቁ ݔ     ,    < Ͳ   
Exercise 04 : 

1- Find "a" values so that f    and  g  are continuous 

:݃ሺݔሻ = {√x+ଶ−ଶx−ଶ ݔ      ,       > ʹ    ܽ + �x−ଶ       ,    ݔ ൑ ʹ   ;          ݂ሺݔሻ = { ୪୬ ሺ௫+ଵሻx ݔ     ,    < Ͳ    ݔହ + ʹ + ݔ     ,   ܽ ൒ Ͳ   
 

2-Is it possible to continue extending the f   function where: ݂ሺݔሻ = ݔ√  − ͳ − ݔʹ − ͷ ݔ      ,        ≠ ͷ 
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3ANSWER TO SERIES NUMBER  

Exercise 01: 
1- Find the definition set  of the following functions: ࢌ૚ሺ࢞ሻ = √ሺ࢞ + ૛ሻ + ૚࢞+૚  ܦ௙భ = ݔ} ∕ ݔ + ʹ ൒ ,Ͳ ∧ ݔ + ͳ ≠ Ͳ} ;  ݔ + ʹ ൒ Ͳ ⇒ ݔ ൒ −ʹ ⇒ ݔ א ݔ  ]∞+,ʹ−] + ͳ ≠ Ͳ ⇒ ݔ ≠ −ͳ ⇒ ݔ א ℝ − {−ͳ} ⇒ ,∞−[ �ݔ ͳ[ ׫ ]−ͳ,+∞[  ܦ௙భ = ݔ} ∕ ૛ሺ࢞ሻࢌ  { ]∞+,ͳ−[�ݔ = − ૛࢞ + ࢔࢒ |࢞−૚࢞ ܦ   | ଶ݂ = ݔ} ∕ ݔ| − ͳ| > Ͳ ∧ |ݔ| > Ͳ}  |ݔ − ͳ| > Ͳ ⇒ { ݔ − ͳ > Ͳ ⇒ ݔ > +ͳ−ݔ + ͳ > Ͳ ⇒ ݔ− > −ͳ ⇒ ݔ < +ͳ ݔ� ]−∞, ͳ[ ׫ [−ͳ,+∞[  |ݔ| > Ͳ => { ݔ > Ͳ−ݔ > Ͳ ⇒ ݔ < Ͳ  ⇒ ,∞−[ �ݔ Ͳ[ ׫ ]Ͳ,+∞[  ܦ௙మ = ݔ} ∕ ℝ�ݔ − {Ͳ,ͳ} } = ݔ} ⁄ݔ  � ]−∞, Ͳ[ ׫ ]Ͳ,ͳ[ ׫ ]ͳ, ૜ሺ࢞ሻࢌ   { ]∞+ = ⅇ ૚࢞૛  ܦ௙య = ݔ} ∕ ଶݔ ≠ Ͳ}  ݔଶ ≠ Ͳ ⇒ ݔ ≠ Ͳ ⇒ ݔ א ℝ− {Ͳ}  ܦ௙య = ݔ} ⁄ݔ  � ]−∞, Ͳ[ ׫ ]Ͳ,+∞[}  ࢌ૝ሺ࢞ሻ = ૛࢞ − |࢞| ௙రܦ  ሺ࢞૛ሻ࢔࢒ = ݔ} ∕ ଶݔ > Ͳ}  ݔଶ > Ͳ ⇒ ݔ א ℝ − {Ͳ}  ܦ௙ర = ݔ} ⁄ݔ  � ]−∞, Ͳ[ ׫ ]Ͳ,+∞[}  ࢌ૞ሺ࢞ሻ = ૛|࢞−૚|࢞૛+૜࢞+૛  ܦ ହ݂ = ݔ} ∕ ଶݔ + ݔ͵ + ʹ ≠ Ͳ}  ݔଶ + ݔ͵ + ʹ = Ͳ ⇒ √� = ͳ ⇒ ଵݔ = −ͳ, ଶݔ = ௙ఱܦ  ʹ− = ݔ} ∕ ℝ�ݔ − {−ʹ,−ͳ} } = ݔ} ⁄ݔ  � ]−∞,−ʹ[ ׫ ]−ʹ,−ͳ[ ׫ ]−ͳ,+∞[ }  
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૟ሺ࢞ሻࢌ       = {૜ ሺ࢞+૚ሻ√࢞+૛    ,     ࢞ ൑ ૚   ࢞૛૛࢞−૚    ,     ࢞ > ૚ 

;  

௙లܦ = ݔ} ∕ ሺݔ + ʹ > Ͳሻ ת ሺݔ ൑ ͳሻ} ׫ ݔ }  ∕ ݔʹ − ͳ ≠ Ͳ ת ݔ > ͳ}  {ݔ + ʹ > Ͳ ⇒ ݔ > ݔʹ− ൑ ͳ ݔ   א ]−ʹ,+∞[ ܽ݊݀ ]−∞, ͳ] ฺ      [ͳ,ʹ−[� ݔ
and we have :  ʹݔ − ͳ ≠ Ͳ ⇒ ݔ ≠ ଵଶ   ݔ � ]−∞, ଵଶ[ ׫ ]ଵଶ , ݔ  ]∞+ > ͳ ⇒ ݔ א ]ͳ,+∞ [ܽ݊݀ ݁ݓ ℎܽ݁ݒ ⇒ ݔ א ]ͳ,+∞[  
So Union is: ܦ௙ల = ݔ} ∕ ݔ א ]−ʹ,ͳ] ׫ ]ͳ,+∞[ }  ܦ௙ల = ݔ} ∕ ݔ א ]−ʹ, +∞[ }  
ૠሺ࢞ሻࢌ  = ܠ} + ૚૛  + ૚࢞૛+૚    ,      ࢞ ൑ ૙    ࢞࢞૛−૚+ ૜૛       ,    ࢞ > ૙   

௙ళܦ = ݔ} ∕ ሺݔଶ + ͳ ≠ Ͳሻ ת ሺʹ ൑ ͳሻ} ݔ } ׫ ∕ ଶݔ − ͳ ≠ Ͳ ת ݔ > ͳ}  
ଶݔ} + ͳ = Ͳ ⇒ ଶݔ = −ͳ݊ݔ ܴ݀݊ܽ ݊݅ ݊݋݅ݐݑ݈݋ݏ ݋ ൑ Ͳ   

ݔ א ]−∞, Ͳ]     
and we have :  ݔଶ − ͳ = Ͳ ⇒ ଶݔ = ͳ   ݔ � ]−∞,−ͳ[ ׫ ]−ͳ,ͳ[ ׫ ]ͳ,+∞[  ݔ > ͳ ⇒ ݔ א ]ͳ,+∞[and �� �av� ⇒ ݔ א ]ͳ,+∞[  ܽ݊݀ ݔ > Ͳ    ݔ א ]Ͳ,ͳ] ׫ ]ͳ, +∞[  
So Union is: ܦ௙ళ = ݔ} ∕ ݔ א ]−∞, ͳ] ׫ ]ͳ,+∞[ }  
1-Determine the type of the following functions (odd or even): 
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We say that the function is odd if   :∀ݔ א �, ݂ሺ−ݔሻ = −݂ሺݔሻ 
We say that the function is even if   :∀ݔ א �, ݂ሺ−ݔሻ = ݂ሺݔሻ 
ሺ࢞ሻࢌ-1 = ૞࢞૜ − ૛࢞   ݂ሺ−ݔሻ = ͷሺ−ݔሻଷ − ʹሺ−ݔሻ = −ͷݔଷ + ⇒ ݔʹ −ሺͷݔଷ − ሻݔʹ = −݂ሺݔሻ  
And hence the function is odd. 

ሺ࢞ሻࢌ  -2 = ࢞૛ + √૛࢞૛ + ૟૚  ݂ሺ−ݔሻ = ሺ−ݔሻଶ +√ʹሺ−ݔሻଶ + ͸ͳ = ଶݔ + ଶݔʹ√ + ͸ͳ = ݂ሺݔሻ  
And hence the function is even. 

ሺ࢞ሻࢌ -3 = ࢞૜√࢞૛+૞  ݂ሺ−ݔሻ = ሺ−௫ሻయ√ሺ−௫ሻమ+ହ = −௫య√௫మ+ହ = −݂ሺݔሻ  
And hence the function is odd. 

ሺ࢞ሻࢌ -4 = ૜√࢞૝+૛ ݂ሺ−ݔሻ = ૜√ሺ−࢞ሻ૝+૛ = ૜√࢞૝+૛ = ݂ሺݔሻ  
And hence the function is even. 

Exercise 2: ࢞࢓࢏࢒→૛ ࢞−૛√࢞૛−૝ = ૙૙  
By using L'Hôpital's rule, we find: 

݈݅݉௫→ଶ ݔ − ଶݔ√ʹ − Ͷ =  ݈݅݉௫→ଶ ሺݔ − ʹሻ′(√ݔଶ − Ͷ)′ 
= ݈݅݉௫→ଶ ଵଶ௫ଶ௫ଶ√௫మ−ସ = ݈݅݉௫→ଶ ଶݔ√ − Ͷʹݔ = ͲͶ = Ͳ 

૙→࢞࢓࢏࢒ ࢞࢔ࢇ࢚࢞࢔࢏࢙ = ૙૙  
So we have : ݔ ݊ܽݐ = ௦�௡ ௫௖௢௦ ௫ , then:  

݈݅݉௫→଴ ݊݅ݏ ݊ܽݐݔ ݔ = ݈݅݉௫→଴ ݊݅ݏ ௦�௡ݔ ௫௖௢௦ ௫  
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= ݈݅݉௫→଴ ݊݅ݏ ݊݅ݏݔ ݔ co� ݔ = ݈݅݉௫→଴ co� ݔ = co�ሺͲሻ =ͳ 

૜→࢞࢓࢏࢒  √࢞૛−�࢞−૜ = ૙૙   
Case of non-appointment and therefore: 

݈݅݉௫→ଷ ଶݔ√ − ͻݔ − ͵ = ݈݅݉௫→ଷ ቆ√ݔଶ − ͻݔ − ͵ × ଶݔ√ − ͻ√ݔଶ − ͻቇ 

= ݈݅݉௫→ଷ ଶݔ√ − ͻ × ଶݔ√ − ͻሺݔ − ͵ሻ × ଶݔ√ − ͻ = ݈݅݉௫→ଷ ଶݔ − ͻሺݔ − ͵ሻ × ଶݔ√ − ͻ 

= ݈݅݉௫→ଷ ሺݔ − ͵ሻሺݔ + ͵ሻሺݔ − ͵ሻ × ଶݔ√ − ͻ = ݈݅݉௫→ଷ ሺݔ + ͵ሻ√ݔଶ − ͻ 

= ݈݅݉௫→ଷ [ሺݔ + ͵ሻ ͳ√ݔଶ − ͻ] = ͸ +∞ = +∞ 

૙→࢞࢓࢏࢒  ⅇ૛࢞−૚૜࢞૛+࢞ = ૙૙    
By using L'Hôpital's rule, we find: 

݈݅݉௫→଴ ሺ݁ଶ௫ − ͳሻ′ሺ͵ݔଶ + ′ሻݔ = ݈݅݉௫→଴ ʹ݁ଶ௫͸ݔ + ͳ = ʹ݁ଶሺ଴ሻ͸ሺͲሻ + ͳ = ʹ 

૚→࢞࢓࢏࢒  ࢞ ૚ሺ࢞−૚ሻ+࢞−࢞࢔࢒ ࢔࢒ ࢞ = ૙૙   
By using L'Hôpital's rule, we find: 

݈݅݉௫→ଵ ݔ ݈݊ ݔ − ݔ + ͳሺݔ − ͳሻ ݈݊ ݔ = ݈݅݉௫→ଵ ሺݔ ݈݊ ݔ − ݔ + ͳሻ′(ሺݔ − ͳሻ ݈݊ ′(ݔ = ݈݅݉௫→ଵ ݈݊ ݔ − ݔ ଵ௫ − ͳ݈݊ ݔ + ଵ௫ ሺݔ − ͳሻ = ݈݅݉௫→ଵ ݈݊ ͳ − ͳ − ͳ݈݊ ͳ + ͳሺͳ − ͳሻ= ͲͲ 

By using L'Hôpital's rule again, we find: 

݈݅݉௫→ଵ ሺ݈݊ ݈݊)′ሻݔ ݔ + ሺͳ + ′(ଵሻ−ݔ = ݈݅݉௫→ଵ ଵ௫ଵ௫ + ଶ−ݔ =
ଵଵଵଵ + ͳ−ଶ = ͳʹ

 

∞→࢞࢓࢏࢒  √࢞૛+૚࢞+૚ = +∞+∞ 

Case of non-appointment and therefore: 
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݈݅݉௫→∞√ݔଶ + ͳݔ + ͳ = ݈݅݉௫→∞√ݔଶ ቀͳ + ଵ௫మቁݔ ቀͳ + ଵ௫ቁ = ݈݅݉௫→∞ ቀͳ√ݔ + ଵ௫మቁݔ ቀͳ + ଵ௫ቁ = ݈݅݉௫→∞ͳ + ଵ௫మͳ + ଵ௫ = ͳ 

 Exercise 3: 
Study the continuity of the following functions: 

ሺ࢞ሻࢌ-1 = ሺ૚ܖܔ} + ࢞ሻ    ,     ࢞ ൒ ૙    ࢞૝ (૞࢞)ܖܑ�    ,     ࢞ < ૙    

The function ݂ is continuous at ݔ଴ if: ݈݅݉௫→௫బ−݂ሺݔሻ = ݈݅݉௫→௫బ+݂ሺݔሻ = ݂ሺݔ଴ሻ ݈݅݉௫→଴+݂ሺݔሻ = ݈݅݉௫→଴+ ݈݊ሺͳ + ሻݔ = ݈݊ሺͳሻ = Ͳ 

݈݅݉௫→଴−݂ሺݔሻ = ݈݅݉௫→଴−ݔସ ݊݅ݏ (ͷݔ) = Ͳ 

Because according to our multiplication property: 

{−ͳ ൑ ݊݅ݏ ͷݔ ൑ ͳ݈݅݉௫→௢ݔସ = Ͳ  

The first is bounded and the second approaches zero, so the product approaches zero, and we 
have: ݂ሺͲሻ = ݈݊ሺͳ + Ͳሻ = ݈݊ሺͳሻ = Ͳ  ݈݅݉௫→଴−݂ሺݔሻ = ݈݅݉௫→଴+݂ሺݔሻ = ݂ሺͲሻ = Ͳ 

Therefore, the function ݂ is continuous at "0". 

ሺ࢞ሻࢍ-2 = {ሺܠ + ૚ሻ�ܠ૛             ,      ࢞ ൒ −૚    ሺ࢞ + ૚ሻ૛ )�ܗ� ૜࢞+૚)    ,    ࢞ < −૚          
The function ݃ is continuous at ݔ଴ if: ݈݅݉௫→௫బ−݃ሺݔሻ = ݈݅݉௫→௫బ+݃ሺݔሻ = ݃ሺݔ଴ሻ ݈݅݉௫→−ଵ+݃ሺݔሻ = ݈݅݉௫→−ଵ+ሺ� + ͳሻ�xమ = ሺͲሻ�ଵ = Ͳ ݈݅݉௫→−ଵ−݃ሺݔሻ = ݈݅݉௫→−ଵ−ሺݔ + ͳሻଶ co� ቀ ଷ௫+ଵቁ = Ͳ 

Because according to our multiplication property: 

{−ͳ ൑ co� ቀ ଷ௫+ଵቁ ൑ ͳ݈݅݉௫→−ଵሺݔ + ͳሻଶ = Ͳ  
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The first is bounded and the second approaches zero, so the product approaches zero, and we 
have: ݃ሺ−ͳሻ = ሺ−ͳ + ͳሻ�ଵ = Ͳ  ݈݅݉௫→−ଵ−݃ሺݔሻ = ݈݅݉௫→−ଵ+݃ሺݔሻ = ݃ሺ−ͳሻ = Ͳ 

Therefore, the function ݃ is continuous at "-1". 

Exercise 4: 
Find the value of ܽ so that the functions ࢌ and ࢍ are continuous: 

ሺ࢞ሻࢌ  -1 = { ܠሺ࢞+૚ሻ ܖܔ    ,     ࢞ < ૙    ࢞૞ + ૛ + ࢞     ,   ࢇ ൒ ૙    ݈݅݉௫→ை̇−݂ሺݔሻ = ݈݅݉௫→ை̇− ݈݊ሺݔ + ͳሻݔ = ͲͲ 

By applying L'Hôpital's rule, we find: 

݈݅݉௫→ை̇−݂ሺݔሻ = ݈݅݉௫→ை̇−
ଵ௫+ଵͳ = ݈݅݉௫→ை̇+ ͳݔ + ͳ = ͳ ݈݅݉௫→଴+݂ሺݔሻ = ݈݅݉௫→଴+ × ͷ + ʹ + ܽ = ʹ + ܽ ݈݅݉௫→଴−݂ሺݔሻ = ݈݅݉௫→଴+݂ሺݔሻ = ʹ + ܽ = ͳ ฺ ܽ = −ͳ 

 

ሺ࢞ሻࢍ-2 = ૛−ܠ૛−૛+ܠ√}       ,      ࢞ > ૛    ࢇ + ࢞    ,       ૛−ܠ� ൑ ૛    ݈݅݉௫→ଶ+݃ሺݔሻ = ݈݅݉௫→ଶ+√� + ʹ − ʹ� − ʹ = ͲͲ 

By applying L'Hôpital's rule, we find: 

݈݅݉௫→ଶ+
ଵଶ√x+ଶͳ = ݈݅݉௫→ଶ+ ͳʹ√� + ʹ = ͳͶ ݈݅݉௫→ଶ−ሺܽ − ݁௫−ଶሻ = ܽ + ݁଴ = ܽ + ͳ 

݈݅݉௫→ଶ−݃ሺݔሻ = ݈݅݉௫→ଶ+݃ሺݔሻ = ܽ + ͳ = ͳͶ ⇒ ܽ = − Ͷ͵ 

2-Can the function be extended continuously? ݂ሺݔሻ = ݔ√  − ͳ − ݔʹ − ͷ ݔ      ,        ≠ ͷ 
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We calculate the limit at : ݔ଴ = ͷ ݈݅݉௫→ହ݂ሺݔሻ = ݈݅݉௫→ହ √� − ͳ − ʹ� − ͷ = ͲͲ 

By using L'Hôpital's rule: 

݈݅݉௫→ହ √� − ͳ − ʹ� − ͷ = ݈݅݉௫→ହ ଵଶ√x−ଵͳ = ͳͶ 

We have: ݈݅݉௫→ହ݂ሺݔሻ = ݈ if ݂ሺݔሻ is extendable continuously at the point “5” and we write: 

ሺ࢞ሻࢌ = { 
ܠ√  − ૚ − ૛ܠ − ૞       ,      ࢞ ≠ ૞    ૚૝        ,    ࢞ = ૞   
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1.GENERALITIES ABOUT DERIVATIVES:  

1.1.Definitions: We will present a set of definitions for differentiation as follows: 

Definition 1: 

Let ݂: [ܽ, ܾ] ⟶ ℝ be a function of a real variable, and let ݔ଴ א [ܽ, ܾ]. The rate of increase of the 
function ݂ at the point ݔ଴ is the function ௫ܶబ: [ܽ, {଴ݔ}\[ܾ ⟶ ℝ defined by:  

௫ܶబሺݔሻ = ݂ሺݔሻ − ݂ሺݔ଴ሻݔ − ଴ݔ ∙ 
By setting ℎ = ݔ −   :଴ is written asݔ ଴, the rate of increase of the function ݂ at the pointݔ

௫ܶబሺℎሻ = ݂ሺݔ଴ + ℎሻ − ݂ሺݔ଴ሻℎ ∙ 
The real number ௫ܶబሺℎሻ is the slope of the secant line that connects the two points: (ݔ଴, ݂ሺݔ଴ሻ) 
and (ݔ଴ + ℎ, ݂ሺݔ଴ + ℎሻ) 

 

Let the function ݂ be set to ܴ by ݂ሺݔሻ =    .ʹݔ
Let's calculate the number derived from the function ݂ into any real 
number ܽ. ݎ݋ܨ ℎ ≠ Ͳ:   ݂ሺܽ + ℎሻ − ݂ሺܽሻℎ = ሺܽ + ℎሻଶ − ܽଶℎ = ܽଶ + ʹܽℎ + ℎଶ − ܽଶℎ = ʹܽ + ℎ 

Or : �i�ℎ→଴ ௙ሺ௔+ℎሻ−௙ሺ௔ሻℎ = �i�ℎ→଴ ʹܽ + ℎ = ʹܽ  
For any number ܽ, the number derived from the function ݂ equal to ʹܽ 
is associated.  
So we set it to ܴ a function, denoted ݂ ′ whose expression is:  ݂ ′ሺݔሻ =   .ݔʹ
This function is called the derivative function of ݂.  

Definition 2: 
Let the function ݂: [ܽ, ܾ] ⟶ ℝ, and let ݔ଴ א [ܽ, ܾ]. We define the derivative of ݂ at the 

point ݔ଴ as the limit (if it exists) of the increment ratio of the function ݂ at the point ݔ଴ as ݔ 
approaches ݔ଴. In this case, we say that ݂ is differentiable at the point ݔ଴, and we call the limit 
the derivative of the function ݂ at the point ݔ଴ and denote it by:  ݂′ሺݔ଴ሻ = �i�௫→௫బ ݂ሺݔሻ − ݂ሺݔ଴ሻݔ − ଴ݔ = �i�ℎ→଴ ݂ሺݔ଴ + ℎሻ − ݂ሺݔ଴ሻℎ ∙ 
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We say that the function ݂  is differentiable on the interval [ܽ, ܾ] if it is differentiable at every point ݔ in the interval [ܽ, ܾ]. In this case, the function defined by ݔ ⟼ ݂′ሺݔሻ is called the derivative 
function of ݂, and we denote it by ݂′. 

 

If ݔ଴ = ܽ, then the previous limit is a right-hand limit (with larger 
values), that is:  ݂′ሺܽሻ = �i�௫→௔ ݂ሺݔሻ − ݂ሺܽሻݔ − ܽ = �i�௫>→௔ ݂ሺݔሻ − ݂ሺܽሻݔ − ܽ ∙ 
If ݔ଴ = ܾ, then the previous limit is a left-hand limit (with smaller 
values), that is : ݂′ሺܾሻ = �i�௫→௕ ݂ሺݔሻ − ݂ሺܾሻݔ − ܾ = �i�௫<→௕ ݂ሺݔሻ − ݂ሺܾሻݔ − ܾ ∙ 

Figure 1: Geometric interpretation of the derivative 

 

Definition 3: 

Let the function ݂: [ܽ, ܾ] ⟶ ℝ, and let  ݔ଴ ,ܽ[א ܾ[. 
– We say that ݂ is differentiable to the right of ݔ଴ if the limit: �i�௫>→௫బ ݂ሺݔሻ − ݂ሺݔ଴ሻݔ − ଴ݔ  

It exists and is called the right-hand derivative of the function ݂ at the point ݔ଴, denoted by: 

ௗ݂′ሺݔ଴ሻ = �i�௫>→௫బ ݂ሺݔሻ − ݂ሺݔ଴ሻݔ − ଴ݔ ∙ 
– We say that ݂ is differentiable to the left of ݔ଴ if the limit:  �i�௫<→௫బ ݂ሺݔሻ − ݂ሺݔ଴ሻݔ − ଴ݔ  

 ଴ݔ

The tangent at the point 

 with the distance  ݔ଴ 

 ଴ݔ

The chord that connects the two points  

with coordinates ݔ଴  and ݔ଴ + ℎ 

 

଴ݔ + ℎ 
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It exists, and it is called the left-hand derivative of the function ݂ at the point ݔ଴, denoted by: 

௚݂′ሺݔ଴ሻ = �i�௫<→௫బ ݂ሺݔሻ − ݂ሺݔ଴ሻݔ − ଴ݔ ∙ 

 

If the derivatives ௗ݂′ሺݔ଴ሻ and ௚݂′ሺݔ଴ሻ exist and ௗ݂′ሺݔ଴ሻ = ௚݂′ሺݔ଴ሻ, then 
the function ݂ is differentiable at ݔ଴ and we have:  ݂′ሺݔ଴ሻ = ௗ݂′ሺݔ଴ሻ = ௚݂′ሺݔ଴ሻ ∙ 

 

 

 

1-Let the function defined on ࡾ be ࢌሺ࢞ሻ = ࢞૛ we have :  �i�௫→ଵ ݂ሺݔሻ − ݂ሺͳሻݔ − ͳ = �i�௫→ଵ ଶݔ − ͳݔ − ͳ = ʹ. 
Thus, ݂ is differentiable at the point ݔ଴ = ͳ and ݂′ሺͳሻ = ʹ. 
2-Let the function defined on ℝ+ be ࢌሺ࢞ሻ = √࢞. We have:  �i�௫→଴ ݂ሺݔሻ − ݂ሺͲሻݔ − Ͳ = �i�௫>→଴√ݔ − Ͳݔ = �i�௫>→଴ ͳ√ݔ = +∞ ∙ 
Thus, ݂ is not differentiable at the point ݔ଴ = Ͳ. 
3- Let the function defined on ℝ be ࢌሺ࢞ሻ = |࢞|. We have:  

ௗ݂′ሺͲሻ = �i�௫>→଴ݔ − Ͳݔ = ͳ 

and 

௚݂′ሺͲሻ = �i�௫<→଴−ݔ − Ͳݔ = −ͳ. 
௚݂′ሺͲሻ and ௗ݂′ሺͲሻ  exist, hence ݂ is differentiable to the right and to the left 

of the point ݔ଴ = Ͳ, but ௗ݂′ሺͲሻ ≠ ௚݂′ሺͲሻ, therefore ݂ is not differentiable 
at the point ݔ଴ = Ͳ. 
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Table 1: Derivatives of Common Functions 

Ensemble de  
définition de f 

derivative 
functionࢌ′ 

Function ࢌ ℝ Ͳ (Real constant) ܽ ℝ ͳ ݔ ℝ ݊ݔ௡−ଵ ݔ௡ ,   ݊ א ℕ ℝ/{Ͳ} −  ௡+ଵݔ݊
ͳݔ௡ [Ͳ, +∞[ ͳʹ√ݔ√ ݔ ℝ/{Ͳ} − ͳݔଶ ͳݔ ℝ −�in �co ݔ �ℝ co ݔ in� ݔ ,Ͳ[ ݔ +∞[ ͳݔ �n  ℝ ݁௫ ݁௫ ݔ

1.2. Rules of derivation: 

Theory 1: 

Let ݂: [ܽ, ܾ] ⟶ ℝ and ݃: [ܽ, ܾ] ⟶ ℝ be two real functions defined on the interval [ܽ, ܾ] and 
differentiable at the point ݔ଴ א [ܽ, ܾ]. 
1-The function ݂ + ݃ is differentiable at ݔ଴ and we have:  ሺ݂ + ݃ሻ′ሺݔ଴ሻ = ሺ݂′ + ݃′ሻሺݔ଴ሻ = ݂′ሺݔ଴ሻ + ݃′ሺݔ଴ሻ. 
2-The function ݂ × ݃ is differentiable at ݔ଴ and we have:  ሺ݂ × ݃ሻ′ሺݔ଴ሻ = ሺ݂′ × ݃ + ݂ × ݃′ሻሺݔ଴ሻ = ݂′ሺݔ଴ሻ݃ሺݔ଴ሻ + ݂ሺݔ଴ሻ݃′ሺݔ଴ሻ. 
3- If ݃ሺݔ଴ሻ ≠ Ͳ, then the function ௙௚ is differentiable at ݔ଴ and we have: 

(݂݃)′ ሺݔ଴ሻ = ቆ݂′ × ݃ − ݂ × ݃′݃ଶ ቇ ሺݔ଴ሻ = ݂′ሺݔ଴ሻ × ݃ሺݔ଴ሻ − ݂ሺݔ଴ሻ × ݃′ሺݔ଴ሻ(݃ሺݔ଴ሻ)ଶ ∙ 
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Theory 2: 

Let ݂: [ܽ, ܾ] ⟶ [ܿ, ݀] be a function defined on [ܽ, ܾ] and differentiable at ݔ଴ א [ܽ, ܾ], and let ݃: [ܿ, ݀] ⟶ ℝ be a function defined on [ܿ, ݀] and differentiable at ݂ሺݔ଴ሻ א [ܿ, ݀]. Then the 
function ݃ ל ݂: [ܽ, ܾ] ⟶ ℝ is differentiable at ݔ଴, and we have:  ሺ݃ ל ݂ሻ′ሺݔ଴ሻ = ݂′ሺݔ଴ሻ × ݃′(݂ሺݔ଴ሻ). 

Table 2: Derivation Rules 

Example 
derivative 
functionࢌ′ 

Function 

݂ሺݔሻ = Ͷݔଷ ฺ ݂′ሺݔሻ = ͳʹݔଶ  ݂ܽ′ ݂ܽ  ݂ሺݔሻ = ݔ + ฺ ଶݔ ݂′ሺݔሻ = ͳ + ′݂ ݔʹ + ݃′ ݂ + ݃ ݂ሺݔሻ = ሺ͵ݔଶ + Ͷݔሻሺͷݔ − ͳሻ ⇒ ݂′ሺݔሻ = [ሺ͸ݔ + Ͷሻሺͷݔ − ͳሻ] + [ሺͷሻሺ͵ݔଶ + Ͷݔሻ]  = Ͷͷݔଶ + ͵Ͷݔ − Ͷ 

݂′݃ + ݂݃′ ݂ × ݃ 

݂ሺݔሻ = ͳʹݔଶ + ͷݔ ⇒ ݂′ሺݔሻ = −Ͷݔ − ͷሺʹݔଶ + ͷݔሻଶ 
−݂′݂ଶ  

ͳ݂
 

݂ሺݔሻ = ͸ݔ − ͷݔଷ − − ଶݔʹ ͳ 

⇒ ݂′ሺݔሻ = ͸ሺݔଷ − − ଶݔʹ ͳሻ − ሺ͸ݔ − ͷሻሺ͵ݔଶ − Ͷݔሻሺݔଷ − − ଶݔʹ ͳሻଶ  

= −ͳʹݔଷ + ʹ͹ʹݔଶ − ʹͲݔ − ͸ሺݔଷ − − ଶݔʹ ͳሻଶ  

݂′݃ − ݂݃′݃ଶ  
݂݃

 

݂ሺݔሻ = ሺ͵ݔଶ + ݔ − ͳሻଷ ฺ ݂′ሺݔሻ = ͵ሺ͸ݔ + ͳሻሺ͵ݔଶ + ݔ − ͳሻ ݂݊′݂௡ ሺ݂ሻ௡ 

݂ሺݔሻ = + ଶݔ͵ Ͷ√ݔ ฺ ݂′ሺݔሻ = ͸ݔ +  ݔʹ√
݂′ʹ√݂ √݂ 

݂ሺݔሻ = �n ሺ͵ݔଶ + ͷݔሻ ฺ ݂′ሺݔሻ = ͸ݔ + ͷ͵ݔଶ + ͷݔ 
݂′݂

 �n ݂ 

݂ሺݔሻ = �ଶ௫య +௫మ  ฺ ݂′ሺݔሻ = ሺ͸ݔଶ +  ሻ�ଶ௫య +௫మ  ݂′݁௙ ݁௙ݔʹ
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1.3. Properties of differentiation: 

Theory 3: 

Let ݂: [ܽ, ܾ] ⟶ ℝ be a real function defined on the interval [ܽ, ܾ]. If ݂ is differentiable at the 
point ݔ଴ א [ܽ, ܾ], then it is continuous at that point, but the reverse is not true. 

Theory 4: 

Let ݂: [ܽ, ܾ] ⟶ [ܿ, ݀] be a real-valued function defined, continuous, and monotonic on the 
interval [ܽ, ܾ]. If ݂ is differentiable at the point ݔ଴ א [ܽ, ܾ] and ݂′ሺݔ଴ሻ ≠ Ͳ, then the inverse 
function f݂−ଵ: [ܿ, ݀] ⟶ [ܽ, ܾ] is differentiable at the point ݕ଴ = ݂ሺݔ଴ሻ and we have: 

ሺ݂−ଵሻ′ሺݕ଴ሻ = ͳ݂′ሺݔ଴ሻ 
1.4.Rolle's theorem : 

Let f Be: ݂: [ܽ, ܾ] ⟶ ℝ a defined and continuous real function on the domain [ܽ, ܾ]. If ݂ is 
derivable on the open domain  ]ܽ, ܾ[ and achieves ݂ሺܽሻ = ݂ሺܾሻ then there exists ܿ ,ܽ[א ܾ[ 
achieves ݂′ሺܿሻ = Ͳ ..  

 

Verify Rolle’s Theorem for the function : ݂ሺݔሻ = + ଶݔʹ ʹͲݔ − ͵   
on [Ͷ,͸] . 

 

 

 

 

 

 

 

 

 

Solution: 
1- ݂ሺݔሻ is continuous on [Ͷ,͸] ?  
Yes, ݂ሺݔሻis polynomial so it’s defined on ܴ.   
2- ݂ሺݔሻ is differentiable  on [Ͷ,͸] ?  
Yes, because ݂′ሺݔሻ is also a polynomial which is defined on ܴ. 
3- ݂ሺͶሻ = ݂ሺ͸ሻ? ݂ሺͶሻ = ʹሺͶሻଶ − ʹͲሺͶሻ − ͵ = −Ͷͷ   ݂ሺ͸ሻ = ʹሺ͸ሻଶ − ʹͲሺ͸ሻ − ͵ = −Ͷͷ   
So rolle’s theorem guarantees at least one place where ݂′ሺݔሻ = Ͳ  between ݔ = Ͷ and ݔ =  ͸ 

Check: ݂′ሺݔሻ = Ͷݔ − ʹͲ  
 ݂′ሺܿሻ = Ͷܿ − ʹͲ = Ͳ ܥ =  ͷ  
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Practical exercise:   
Check requirement of  Rolle’s Theorem for the function : ݂ሺݔሻ = ͳ − ଶݔ ଷ⁄   on [−ͳ,ͳ]. 

 

1- ݂ሺݔሻ is continuous on [−ͳ,ͳ] ?  
Yes, ݂ሺݔሻis defined for all ݔ between −ͳ and ͳ  ݔ = −ͳ,   ݂ሺ−ͳሻ = ͳ − ሺ−ͳሻଶ ଷ⁄ = ͳ − [ሺ−ͳሻଵ ଷ⁄ ]ଶ = ͳ − ሺ−ͳሻଶ = Ͳ 

2- ݂ሺݔሻ is differentiable  on [−ͳ,ͳ] ?  
No , because ݂′ሺݔሻ = − ଶଷ ଵ−ݔ ଷ⁄ = −ଶଷ √௫య . 
Clearly undefined at ݔ = Ͳ 

3- ݂ሺ−ͳሻ = ݂ሺͳሻ?   ݂ሺ−ͳሻ = ͳ − ሺ−ͳሻଶ ଷ⁄ = Ͳ     ݂ሺͳሻ = ͳ − ሺͳሻଶ ଷ⁄ = Ͳ  
So rolle’s theorem can not be used to guarantees the existence of horizontal 
tangent  between ݔ = −ͳ and ݔ =  ͳ 

1.5.Lagrange’s mean Value (The theory of finite increments): 

Let ݂ Be : ݂: [ܽ, ܾ] ⟶ ℝ a defined and continuous real function on the domain [ܽ, ܾ]. If ݂ is 
derivable on the open domain ]ܽ, ܾ[ so:  ∃ܿ ,ܽ[א ܾ[: ݂′ሺܿሻ = ݂ሺܾሻ − ݂ሺܽሻܾ − ܽ ∙ 

 

Verify Lagrange’s mean Value Theorem for the function 

 ݂ሺ ݔ ሻ = ଶݔ͵  − ͷݔ + ͳ defined in the interval [ʹ,ͷ].  
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Practical exercise:   

Verify Lagrange’s mean Value Theorem for the function ݂ ݔ = ଶݔ √ −   in the interval [ͳ,Ͷ] ݔ

 

1- ݂ሺݔሻ is an algebraic function,  so it is a continuous in [ͳ,Ͷ] 
2- ݂′ሺ ௫ሻ = ଶ௫−ଵଶ√ ௫మ−௫  exists in ሺͳ,Ͷሻ 
Therefore all the conditions of Lagrange’s mean Value Theorem is satisfied. To 
verify finite increments Theorem, we have to show that there exists at least 
one point ܿ in the interval (1,4) such that ݂′ሺܿሻ = ݂ሺͶሻ − ݂ሺͳሻͶ − ͳ  

Now : ݂ሺ Ͷ ሻ = √ Ͷଶ − Ͷ = ʹ√͵ 

And : ݂ሺͳ ሻ = √ ͳଶ − ͳ = Ͳ ݂′ሺܿሻ = ʹܿ − ͳʹ√ ܿଶ − ܿ = ʹ√ ͵͵  ⇒ ସ௖మ−ସ௖+ଵସሺ௖మ−௖ሻ = ସଷ  ⇒ ͳ͸ܿଶ − ͳ͸ܿ = ͳʹܿଶ − ͳʹܿ + ͵  ⇒ Ͷܿଶ − Ͷܿ − ͵ = Ͳ  ⇒ Ͷܿଶ − ͸ܿ + ʹܿ − ͵ = Ͳ  ⇒ ʹܿሺʹܿ − ͵ሻ + ሺʹܿ − ͵ሻ = Ͳ  

Solution: 
1- Since ݂ሺݔሻ is a polynomial, it is a continuous function in [ʹ,ͷ] 
2- ݂′ሺ ݔሻ  =  ͸ݔ − ͷ exists in ሺʹ,ͷሻ . 
Thus the conditions of Lagrange’s mean Value Theorem is satisfied. To verify mean Value 

Theorem, we have to show that there exists at-least one point ܿ in the open interval ]ʹ,ͷ[ , 
such that: ݂′ሺܿሻ = ݂ሺͷሻ − ݂ሺʹሻͷ − ʹ  

Now :  ݂ ሺͷሻ  =  ͵ × ͷଶ − ͷ × ͷ + ͳ = ͷͳ   ݂ ሺʹሻ  =  ͵ × ʹଶ − ͷ × ʹ + ͳ = ͵  
 ͸ܿ − ͷ = ହଵ−ଷଷ   
 ⇒ ͸ܿ − ͷ = ͳ͸ ⇒  ܿ = ଶଵ଺   ⇒  ܿ = ଻ଶ = ͵ ଵଶ א    [ʹ,ͷ]  Hence mean Value Theorem is verified. 
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⇒ ሺʹܿ − ͵ሻሺʹܿ + ͳሻ = Ͳ  ⇒ ܿ = ଷଶ  or ܿ = − ଵଶ ܿ = ଷଶ   lies in [ͳ,Ͷ] 
Hence mean Value Theorem is verified. 

1.6.Application of derivation to the concept of maximum and minimum stationary 
point  

An important goal of life is to maximize nice quantities and minimize unpleasant ones. 
Extremizing quantities is also a most important principle which nature follows: laws in physics 
like Newtons law, or the Maxwell equations describing light, or equations describing matter can 
be based on the principle of extremization. The most important intuitive insight is that at maxima 
or minima of a function f, the tangent to the graph must be horizontal. This leads to the following 
notion for differentiable functions: 

A point ݔ଴ is a critical point of ݂ if ݂ሺݔ଴ሻ  =  Ͳ 

Definition:  

A critical point (or stationary point) of ݂ሺݔሻ is a point ሺܽ, ݂ሺܽሻሻ such that ݂′ሺܽሻ  =  Ͳ 

Recall that, geometrically, these are points on the graph of ݂ሺݔሻ who have a at tangent line, i.e. 
a constant tangent line. 

 

 

Find all critical points of ݂ሺݔሻ = ଷݔ  − ଶݔ͵  − ͻݔ + ͷ.  
We see that the derivative is ݂′ሺݔሻ = ଶݔ͵  − ͸ݔ − ͻ. We need to solve ݂′ሺݔሻ  =  Ͳ. 
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 ݂′ሺݔሻ = ʹݔ͵  −  ͸ݔ −  ͻ = ͵ሺݔଶ − ݔʹ − ͵ሻ = ͵ሺݔ + ͳሻሺݔ −  ͵ሻ =Ͳ ฺ ݔ  =  −ͳ, ݔ = ͵  
Thus the critical points of ݂ሺݔሻ are: 
 ሺ −ͳ, ݂ሺ −ͳሻሻ  =  ሺ −ͳ,ͳͲሻ and ሺ͵, ݂ሺ͵ሻሻ  =  ሺ͵, − ʹʹሻ. 

You may notice, particularly from the graph, that the critical points seem to coincide with the 
peaks of the graph. These is almost true. In fact we have the following definition: 

 Suppose ሺܽ, ݂ሺܽሻሻ is a critical point of ݂ሺݔሻ. Then, 

 ሺܽ, ݂ሺܽሻሻ is a local minimum ⇔ ݂′′ ሺܽሻ  >  Ͳ 

 ሺܽ, ݂ሺܽሻሻ is a local maximum ⇔ ݂′′ ሺܽሻ  <  Ͳ 

 ሺܽ, ݂ሺܽሻሻ is a point of inflection ⇔ ݂′′ሺܽሻ =  Ͳ 

We can think of this definition as a test to identify the local maximum and local minimum points 
of a function ݂ሺݔሻ.  
If ݂ ሺܽሻ  <  Ͳ ݎ݋ ݂ ሺܽሻ  >  Ͳ then we have a local maximum or minimum, respectively, and if ݂ ሺܽሻ  =  Ͳ then we know nothing. Different cases of ݂ ሺܽሻ  =  Ͳ will be explored later. 

 

Find all local extrema of ݂ሺݔሻ = ଷݔ  − ଶݔ͵  − ͻݔ + ͷ 

on the previous Example we found ݂′ሺݔሻ = ଶݔ͵  − ͸ݔ − ͻ and that the critical points occur at  ሺ −ͳ,ͳͲሻ and ሺ͵ , −ʹʹሻ. To apply the second derivative test we must first compute the second 
derivative:  ݂′′ሺݔሻ =  ͸ݔ − ͸ 

Then we simply take the points ݔ = − ͳ and ݔ =  ͵ and plug them into ݂′′ ሺݔሻ. ݔ = − ͳ ݔ =  ͵ ݂′′ሺ−ͳሻ =  ͸ሺ−ͳሻ − ͸ = −͸ − ͸ = −ͳʹ < Ͳฺ �oca� �a�i�u�  ݂′′ሺ−ͳሻ =  ͸ሺ͵ሻ − ͸ = ͳͺ − ͸ = ͳʹ > Ͳฺ �oca� �ini�u�  
So the function ݂ሺݔሻ has a local maximum at the point ሺ −ͳ,ͳͲሻ and a local minimum at the 
point ሺ͵, − ʹʹሻ. 
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1.7. Critical Point Theory: 

Let ݂  Be : ݂ : [ܽ, ܾ] ⟶ ℝ a defined and derivable on the open domain ]ܽ, ܾ[  . Every point is called ܿ ,ܽ[א ܾ[  which achieves ݂′ሺܿሻ = Ͳ is Critical point .  

• If ݂′′ሺܿሻ > Ͳ so ܿ is Minimum critical point . 
• If ݂′′ሺܿሻ < Ͳ so ܿ is Maximum critical point . 
• If ݂′′ሺܿሻ = Ͳ so ܿ is Inflection point . 

 

Find all local extrema of: ݕ = ݔ + ͳݔ 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Solution: 
irst we calculate the critical point(s) of ݕ. Differentiating gives ݕ′ =  ͳ   . ଶ−ݔ −
Solving ݕ′ =  Ͳ gives 

′ݕ =  ͳ ଶ−ݔ − = Ͳ ฺ ͳ ଶ−ݔ = ฺ ͳ = ͳݔଶ ฺ ͳ = ଶݔ ฺ ݔ = −ͳ ݔ ݎ݋ = ͳ 

Next we find the second derivative: ݕ′′ = ଷ−ݔ ʹ  =  ଷݔʹ

Finally we plug both ݔ = − ͳ and ݔ =  ͳ into ݔ ′′ݕ = − ͳ ݔ =  ͳ ݕ′′ሺ−ͳሻ = ʹሺ−ͳሻଷ = −ʹͳ = −ʹ < Ͳฺ �oca� �a�i�u�  ݕ′′ሺͳሻ =  ʹሺͳሻଷ = ͳʹ = ʹ > Ͳฺ �oca� �ini�u�  
Thus ݕ has a local maximum at the point ሺ −ͳ, ሺ− ͳሻሻݕ  =  ሺ −ͳ , −ʹሻ and a local minimum at 
the point ሺͳ, ሺͳሻሻݕ  =  ሺͳ,ʹሻ. 
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2.SUCCESSIVE DIFFERENTIATION AND LEIBNITZ’S THEOREM: 

2.1.Introduction 

Successive Differentiation is the process of differentiating a given function successively 
times and the results of such differentiation are called successive derivatives. The higher order 
differential coefficients are of utmost importance in scientific and engineering applications. 

Let be ݂ሺݔሻ a differentiable function and let its successive derivatives be denoted by .  ݂′ሺݔሻ, ݂′′ሺݔሻ,… , ݂ሺ௡ሻሺݔሻ 
2.2.Common notations of higher order Derivatives of ࢟ =            ሺ࢞ሻࢌ
1st Derivative:    ݂′ሺݔሻ ݕ ݎ݋′ݕ ݎ݋ଵ ݎ݋ ௗ௬ௗ௫  ݕܦ ݎ݋ 

2nd Derivative:     ݂′′ሺݔሻ ݕ ݎ݋′′ݕ ݎ݋ଶ ݎ݋ ௗమ௬ௗ௫మ   ݕଶܦ ݎ݋ 

 ݊௧ℎ Derivative:     ݂ሺ௡ሻሺݔሻ ݕ ݎ݋ሺ௡ሻݕ ݎ݋௡ ݎ݋ ௗ�௬ௗ௫�    ݕ௡ܦ ݎ݋ 

 

Very basic finite difference formulas in numerical analysis approximates the de rivative ݂′ ሺݔሻ 
using a sequence ℎ௡  >  Ͳ such that ℎ௡  →  Ͳ. The two basic formulas are 

௙ሺ௫+ℎ�ሻ−௙ሺ௫ሻℎ� → ݂′ሺݔሻ and ௙ሺ௫+ℎ�ሻ−௙ሺ௫−ℎ�ሻଶℎ� → ݂′ሺݔሻ 
Let be ܫ the domain of and  ݂: ܫ ⟶ ℝ. The derivative of the degree ݊  of the function ݂ that we 
encode by the symbol is defined by regression : 

             In order to ݊ = Ͳ :     ݂ሺ଴ሻ = ݂ and :     (݂ሺ௡ሻ)′ = ݂ሺ௡+ଵሻ 
We say that ݂ a function is differentiable up to the order ݊  at ߙ א  if ݂ሺ௡−ଵሻ it is differentiable ܫ
at ߙ . 

And we write: (݂ሺ௡−ଵሻ)′ሺߙሻ = ݂ሺ௡ሻሺߙሻ. We also say that a function ݂ accepts a derivative of the 
order ݊ on ܫ if it accepts the derivative ݊ time on ܫ. That is, if ݂ሺ௡ሻሺݔሻ is known to every, ݔ א  ܫ
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2.3.Calculation of ࢎ࢚࢔ Derivatives :  

 ࢞ࢇDerivative of  ⅇ ࢎ࢚࢔ .1

Let:  ݕ = ⅇݕ   ࢞ࢇଵ = ܽⅇݕ  ࢞ࢇଶ = ܽଶⅇ࢞ࢇ     

௡ݕ   = ܽ௡ⅇ࢞ࢇ   

࢞ࢇDerivative of  ሺ ࢎ࢚࢔ .2 +     ࢔ ve integer greater than , +ࢇ ࢙࢏ ࢓,࢓ሻ࢈

Let   ݕ = ሺܽݔ + ܾሻ௠   ݕଵ = ݉. ܽሺܽݔ + ܾሻ௠−ଵ  ݕଶ = ݉ሺ݉ − ͳሻ ܽଶሺܽݔ + ܾሻ௠−ଶ     

௡ݕ   = ݉ሺ݉ − ͳሻ… ሺ݉ − ݊ + ͳሻ ܽ௡ሺܽݔ + ܾሻ௠−௡ 

= ݉!ሺ݉ − ݊ሻ!  ܽ௡ሺܽݔ + ܾሻ௠−௡ 

= ࢟  Derivative of  ࢎ࢚࢔ .3 ࢞ࢇሺࢍ࢕࢒ +  ሻ࢈
Let  ݕ = ݔሺܽ݃݋݈ + ܾሻ  
ଵݕ = ௔ሺ௔௫+௕ሻ  ݕଶ = −௔మሺ௔௫+௕ሻమ     ݕଷ = ଶ!−௔యሺ௔௫+௕ሻయ  
  

௡ݕ = ሺ−ͳሻ௡−ଵ ሺ௡−ଵሻ!−௔�ሺ௔௫+௕ሻ�   
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= ࢟  Derivative of  ࢎ࢚࢔ .4 ࢞ࢇሺ࢔࢏࢙ +  ሻ࢈
Let ݕ = ݔሺܽ݊݅ݏ + ܾሻ  
ଵݕ = ܽ co�ሺܽݔ + ܾሻ = ݊݅ݏ ܽ ቀܽݔ + ܾ + �ଶቁ  

ଶݕ = ܽଶ co� ቀܽݔ + ܾ + �ଶቁ = ܽଶ ݊݅ݏ ቀܽݔ + ܾ + �ଶቁ     

  

௡ݕ = ܽ௡ ݊݅ݏ ቀܽݔ + ܾ + ௡�ଶ ቁ  

Similarly if  ࢟ = ࢞ࢇሺ ࢙࢕ࢉ +   ሻ࢈
௡ݕ = ܽ௡ ܿݏ݋ ቀܽݔ + ܾ + ௡�ଶ ቁ  

                                  Table 3 :  Summary of Results  

Function ࢎ࢚࢔  Derivative 

= ݕ ⅇݕ ࢞ࢇ௡ = ܽ௡ⅇ࢞ࢇ     

= ݕ ሺܽݔ + ܾሻ௠ 

  
௡ݕ =

{  
  ݉!ሺ݉ − ݊ሻ!  ܽ௡ሺܽݔ + ܾሻ௠−௡ , ݉ > Ͳ,݉ > ݊Ͳ, ݉ > Ͳ,݉ < ݊  ݊!  ܽ௡                   ݉ = ݊ሺ−ͳሻ௡݊! ܽ௡ሺܽݔ + ܾሻ௡+ଵ ,          ݉ = −ͳ  

= ݕ ݔሺܽ݃݋݈ + ܾሻ  ݕ௡ = ሺ−ͳሻ௡−ଵ ሺ݊ − ͳሻ! − ܽ௡ሺܽݔ + ܾሻ௡  

= ݕ ݔሺܽ݊݅ݏ + ܾሻ ݕ௡ = ܽ௡ ݊݅ݏ ቀܽݔ + ܾ + ௡�ଶ ቁ  

= ݕ ݔሺܽ ݏ݋ܿ + ܾሻ  ݕ௡ = ܽ௡ ܿݏ݋ ቀܽݔ + ܾ + ௡�ଶ ቁ  

= ݕ ݁௔௫݊݅ݏሺܾݔ + ܿሻ ݕ௡ = ݁௔௫ሺܽଶ + ܾଶሻ�మ݊݅ݏ ቀܾݔ + ܿ +  ଵ௔௕ቁ−݊ܽݐ݊

= ݕ ݁௔௫ܿݏ݋ሺܾݔ + ܿሻ ݕ௡ = ݁௔௫ሺܽଶ + ܾଶሻ�మ ݏ݋ܿ  ቀܾݔ + ܿ +  ଵ௔௕ቁ−݊ܽݐ݊



CHAPTER FOUR: DERIVATIVES 

 

 ͐͏͒ 

 

Find the ݊௧ℎ derivative of ͳͳ − ͷݔ + ͸ݔଶ 

 

 

 

 

 

 

    

Example 2 : 

 

Find the ݊௧ℎ derivative of �in ͸ݔ co� Ͷݔ  
Solution:     Let � = �in ͸ݔ co� Ͷݕ  ݔ = ͳʹ ሺ�in ͳͲݔ co� ௡ݕ ሻݔʹ = ͳʹ [ͳͲ௡ �in ቀͳͲݔ + ݊�ʹቁ+ʹ௡co� ቀʹݔ + ݊�ʹቁ] 

 3.LEIBNITZ'S THEOREM  

If ݑ and ݒ  are functions of  ݔ such that their ݊௧ℎ derivatives exist, then the  ݊௧ℎ derivative of 
their product is given by  ሺݒ ݑሻ௡ = ݒ௡ݑ + ݊௖భݑ௡−ଵݒଵ + ݊௖మݑ௡−ଶݒଶ +⋯+ ݊௖�ݑ௡−௥ݒ௥ +⋯+  ௡ݒݑ

 Where ݑ௥ and ݒ௥ represent ݎ௧ℎ derivatives of ݑ and ݒ   respectively.  

 

Find the ݊௧ℎ derivative of ݔ݃݋݈ ݔ  

 

Solution: 
1:  Let   ݕ = ͳͳ − ͷݔ + ͸ݔଶ 

Resolving into partial fractions  ݕ = ͳͳ − ͷݔ + ͸ݔଶ = ͳሺͳ − ሻሺͳݔ͵ − ሻݔʹ = ͵ͳ − ݔ͵ − ʹͳ − ௡ݕ ݔʹ = ͵ሺ−͵ሻ௡ሺ−ͳሻ௡݊!ሺͳ − ሻ௡+ଵݔ͵ − ʹሺ−ʹሻ௡ሺ−ͳሻ௡݊!ሺͳ − ሻ௡+ଵݔʹ  

ฺ ௡ݕ = ሺ−ͳሻ௡+ଵ݊! [( ͵ͳ − ௡+ଵ(ݔ͵ − ( ʹͳ −  [௡+ଵ(ݔʹ
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Find the ݊௧ℎ derivative of    ݔଶ݁ଷ� ݊݅ݏ Ͷݔ 

 

 

 

 

 

 

 

   

 

 

 

Solution: 
Let ݑ = ݒ and ݔ݃݋݈ =      ݔ

                  Then ݑ௡ = ሺ−ͳሻ௡−ଵ ሺ௡−ଵሻ!௫�       and ݑ௡−ଵ = ሺ−ͳሻ௡−ଶ ሺ௡−ଶሻ!௫�−భ    
By Leibnitz’s theorem, we have ሺݒ ݑሻ௡ = ݒ௡ݑ + ݊௖భݑ௡−ଵݒଵ + ݊௖మݑ௡−ଶݒଶ +⋯+ ݊௖�ݑ௡−௥ݒ௥ +⋯+ ฺ ௡ݒݑ ሺݔ �o� ሻ௡ݔ = ሺ−ͳሻ௡−ଵ ሺ݊ − ͳሻ!ݔ௡ ݔ + ݊ሺ−ͳሻ௡−ଶ ሺ݊ − ʹሻ!ݔ௡−ଵ + Ͳ = ሺ−ͳሻ௡−ଵ ሺ݊ − ͳሻ!ݔ௡−ଵ + ݊ሺ−ͳሻ௡−ଶ ሺ݊ − ʹሻ!ݔ௡−ଵ  = ሺ−ͳሻ௡−ଶ ሺ݊ − ʹሻ!ݔ௡−ଵ [−ሺ݊ − ͳሻ + ݊] = ሺ−ͳሻ௡−ଶ ሺ݊ − ʹሻ!ݔ௡−ଵ  

Solution: 
Let ݑ = ݁ଷ� ݊݅ݏ Ͷݔ and ݒ =  ଶݔ

Then : ݑ௡ = ݁ଷ௫ʹͷ� ଶ⁄ ݊݅ݏ ቀͶݔ + ݊ ଵ−݊ܽݐ ସଷቁ = ݁ଷ௫ͷ௡ ݊݅ݏ ቀͶݔ + ݊ ଵ−݊ܽݐ ସଷቁ    

By Leibnitz’s theorem, we have;  ሺݒ ݑሻ௡ = ݒ௡ݑ + ݊௖భݑ௡−ଵݒଵ + ݊௖మݑ௡−ଶݒଶ +⋯+ ݊௖�ݑ௡−௥ݒ௥ +⋯+ ฺ ௡ݒݑ �ଶ݁ଷݔ) �in Ͷݔ)௡= ଶ݁ଷ௫ͷ௠ݔ �in (Ͷݔ + n tan−ଵ Ͷ͵) + ଷ௫ͷ௡−ଵ݁ݔ݊ʹ �in (Ͷݔ + ሺ݊ − ͳሻ tan−ଵ Ͷ͵)+  ݊ሺ݊ − ͳሻ݁ଷ௫ͷ௡−ଶ �in (Ͷݔ + ሺ݊ − ʹሻ tan−ଵ Ͷ͵) + Ͳ 

= ݁ଷ௫ͷ௡ ଶݔ] �in (Ͷݔ + tan−ଵ Ͷ͵) + ͷݔ݊ʹ �in (Ͷݔ + ሺ݊ − ͳሻ tan−ଵ Ͷ͵)
+ ݊ሺ݊ − ͳሻʹͷ �in (Ͷݔ + ሺ݊ − ʹሻ tan−ଵ Ͷ͵)] 
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Or we can write:   

Let ݂ and ݃ be two functions ݊ times differentiable on ܫ, then ݂݃ is ݊ times differentiable 
on ܫ and we have: ∀ݔ א ,ܫ ሺ݂ × ݃ሻሺ௡ሻሺݔሻ = ሻ௡ݔሻ݃ሺ௡−௞ሻሺݔ௞௡ ݂௞ሺܥ∑

௞=଴  

With :  

ܿ௡௞ = ݊!݇! ሺ݊ − ݇ሻ! 
 

Find the Ͷ௧ℎ derivative of    ࢎሺ࢞ሻ = ࢞૛ሺ࢞ + ૚ሻ૞ 

 

  

 

 

 

 

 

 

 

 

 

 

 

                       

Solution: 
By Leibnitz’s theorem, we have ሺ݂ × ݃ሻሺ௡ሻሺݔሻ = ሻ௞=଴ݔሻ݃ሺ௡−௞ሻሺݔ௞௡ ݂௞ሺܥ∑  

Then : ݃ሺݔሻ = ሺݔ + ͳሻହ ⇒  ݃ሺଵሻሺݔሻ = ͷሺݔ + ͳሻସ  ݃ሺଶሻሺݔሻ = ͷ × Ͷሺݔ + ͳሻଷ  ݃ሺଷሻሺݔሻ = ͷ × Ͷ × ͵ሺݔ + ͳሻଶ  

݂ሺݔሻ = ଶݔ ⇒ ሺ݂௫ሻሺଵሻ =  ݔʹ

ሺ݂௫ሻሺଶሻ = ʹ 

ሺ݂௫ሻሺଷሻ = Ͳ   
So that : ℎሺ௡ሻሺݔሻ = ௡଴ܥ ሺ݂௫ሻሺ଴ሻ ⋅ ݃ሺ௡ሻሺݔሻ + ሻݔሻ݃ሺ௡−ଵሻሺݔ௡ଵ݂ሺଵሻሺܥ + ሻݔሻ݃ሺ௡−ଶሻሺݔ௡ଶ݂ሺଶሻሺܥ + Ͳ…+ Ͳ ℎሺସሻሺݔሻ = ௡଴ܥ ሺ݂௫ሻሺ଴ሻ ⋅ ݃ሺସሻሺݔሻ + ሻݔሻ݃ሺଷሻሺݔସଵ݂ሺଵሻሺܥ + ሻݔሻ݃ሺଶሻሺݔସଶ݂ሺଶሻሺܥ + Ͳ…+ Ͳ ℎሺସሻሺݔሻ = ݔଶͳʹͲሺݔ + ͳሻ + Ͷ. ሺʹݔሻሺͷ × Ͷ × ͵ሻሺݔ + ͳሻଶ + ͸ሺʹሻሺʹͲሻሺݔ + ͳሻଷ = ͳʹͲݔଶሺݔ + ͳሻ + ͶͺͲݔሺݔ + ͳሻଶ + ʹͶͲሺݔ + ͳሻଷ 
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4.TAYLOR’S FORMULAS 

4.1.Taylor’s formula with Lagrange remainder: 

Let ݔ଴ א [ܽ, ܾ] and ݂ ∶  [ܽ, ܾ] → ܴ be a function that checks:  

1. ݂ א ,ܽ] ݊݋ ௡ܥ ܾ].  
2. ݂ሺ௡ሻ is differentiable on ]ܽ, ܾ[.  
 then, ∀ݔ א [ܽ, ܾ] ሺݐ݅ݓℎ ݔ ≠ ,଴ሻݔ ∃ܿ א [ܽ, ܾ] such that:  

݂ሺݔሻ = ݂ሺݔ଴ሻ + ݂ሺଵሻሺݔ଴ሻ ͳ!  ሺݔ − ଴ሻݔ + ݂ሺଶሻሺݔ଴ሻ ʹ!  ሺݔ − .+଴ሻଶݔ . . . + ݂ሺ௡ሻሺݔ଴ሻ  ݊! ሺݔ − ଴ሻ௡ݔ  + ݂ሺ௡+ଵሻሺܿሻ ሺ݊ + ͳሻ!  ሺݔ −   ଴ሻ௡+ଵݔ
This expression is the Taylor formula of order ݊ with the Lagrange remainder  

ܴ௡ሺݔ, ଴ሻݔ = ݂ሺ௡+ଵሻሺܿሻ ሺ݊ + ͳሻ!  ሺݔ −  ଴ሻ௡+ଵݔ
4.2.Taylor Mac-Laurin formula: 

If we set ݔ଴ = Ͳ in the Taylor-Lagrange formula, we obtain: 

 ∃�  :Ͳ,ͳ[ such that[א

݂ሺݔሻ = ݂ሺͲሻ + ݂ሺଵሻሺͲሻ ͳ!  ሺݔሻ + ݂ሺଶሻሺͲሻ ʹ!  ሺݔሻଶ+. . . . + ݂ሺ௡ሻሺͲሻ  ݊! ሺݔሻ௡  + ݂ሺ௡+ଵሻሺ�ݔሻ ሺ݊ + ͳሻ!  ሺݔሻ௡+ଵ 

This is Taylor Mac-Laurin’s formula 

Example:  

Show that for every ݔ א ܴ+: 

ݔ − ʹ ଶݔ  ൑ ݈݊ሺͳ + ሻݔ ൑ ݔ − ʹ  ଶݔ +  ͵ଷݔ

Let ݔ ൒ Ͳ, Applying the Taylor Mac-Laurin formula of order 2 to the function: 

 ݂ሺݔሻ = ݈݊ሺͳ +  :ሻ, we findݔ
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 ݈݊ሺͳ + ሻݔ = ݔ − ʹ ଶݔ  + ଷ͵ሺͳݔ  + ሻଷݔ�  /�   ]Ͳ,ͳ[א
Since ݔ ൒ Ͳ then,  

ݔ − ʹ ଶݔ  ൑ ݔ − ʹ ଶݔ  + ଷ͵ሺͳݔ  +   ሻଷݔ�
⇒ ݔ − ʹ ଶݔ  ൑ ݈݊ሺͳ +  ሻ …….  ሺͳሻݔ

 On the other hand ݔଷ͵ሺͳ + ሻଷݔ�   ൑ ͵ଷݔ
 

⇒ ݔ − ʹ ଶݔ  + ଷ͵ሺͳݔ  + ሻଷݔ�  ൑ ݔ − ʹ ଶݔ  +   ͵ଷݔ 
⇒ ݈݊ሺͳ + ሻݔ ൑ ݔ − ʹ ଶݔ  + ͵ଷݔ   … . . . ሺʹሻ  

From (1) and (2) we get: 

ݔ − ʹ ଶݔ  ൑ ݈݊ሺͳ + ሻݔ ൑ ݔ − ʹ ଶݔ  ͵ଷݔ + 
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N° 4: DERIVATIVESSERIES   

Exercise 01: 
Let the function ݂ defined be as follows: ݂ሺݔሻ = {ͳ + ∶           ݔ√ݔ ݔ ݅ݏ  ൒ Ͳͳ + ݈݊ሺͳ + �ଶሻ ݔ ݅ݏ : < Ͳ 

1. Identify the domain of the function.݂ 

2. study the differentiability of the function ݂, is it  ݂′ continuous? 

3. Apply the mean value theorem of the function ݂ to the domain if possible.[−ͳ ;  ͳ] 
Exercise 02:          
   

 Find the derivatives of order 2 of the following functions:  ݂ሺݔሻ = ଶݔ√ − Ͷ             ; ݃ሺݔሻ = ͳ ʹ − ⁄ݔ ;          �ሺ�ሻ = �ଷሺ� + ͳሻଶ 

 

Exercise 03: 

Find the critical values of the following functions:  

 ݃ሺݔሻ = ݔ ଶݔ + ͳ⁄  ;                         ݂ሺݔሻ = ሺݔ − ͳሻଶሺݔ + ͳሻ      

Exercise 04: 

Let the defined function ݂ be as follows: ݂: ;ݔ] ⟶ ݔ ݔ + ͳ]                             [ݔ; ݔ + ͳ]  ⊂ ℝ+כ   ݂: ⟶ ݔ �n   ݔ
Using the mean value theorem, show that:           ͳݔ + ͳ < ݈݊ሺݔ + ͳሻ − ݈݊ ݔ < ͳݔ 

Exercise 05: 

Apply the mean value theorem to the function if possible: ݂ሺݔሻ = ͳ − ݈݊ሺݔ + ͳሻ ݔ      א [Ͳ; ͳ] 
Apply Rolle's theorem to the functions if possible: ݂ሺݔሻ = ଷݔ − Ͷݔ       ݔ א [−ʹ; Ͳ] ݃ሺݔሻ = ݔ           |ݔ| א [−ͳ; ͳ] 

Exercise 06: 

Find the derivatives n of the following functions:   ଵ݂ሺݔሻ = ସݔ + ;    ଷݔ ଶ݂ሺݔሻ = ;      ݔ௔݁ݔ  ଷ݂ሺݔሻ = ଶݔ ݈݊ሺݔሻ 
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4ANSWER TO SERIES NUMBER  

Exercise 1: 

1- Determine the domain of the function ࢌ: 

݂ሺݔሻ = {ͳ + ∶           ݔ√ݔ ݔ ݅ݏ  ൒ Ͳ      ฺ ℎሺݔሻͳ + ݈݊ሺͳ + �ଶሻ ݔ ݅ݏ : < Ͳ      ฺ ݃ሺݔሻ 
The domain of the function ࢌ is: ܦ௙ = ℎܦ ׫ ௚ܦ = ℝ 

2-study the differentiability of the function ࢌ,is it  ࢌ′ continuous? 

We have: ሺͳ +  .+ሻ is differentiable on the domain ℝ  ݔ√ݔ
And [ͳ + ݈݊ሺͳ + �ଶሻ] is differentiable on the domain ℝ−כ  

We study differentiability at the point ݔ଴ = Ͳ 

݈݅݉௫→଴+ ݂ሺݔሻ − ݂ሺͲሻݔ − Ͳ = ݈݅݉௫→଴+ ͳ + ݔ√ݔ − ͳݔ = ݈݅݉௫→଴+√ݔ = Ͳ 

݈݅݉௫→଴− ݂ሺݔሻ − ݂ሺͲሻݔ − Ͳ = ݈݅݉௫→଴− ͳ + ݈݊ሺͳ + �ଶሻ − ͳݔ = ͲͲ 

By  using L'Hôpital's rule, we find: 

݈݅݉௫→଴− ݈݊ሺͳ + �ଶሻݔ = ݈݅݉௫→଴− ͳݔʹ + �ଶ = Ͳ 

 

We have: ௗ݂′ሺͲሻ = ௚݂′ሺͲሻ = Ͳ so it is differentiable at ݔ଴ = Ͳ and therefore differentiable on ℝ 

Study of the continuity of the function ݂′': 
݂′ሺݔሻ = {  

+  ݔ√   ;           ݔ√ʹݔ ݔ   > Ͳ    ʹݔͳ + �ଶ                   ; ݔ  < ͲͲ                            ; ݔ = Ͳ     

We have   : ݂′ሺͲሻ = Ͳ ݈݅݉௫→଴−  ݂′ሺݔሻ = ݈݅݉௫→଴− ͳݔʹ + �ଶ = Ͳ 

݈݅݉௫→଴+  ݂′ሺݔሻ = ݈݅݉௫→଴+ √ݔ  +     ݔ√ʹݔ
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By  using L'Hôpital's rule, we find: 

݈݅݉௫→଴+  ͳଶଶ√௫  = ݈݅݉௫→଴+√ݔ   = Ͳ 

Thus, the function   ݂′ is continuous on ℝ. 

3-Application of the Mean Value Theorem for the function ࢌ on the interval [−૚; ૚]: 
We have the function ݂ differentiable on ܴ, so it is continuous on ܴ (property – but the reverse 
is not true). 
If ݂ is continuous and differentiable on ܴ, then it is continuous on the closed interval [−ͳ,ͳ] 
and differentiable on the open interval ]−ͳ; ͳ[  (according to the theorem). 

And According to the Mean Value Theorem: 

∃ ܿ א ]−ͳ; ͳ[: ݂′ሺܿሻ = ݂ሺͳሻ − ݂ሺ−ͳሻͳ − ሺ−ͳሻ  ;  [݂ሺܾሻ − ݂ሺܽሻܾ − ܽ ]  
݂′ሺܿሻ = ʹ − [ͳ + ݈݊ሺʹሻ]ʹ =  ͳ − ݈݊ሺʹሻʹ  

And by calculating ݂′ሺܿሻ we find 

݂′ሺܿሻ = √ܿ  + ܿʹ√ܿ  =  ʹܿ + ܿʹ√ܿ  = ͵ܿʹ√ܿ  =  ͵ʹ √ܿ   
And thus we have: ͵ʹ √ܿ  = ͳ − ݈݊ሺʹሻʹ  ฺ √ܿ  = ͳ − ݈݊ሺʹሻ͵ ฺ ܿ = ቆͳ − ݈݊ሺʹሻ͵ ቇଶ 

Exercise 2: 

1-Determining the second-order derivatives of functions: ࢌሺ࢞ሻ = √࢞૛ − ૝  

ሺ݂௫ሻሺଵሻ = ଶݔ√ʹݔʹ − Ͷ = ଶݔ√ݔ − Ͷ 

ሺ݂௫ሻሺଶሻ = ͳ(√ݔଶ − Ͷ) − ቀ ௫√௫మ−ସቁ ଶݔ√)ݔ − Ͷ)ଶ = ௫మ−ସ−௫మ√௫మ−ସݔଶ − Ͷ = −Ͷሺݔଶ − Ͷሻ(√ݔଶ − Ͷ) ࢍሺ࢞ሻ = ૚ ૛ − ࢞⁄   

݃ሺ௫ሻሺଵሻ = Ͳሺʹ − ሻݔ − ሺ−ͳሻሺͳሻሺʹ − ሻଶݔ = ͳሺʹ −  ሻଶݔ
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݃ሺ௫ሻሺଶሻ = Ͳሺʹ − ሻଶݔ − [ʹሺ−ͳሻሺʹ − ʹሻ]ሺͳሻሺሺݔ − ሻଶሻଶݔ = ʹሺʹ − ʹሻሺݔ − ሻସݔ = ʹሺʹ − ሻܠሺܐ ሻଷݔ = ܠ૜ሺܠ + ૚ሻ૛  ℎሺ௫ሻሺଵሻ = ݔଶሺݔ͵ + ͳሻଶ + [ʹሺݔ + ͳሻሺͳሻ]ሺݔଷሻ = ሺݔ + ͳሻ[͵ݔଶሺݔ + ͳሻ + ଷ]  ℎሺ௫ሻሺଶሻݔʹ = ሺͳሻ[͵ݔଶሺݔ + ͳሻ + [ଷݔʹ + [͸ݔ ሺݔ + ͳሻ + ଶݔ͵ + ͸ݔଶ]ሺݔ + ͳሻ  ℎሺ௫ሻሺଶሻ = ݔଶ[͵ሺݔ + ͳሻ + [ݔʹ + ݔሺ ʹ]ݔ͵ + ͳሻ + ݔሺ[ݔ͵ + ͳሻ  ℎሺ௫ሻሺଶሻ = ݔଶ[ͷݔ + ͵] + ݔͷ]ݔ͵ + ʹ]ሺݔ + ͳሻ  
Exercise 03: 

1-Finding the critical values of functions: ࢌሺ࢞ሻ = ሺ࢞ − ૚ሻ૛ሺ࢞ + ૚ሻ     ܦ௙ = ℝ  ݂′ሺݔሻ = ሺݔ − ͳሻଶ + ሺݔ + ͳሻʹሺݔ − ͳሻ =  ሺݔ − ͳሻ[ሺݔ − ͳሻ + ʹሺݔ + ͳሻ] = ሺݔ − ͳሻሺ͵ݔ + ͳሻ  
Accordingly, the critical values are: 

݂′ሺܿሻ = Ͳ ฺ {ܿ − ͳ = Ͳ ݎ݋ ͵ܿ + ͳ = Ͳ ฺ { ܿଵ = ͳ ݎ݋ ܿଶ = −ͳ͵ א            ௙ܦ

And we calculate:  ݂′′ሺݔሻ = ሺ͵ݔ + ͳሻ + ͵ሺݔ − ͳሻ = ͸ݔ − ʹ ฺ ݂′′ሺܿሻ = ͸ܿ − ʹ 

Then  : ݂′′ሺܿଵሻ ฺ ݂′′ሺͳሻ = Ͷ > Ͳ ฺ ሺܿଶሻ′′݂ ݁ݑ݈ܽݒ ݉ݑ݉݅݊݅ܯ ฺ ݂′′ (− ͳ͵) = −Ͷ < Ͳ ฺ ሺ࢞ሻࢍ ݁ݑ݈ܽݒ ݉ݑ݉݅ݔܽܯ = ࢞ ࢞૛ + ૚⁄ ௚ܦ   = ℝ  ݃′ሺݔሻ = −௫మ+ଵሺ௫మ+ଵሻమ  
Accordingly, the critical values are: 
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݃′ሺܿሻ = Ͳ ฺ −ܿଶ + ͳ = Ͳ ฺ ܿଶ = ͳ ฺ { ܿଵ = ͳ ݎ݋ ܿଶ = −ͳ א            ௚ܦ

And we calculate  : 

݃′′ሺݔሻ = ଶݔሺݔʹ− + ͳሻଶ − Ͷݔሺݔଶ + ͳሻሺ−ݔଶ + ͳሻሺݔଶ + ͳሻସ = ሺݔଶ + ͳሻሺ−ʹݔଷ − ݔʹ + Ͷݔଷ − Ͷݔሻሺݔଶ + ͳሻସ= ଷݔʹ − ͸ݔሺݔଶ + ͳሻଷ 

Then  : ݃′′ሺܿሻ = ʹܿଷ − ͸ܿሺܿଶ + ͳሻଷ 

݃′′ሺܿଵሻ ฺ ݃′′ሺͳሻ = −Ͷͅ < Ͳ ฺ  ݁ݑ݈ܽݒ ݉ݑ݉݅ݔܽܯ

݃′′ሺܿଶሻ ฺ ݃′′ሺ−ͳሻ = Ͷͅ > Ͳ ฺ  ݁ݑ݈ܽݒ ݉ݑ݉݅݊݅ܯ

Exercise 4: 

We have the function ݂ differentiable and continuous on ܴ+כ , hence: ݂ሺݔሻ = ݈݊ሺݔሻ          , ݔ א ,ݔ] ݔ + ͳ] ⊂ כ+ܴ  ݂ is continuous on the closed interval [ݔ, ݔ + ͳ] 
And differentiable on the open interval ]ݔ, ݔ + ͳ[( (according to the theorem). 

And according to the mean value theorem: 

∃ ܿ א ,ݔ[ ݔ + ͳ[: ݂′ሺܿሻ = ݂ሺݔ + ͳሻ − ݂ሺݔሻݔ + ͳ − ݔ = ݂ሺݔ + ͳሻ − ݂ሺݔሻ ݂′ሺܿሻ = ݈݊ሺݔ + ͳሻ − ݈݊ሺݔሻ 
And by calculating ݂′ሺܿሻ we find: ݂′ሺܿሻ = ͳܿ  
And it becomes: ͳܿ = ݈݊ሺݔ + ͳሻ − ݈݊ሺݔሻ… . ሺͳሻ  
And we have : ݔ א ,ݔ[ ݔ + ͳ[ ฺ > ݔ ܿ < ݔ + ͳ ͳݔ + ͳ  < ͳܿ  < ͳݔ  … . ሺʹሻ 
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We substitute (1) in (2) and find: ͳݔ + ͳ  < ݈݊ሺݔ + ͳሻ − ݈݊ሺݔሻ  < ͳݔ 

Exercise 5: 

1-Application of the mean value  theorem on the function: ݂ሺݔሻ = ͳ − ݈݊ሺݔ + ͳሻ ݔ      א [Ͳ; ͳ] ܦ௙ = ݔ} ∕ ͳ + ݔ > Ͳ} = ݔ} ∕ ݔ > −ͳ} = ݔ} ⁄]∞+,ͳ−[�ݔ  } ݂ is continuous and differentiable on the interval ]−ͳ,+∞[ then: ݂ is continuous on the closed interval [Ͳ,ͳ] 
And differentiable on the open interval ]Ͳ,ͳ[ (according to the theorem). 
And according to the  mean value theorem: 

∃ ܿ א ]Ͳ,ͳ[: ݂′ሺܿሻ = ݂ሺͳሻ − ݂ሺͲሻͳ − Ͳ = ݂ሺͳሻ − ݂ሺͲሻ ฺ ݂′ሺܿሻ = ͳ − �nሺʹሻ − ͳ 

And we have : ݂′ሺݔሻ = −ͳͳ + ݔ ฺ ݂′ሺܿሻ = −ͳͳ + ܿ 

So   : −ͳͳ + ܿ = ͳ − �nሺʹሻ − ͳ ฺ ͳͳ + ܿ = �nሺʹሻ ฻ �nሺʹሻ + ܿ  ݈݊ሺʹሻ = ͳ ฻ ܿ = ͳ − �nሺʹሻ�nሺʹሻ ฻ ܿ = Ͳ.ͶͶ א ]Ͳ,ͳ[ 
2- Applying Rolle's Theorem to the function: ݂ሺݔሻ = ଷݔ − Ͷݔ       ݔ א [−ʹ; Ͳ] ݂ is continuous and differentiable on ܴ, then: ݂ is continuous on the closed interval [−ʹ, Ͳ] 
And differentiable on the open interval ]−ʹ, Ͳ[ 
And ݂ሺ−ʹሻ = ݂ሺͲሻ = Ͳ (according to the theorem) where: ݂ሺ−ʹሻ = ሺ−ʹሻଷ − Ͷሺ−ʹሻ = −ͺ + ͺ = Ͳ 

and ݂ሺͲሻ = ሺͲሻଷ − ͶሺͲሻ = Ͳ − Ͳ = Ͳ 
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according to the theorem we have:  ∃ ܿ א ]−ʹ, Ͳ[: ݂′ሺܿሻ = Ͳ 

݂′ሺܿሻ = ͵ܿଶ − Ͷ = Ͳ ฺ ͵ܿଶ = Ͷ ฺ ܿଶ = Ͷ͵ ฻ {  
  ܿଵ = √ʹ͵   ฺ ଶܿ ݎ݋݊݋݅ݐݑ݈݋ݏ ݀݁ݐ݆ܴܿ݁݁ = − √ʹ͵  ฺ ܿଶ א ]−ʹ, Ͳ[          ݃ሺݔሻ = ݔ           |ݔ| א [−ͳ; ͳ] 

And it can be written in the form: ݃ሺݔሻ = |ݔ| = { ݔ        ݔ ൒ Ͳ−ݔ       ݔ < Ͳ  
Rolle's theorem cannot be applied to the interval [−ͳ; ͳ] because: ݂ሺ−ͳሻ ≠ ݂ሺͳሻ 
Exercise 06: 

1-Determining the ࢎ࢚࢔ derivative of functions: ࢌ૚ሺ࢞ሻ = ࢞૝ + ࢞૜  

The function is differentiable, and therefore: ଵ݂ሺ௡ሻ = Ͳ ࢌ૛ሺ࢞ሻ = ࢞ⅇ࢞ࢇ  

Finding the ࢎ࢚࢔ derivative of multiplying of two functions using Leibniz's rule (leibniz formula) ሺ݂ × ݃ሻሺ௡ሻሺݔሻ = ሻ௞=଴ݔሻ݃ሺ௡−௞ሻሺݔ௞௡ ݂௞ሺܥ∑  

We have:  ݂ሺݔሻ = ݔ ⇒ ሺ݂௫ሻሺଶሻ = Ͳ ݃ሺݔሻ = ݁௔௫ ⇒ ݃ሺ௡ሻሺݔሻ = ܽ௡݁௔௫ 

then : 

ଶ݂ሺ௡ሻሺݔሻ = ௡଴ܥ ሺ݂௫ሻሺ଴ሻ ⋅ ݃ሺ௡ሻሺݔሻ + = ሻݔሻ݃ሺ௡−ଵሻሺݔ௡ଵ݂ሺଵሻሺܥ ͳ. .ݔ ܽ௡݁௔௫ + ݊. ͳ. ܽ௡−ଵ݁௔௫ = ௡݁௔௫ܽ ݔ + ݊ ܽ௡ܽ௡−ଵ݁௔௫ 

ଶ݂ሺ௡ሻሺݔሻ =  ܽ௡݁௔௫ሺݔ + ݊ ܽ−ଵሻ = ܽ௡݁௔௫ ቀݔ + ݊ܽቁ 
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૜ሺ࢞ሻࢌ  = ࢞૛     ሺ࢞ሻ࢔࢒
Finding the N-derivative of multiplying two functions using Leibniz's rule:  ሺ݂ × ݃ሻሺ௡ሻሺݔሻ = ሻ௞=଴ݔሻ݃ሺ௡−௞ሻሺݔ௞௡ ݂௞ሺܥ∑  

We have:  ݃ሺݔሻ = �n ݔ ⇒  ݃ሺଵሻሺݔሻ = ଵ௫ = ሻݔଵ  ݃ሺଶሻሺ−ݔ = −ͳ. ሻݔଶ  ݃ሺଷሻሺ−ݔ = +ͳ × ʹ. ሻݔଷ  ݃ሺସሻሺ−ݔ = −ͳ × ʹ × ͵.   ସ−ݔ

. 

. ݃ሺ௡ሻሺݔሻ = ሺ−ͳሻ௡+ଵሺ݊ − ͳሻ!   ௡−ݔ

݂ሺݔሻ = ଶݔ ⇒ ሺ݂௫ሻሺଵሻ = ሺ݂௫ሻሺଶሻ ݔʹ = ʹ ሺ݂௫ሻሺଷሻ = Ͳ 

 

Then : 

ଷ݂ሺ௡ሻሺݔሻ = ௡଴ܥ ሺ݂௫ሻሺ଴ሻ ⋅ ݃ሺ௡ሻሺݔሻ + ሻݔሻ݃ሺ௡−ଵሻሺݔ௡ଵ݂ሺଵሻሺܥ + ሻݔሻ݃ሺ௡−ଶሻሺݔ௡ଶ݂ሺଶሻሺܥ + Ͳ…+ Ͳ 

ଷ݂ሺ௡ሻሺݔሻ = ଶሺ−ͳሻ௡+ଵሺ݊ݔ − ͳሻ! ௡−ݔ + ݊. ሺ−ͳሻ௡ሺ݊ݔʹ − ʹሻ! +ሺ௡−ଵሻ−ݔ ͳʹ ݊ሺ݊ − ͳሻ. ʹሺ−ͳሻ௡−ଵሺ݊ − ͵ሻ!  ሺ௡−ଶሻ−ݔ
ଷ݂ሺ௡ሻሺݔሻ = ሺ−ͳሻ௡+ଵሺ݊ − ͳሻ! ௡+ଶ−ݔ + ʹ݊ሺ−ͳሻ௡ሺ݊ − ʹሻ! +௡+ଶ−ݔ ݊ሺ݊ − ͳሻሺ−ͳሻ௡−ଵሺ݊ − ͵ሻ!  ௡+ଶ−ݔ
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1.ANTIDERIVATIVES (PRIMITIVES) AND INTEGRALS 

First, let’s recall the definition of an antiderivative (a primitive). 

1.1.Definition.  

A primitive of a function ݂, defined on an interval ]ܽ, ܾ[, is any function ܨ derivable on ]ܽ, ܾ[, whose derivative coincides with ݂ on ]ܽ, ሻݔሺ′ܨ .]ܾ = ݂ሺݔሻ, ݔ∀ ,ܽ[ א ܾ[ 
Any continuous function on an interval ܫ has a primitive on this interval. 

 

If ܨ is a primitive of the function ݂ ∶ → ܫ   ܴ, any primitive ܩ of ݂ on ܫ is of the form ܩ ∶ → ܫ  → ݔ ܴ  ሻݔሺܩ   = ሻݔሺܨ   +  ܿ, 
where ܿ is a real constant. 
Two primitives of the same function differ by one real constant, whose 
derivative is zero. 

Proof. Let ܪ be a function defined as follows: ܪሺݔሻ = ሻݔሺܩ  − ,ሻݔሺܨ א ݔ∀  ܫ 
where ܨ and ܩ are antiderivatives of the function ݂ . Let ܽ; א ܾ > ܽ such that ܫ   ܾ. Since ܨ and ܩ are antiderivatives of ݂ , then ܪ′ሺݔሻ = ሻݔሺ′ܩ  − ሻݔሺ′ܨ =  ݂ ሺݔሻ −  ݂ ሺݔሻ  =  Ͳ 

for every א ݔ  is differentiable, it is continuous. From the mean value ܪ Since the function .ܫ 
theorem on [ܽ; ܾ], there is a number ܿ א  ሺܽ; ܾሻ such that 

ሺܿሻ′ܪ  = ሺܾሻܪ − ሺܽሻܾܪ − ܽ  

Since ܪ′ሺݔሻ  =  Ͳ on ܫ, then ܪ′ሺܿሻ  =  Ͳ. This implies ܪሺܽሻ  =  is a ܪ ሺܾሻ and this meansܪ 
constant function. 

 

Find the general form of the antiderivatives of ݂ ሺݔሻ  =  ͸ݔହ. 
Solution: 
If ܨሺݔሻ  = ሻݔሺ′ܨ ଺, thenݔ   =  ͸ݔହ. The function ܨሺݔሻ  = ଺ݔ   + ܿ is the 
general antiderivative of ݂ . 
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Table1: The list of basic Antiderivatives (primitives)  rules 

� �ሺ࢞ሻ ࢌሺ࢞ሻ ܴ ܿ, ܿ א ݔܽ ܴ  0 ܴ + ܿ  ܽ ܴ 
ͳʹ ଶݔ +  ݔ ܿ

ܴ 
ଵଷ ଷݔ +  ଶݔ  ܿ

ݔͳ− כܴ + ܿ 
ͳݔଶ 

]Ͳ, ݔ√ʹ ]∞+ + ܿ 
ͳ√ݔ 

ܴ 
ͳ݊ + ͳ ௡+ଵݔ  +  ௡ݔ ܿ

כܴ
 

ͳሺ݊ − ͳሻ ݔ௡−ଵ + ܿ
 

ͳݔ௡
 ]Ͳ, +∞[

 

�n ݔ + ܿ
 

ͳݔ
כܴ 

 

�n|ݔ| + ܿ
 

ͳݔ
 ܴ

 

݁௫ + ܿ
 

݁௫
 

1.2. Indefinite Integrals: 

if the function ܨሺݔሻ + ܿ is an antiderivative of ݂ ሺݔሻ, then there exist no antiderivatives in 
different forms for the function ݂ ሺݔሻ. This leads us to define the indefinite integral. 

Definition :  

Let ݂ be a continuous function on an interval ܫ. The indefinite integral of ݂ is the general 
antiderivative of ݂ on ܫ: ∫݂ ሺݔሻ ݀ݔ = ሻݔሺܨ  + ܿ 

The function ݂ is called the integrand, the symbol ׬  is the integral sign, x is called the variable of 
the integration and ܿ is the constant of the integration. 
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Now, by using the previous definition, the general antiderivatives in follow  Example are: 

 

∫ሺʹݔ + ͵ሻ݀ݔ = ଶݔ + ݔ͵ + ܿ ∫ሺco� ݔ + ͳሻ݀ݔ = �in ݔ + ݔ + ܿ 

We can now work out how to evaluate some integrals. To do that, we should remember 
differentiation rules of some functions. Basic Integration Rules 

Rule 1: Power of x. ݀݀ݔ ௡+ଵݔ = ሺ݊ + ͳሻݔ௡, ሺ݊∫ ݋ݏ + ͳሻݔ௡݀ݔ = ௡+ଵݔ + ܿ 

Generally, for ݊ ≠ ͳ,  
 ∫ = ݔ௡݀ݔ ௡+ଵ݊ݔ  + ͳ + ܿ 

In words, to integrate the function ݔ௡, we add 1 to the power and divide the function by ݊ + ͳ. 
If ݊ =  ͳ, we have a special case 

∫ͳ݀ݔ = ݔ + ܿ 

Rule 2: Trigonometric functions. ݀݀ݔ �in ݔ = co� ݔ , ∫ ݋ݏ co� ݔ = ݔ݀ �in ݔ + ݔ݀݀ ܿ co� ݔ = −�in ݔ , −∫ ݋ݏ �in ݔ = ݔ݀ co� ݔ + ܿ 

Therefore, ׬ �in ݔ = ݔ݀ −co� ݔ + ܿ 

The other trigonometric functions with the previous rules are listed in the following table: 

Table2: The list of basic integration rules. 

Derivative Indefinite Integral ݀݀ݔ ሺݔሻ = ͳ ∫ͳ ݀ݔ = ݔ + ܿ 

ݔ݀݀ ቆ ݔ௡+ଵ݊ + ͳቇ = ,௡ݔ ݊ ≠ ͳ  ∫ݔ௡݀ݔ = ௡+ଵ݊ݔ  + ͳ + ܿ 
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ݔ݀݀ ሺ�in ሻݔ  = co� �co∫ ݔ ݔ = ݔ݀ �in ݔ + ܿ 

ݔ݀݀ ሺ−co� ሻݔ  = �in in�∫ ݔ ݔ = ݔ݀ −co� ݔ + ܿ 

ݔ݀݀ ሺtan ሻݔ  = ��cଶ cଶ��∫ ݔ ݔ = ݔ݀ tan ݔ + ܿ 

ݔ݀݀ ሺ−cot ሻݔ  = c�cଶ c�cଶ∫ ݔ ݔ = ݔ݀ −cot ݔ + ܿ 

ݔ݀݀ ሺ��c ሻݔ  = ��c � tan c � tan��∫ ݔ ݔ = ݔ݀ ��c ݔ + ܿ 

ݔ݀݀ ሺ−c�c ሻݔ  = �c� ݔ cot �c�∫ ݔ ݔ cot ݔ = ݔ݀ −c�c ݔ + ܿ 

Example:  

 

Evaluate the integral. ∫ݔ−ଷ݀ݔ  ∫ ͳܿݏ݋ଶݔ   ݔ݀
Solution: ∫ݔ−ଷ݀ݔ = ͵−ଷ+ଵ−ݔ  + ͳ + ܿ = − ͳݔଶ + ܿ 

∫ ͳܿݏ݋ଶݔ = ݔ݀ ∫��cଶ ݔ = ݔ݀ tan ݔ + ܿ 

1.3.Properties of the Indefinite Integral : 

Assume ݂ and ݃ have antiderivatives on an interval ܫ, then:  ݀݀ݔ ∫݂ሺݔሻ ݀ݔ =݂ሺݔሻ 
∫ܽ ݂ሺݔሻ ݀ݔ = ܽ∫݂ሺݔሻ ݀ݔ , א ܽ ܴ 

∫  ሺ݂ሺݔሻ  ± ݃ሺݔሻሻ ݀ݔ = ∫  ݂ሺݔሻ ݀ݔ ± ∫  ݃ሺݔሻ ݀ݔ  
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ݔ݀′݂݂∫ = ͳʹ ݂ଶ + ܿ 

∫  ݂′݂௡݀ݔ =  ͳ݊ + ͳ  ݂௡+ଵ + ܿ, ݊ ≠ −ͳ 

∫ ݂′݂ଶ ݔ݀ = − ͳ݂ + ܿ 

∫ ݂′݂௡ ݔ݀ = −ͳሺ݊ − ͳሻ ݂௡−ଵ + ܿ 

∫ ݂′√݂ ݔ݀ = ʹ√݂ + ܿ 

∫݂′݂ ݔ݀ = �n ݂ሺݔሻ + ܿ
 ∫݂′݁௙݀ݔ = ݁௙ሺ௫ሻ + ܿ
 

Example1 : 

 

 

Evaluate the integral  ∫  ሺͶݔ + ͵ሻ ݀ݔ  ∫  ሺʹ �in ݔ + ͵ co� ݔ݀݀  ݔ݀ ሻݔ ݔ√∫ + ͳ ݀ݔ 

 

 

 

 

 

 

 

Solution: ׬  ሺͶݔ + ͵ሻ ݀ݔ =  ସଶ ଶݔ + ݔ͵ + ܿ = ଶݔʹ + ݔ͵ + ׬  ܿ  ሺʹ �in ݔ + ͵ co� = ݔ݀ ሻݔ −ʹco� ݔ + ͵ �in ݔ + ܿ  ௗௗ௫ ݔ√׬ + ͳ ݀ݔ = ݔ√ + ͳ  
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Example 2 :  

 

Solve the differential equation ݂ ′ሺݔሻ  =  ଷ subject to the initialݔ 
condition ݂ሺͲሻ  = ͳ 

 

 

 

 

 

 

1.4. Integration By Substitution  

The integration by substitution (known as u-substitution) is a technique for solving some 
composite functions. The method is based on changing the variable of the integration to obtain a 
simple indefinite integral. The following theorem shows how the substitution technique work. 

Theorem :  

Let ݃ be a differentiable function on an interval ܫ where the derivative is continuous. Let ݂ be 
continuous on the interval ܬ contains the range of the function ݃. If ܨ is an antiderivative of the 
function ݂ on ܬ, then 

∫݂ ሺ݃ሺݔሻሻ ݃′ሺݔሻ ݀ݔ = (ሻݔሺ݃)ܨ + ܿ, ݔ א  .ܫ
 

Evaluate the integral ݔʹ׬ ሺݔଶ + ͳሻଷ ݀ݔ 

 
 

 

 

 

 

 

Solution: 

∫݂ ′ሺݔሻ ݀ݔ = ଷݔ∫  ฺ ݔ݀  ݂ሺݔሻ =  ͳͶ ସݔ + ܿ 

If ݔ =  Ͳ, then ݂ሺͲሻ  =  ͳ Ͷ ሺͲሻସ + ܿ =  ͳ and this implies ܿ =  ͳ.  

Hence, the solution of the differential equation is ݂ሺݔሻ  =  ͳ Ͷ ݔସ  + ͳ 

Solution: 
We can use the previous theorem as follows: 

Let ݂ሺݔሻ = ሻݔଷ and  ݃ሺݔ = ଶݔ + ͳ, then ݂ ሺ݃ሺݔሻሻ = ሺݔଶ + ͳሻଷ . since ݃′ሺݔሻ =   then from ,ݔʹ
previous Theorem, we have:  

ଶݔሺ ݔʹ∫ + ͳሻଷ ݀ݔ = ሺݔଶ + ͳሻସͶ + ܿ 
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We can end with the same solution by using the five steps of the substitution method given below.  

Steps of the integration by substitution: 

 Step 1: Choose a new variable ݑ. 

 Step 2: Determine the value of ݀ݑ. 

 Step 3: Make the substitution i.e., eliminate all occurrences of ݔ in the integral by making the 
entire integral is in terms of ݑ.  

Step 4: Evaluate the new integral.  

Step 5: Return the evaluation to the initial variable ݔ.  

In previous Example, let ݑ = ଶݔ  + ͳ, then ݀ݑ =  By substituting that into the original .ݔ݀ ݔʹ
integral, we have 

∫ ݑ݀ ଷݑ  = ସͶݑ + ܿ 

Now, by returning the evaluation to the initial variable ݔ, we have:  

ଶݔሺ ݔʹ∫ + ͳሻଷ ݀ݔ = ሺݔଶ + ͳሻସͶ + ܿ 

1.5. Integration by Parts 

we describe one more method of integration, that is found quite useful in integrating products of 
functions. If ݑ and ݒ are any two differentiable functions of a single variable ݔ (say). Then, by the 
product rule of differentiation, we have: ݀݀ݔ ሺݒݑሻ = ݑ ݔ݀ݒ݀ + ݒ  ݔ݀ݑ݀

Integrating both sides, we get 

ݒݑ = ݑ∫ ݔ݀ݒ݀ ݔ݀ + ݒ∫ ݔ݀ݑ݀  ݔ݀

Or   ݑ׬ ௗ௩ௗ௫ ݔ݀ = ݒݑ − ݒ׬ ௗ௨ௗ௫ ݔ݀ …… . ሺͳሻ 
Let   ݑ = ݂ሺݔሻ ܽ݊݀ ௗ௩ௗ௫ = ݃ሺݔሻ then  

ௗ௨ௗ௫ = ݂′ሺݔሻ   and   ݒ =  ݔሻ݀ݔሺ݃׬
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Therefore, expression (1) can be rewritten as:  

∫݂ሺݔሻ݃ሺݔሻ ݔ݀ = ݂ሺݔሻ∫݃ሺݔሻ ݔ݀ − ∫[∫݃ሺݔሻ݀ݔ] ݂′ሺݔሻ݀ݔ 

i.e.,  ∫݂ሺݔሻ݃ሺݔሻ ݔ݀ = ݂ሺݔሻ∫݃ሺݔሻ ݔ݀ − ∫ [݂′ሺݔሻ∫݃ሺݔሻ݀ݔ]  ݔ݀

If we take ݂ as the first function and ݃ as the second function, then this formula may be stated as 
follows:  

“The integral of the product of two functions = (first function) × (integral of the second 
function) – Integral of [(differential coefficient of the first function) × (integral of the 
second function)]” 

Example1 : 

 

 

 find ݁ݔ׬௫݀ݔ 

Solution  
Take first function as ݔ and second function as ݁௫ . The integral of the 
second function is ݁௫ 

Therefore, ݁ݔ׬௫݀ݔ = ௫݁ݔ − .ͳ׬ ݁௫݀ݔ = ௫݁ݔ − ݁௫ + ܿ 

Example 2: 

 

 find ݔ׬ଶ �n ݔ  ݔ݀

 

 

 

 

 

 

  

 

Solution: 
Take first function as �n  ଷݔଶ . The integral of the second function is ଵଷݔ and second function as ݔ

Therefore, 

ଶݔ∫ �n ݔ ݔ݀ = ͳ͵ ଷݔ �n ݔ − ∫ ͳ͵ .ଷݔ ͳݔ  ݔ݀

= ͳ͵ ଷݔ �n ݔ − ͳ͵∫ݔଶ݀ݔ = ͳ͵ ଷݔ �n ݔ − ͳ͵ . ͵ଷݔ + ܿ = ͳ͵ ଷݔ �n ݔ − ͳͻ ଷݔ + ܿ 
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2. THE DEFINITE INTEGRALS 

In this section, we shall study what is called definite integral of a function. The definite integral 

has a unique value. A definite integral is denoted by ׬ ݂ሺݔሻ௕௔  , where ܽ is called the lower limit 
of the integral and ܾ is called the upper limit of the integral. The definite integral is introduced 
either as the limit of a sum or if it has an anti derivative ܨ in the interval [ܽ, ܾ], then its value is 
the difference between the values of ܨ at the end points, i.e., ܨሺܾሻ –  .ሺܽሻܨ 
2.1.First fundamental theorem of integral calculus  

Theorem 1 

 Let ݂ be a continuous function on the closed interval [ܽ, ܾ] and let ܣ ሺݔሻ be the area function. 
Then ܣ′ሺݔሻ  =  ݂ ሺݔሻ, for all ݔ א  [ܽ, ܾ]. 
2.2.Second fundamental theorem of integral calculus 

We state below an important theorem which enables us to evaluate definite integrals by making 
use of anti derivative.  

Theorem 2 

 Let ݂ be continuous function defined on the closed interval [ܽ, ܾ] and ܨ be an anti derivative of ݂. Then  

∫݂ሺݔሻ௕
௔ ݔ݀ = ௔௕[ሻݔሺܨ] = ሺܾሻܨ −  ሺܽሻܨ

Steps for calculating ׬ ࢇ࢈ሺ࢞ሻࢌ   : ࢞ࢊ

1-Find the indefinite integral ݂׬ሺݔሻ݀ݔ . Let this be ܨሺݔሻ. There is no need to keep 

integration constant ܥ because if we consider ܨሺݔሻ  +  ሻ, we getݔሺܨ instead of ܥ 

∫݂ሺݔሻ௕
௔ ݔ݀ = ሻݔሺܨ] + ܿ]௔௕ = ሺܾሻܨ] + ܿ] − ሺܽሻܨ] + ܿ]  = ሺܾሻܨ −  ሺܽሻܨ

Thus, the arbitrary constant disappears in evaluating the value of the definite integral. 

2- Evaluate ܨሺܾሻ – ሺܽሻܨ  = ௔௕[ሻݔሺܨ]   , which is the value of ׬ ݂ሺݔሻ௕௔   ݔ݀

We now consider some examples 
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Examples: Evaluate the following integrals: 

ሺʹሻ ∫ሺ͸ݔ + Ͷሻସ
−ଵ   ݔ݀ 

 

ሺͳሻ ଶଶݔ∫
−ଵ   ݔ݀ 

 
 

 

 

 

 

 

 

2.3. Some Properties of Definite Integrals 

We list below some important properties of definite integrals. These will be useful in evaluating 
the definite integrals more easily 

׬ ݂ሺݔሻ௕௔ ݔ݀ = ׬ −  ݂ሺݔሻ௔௕ ׬  .ݔ݀ ݂ሺݔሻ௔௔ = Ͳ.  
׬ ݂ሺݔሻ௕௔ ݔ݀ = ׬ ݂ሺݔሻ௖௔ ݔ݀ + ׬ ݂ሺݔሻ௕௖   .ݔ݀
׬ ݔሻ݀ݔሺ݂ ߙ = ׬ ߙ  ݂ሺݔሻ௕௔ ௕௔.ݔ݀   

׬ ሺ݂ + ݃ሻሺݔሻ௕௔ ݔ݀ = ׬  ݂ሺݔሻ௕௔ ݔ݀ ׬ + ݃ሺݔሻ௕௔   .ݔ݀
׬ ݂ሺݔሻ௕௔ ݔ݀ = ׬   ݂ሺݐሻ௕௔   .ݔ݀
׬  ݂ሺݔሻ݀ݔ = ׬   ݂ሺܽ + ܾ − ሻ௕௔ݔ ௕௔.ݔ݀ ׬    ݂ሺݔሻ݀ݔ = ׬   ݂ሺܽ − ሻ௔଴ݔ ௔଴.ݔ݀   

׬  ݂ሺݔሻ݀ݔ = ׬   ݂ሺݔሻ௔଴ ଶ௔଴ݔ݀ + ׬ ݂ሺʹܽ − ሻ௔଴ݔ   ݔ݀

Solution: 

ሺͳሻ = ଶଶݔ∫
−ଵ = ଵଶ−[͵ଷݔ]       = ʹଷ͵ − ሺ−ͳሻଷ͵ = ͵ 

ሺʹሻ = ׬ ሺ͸ݔ + Ͷሻସ−ଵ ݔ݀  =  [଺௫మଶ + Ͷݔ]−ଵସ    = ଶݔ͵] + Ͷݔ]−ଵସ        = [͵ሺͶሻଶ + ͶሺͶሻ] − [͵ሺ−ͳሻ + Ͷሺ−ͳሻ]   = ͸Ͷ − ሺ−ͳሻ = ͸ͷ 
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׬  ݂ሺݔሻ݀ݔ = ׬ ʹ  ݂ሺݔሻ௔଴ ଶ௔଴ݔ݀  ݂݅ ݂ሺʹܽ − ሻݔ = ݂ሺݔሻ  ܽ݊݀ Ͳ ݂݅ ݂ሺʹܽ − ሻݔ = −݂ሺݔሻ  ׬ ݂ሺݔሻ௔−௔ = ׬ ʹ ݂ሺݔሻ௔଴ –if ݂ is an even function, i.e., if ݂ ሺ ݔ݀ ሻݔ  =  ݂ ሺݔሻ. 
׬ ݂ሺݔሻ௔−௔ = Ͳ  if ݂ is an odd function, i.e., if ݂ሺ– ሻݔ  = – ݂ ሺݔሻ.  

3. Applications of integration in economics  

- Economic applications of Definite integration: There are several economic and administrative 
applications, the most important of which are as follows:  

A. Consumer surplus.  

B. Producer surplus. 

3.1.Consumer’s Surplus   :If the demand function is as follows      : ܲ = ݂ሺܳሻ      
Where:  

 P :The price of the item . 

  ܳ :The required quantity of the item . 

 The following figure illustrates the difference in prices that consumers are willing to pay for 
different quantities of a commodity. 

 . 

 

 

 

 

The area OABC represents the total amount of money paid by consumers to obtain quantity ܳכ, which is ܲכܳכ. When ܳכ = ܳ, the price ܲכ = ܲ.. 

Source: Eid Ahmed Abu Bakr, 2013 - 1434, Page: 345 
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The shaded part BCD represents the advantages that the consumer receives when paying the 
fixed price ܲכ, this is called the consumer surplus symbolized by the symbol ܵܥ can be found by 
the following relation: 

Consumer surplus = what the consumer should have paid – what the consumer actually paid. 
                 = Integration of the demand function from zero to ܳכ– the product of the 
equilibrium price multiplied by the equilibrium quantity. 

ܵܥ = ∫ ݂ሺܳሻ�כ
଴ ݀ܳ  כܳכܲ −

 

If the demand curve for a commodity is   :ܲ = ʹͷͲ − ʹܳ 

Assuming that the equilibrium price in the market for this commodity is 
equal to 150  
Required: Create the consumer's surplus. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Solution: 
Since the price in equilibrium is equal to 150 by substituting in the equation of the demand 
curve, we get the equilibrium quantity as follows: ܲ = ʹͷͲ − ʹܳ ͳͷͲ = ʹͷͲ − ʹܳ ʹܳ = ͳͲͲ ܳ = ͳͲͲʹ = ͷͲ 

Now calculate the consumer surplus  
Consumer surplus = the integration of the demand function from zero to ܳכ– the product of the 
equilibrium price multiplied by the equilibrium quantity. 

ܵܥ = ∫ ݂ሺܳሻ�כ
଴ ݀ܳ  כܳכܲ −

      =  ∫ ሺʹͷͲ − ʹܳሻହ଴
଴ ݀ܳ − ሺͳͷͲ × ͷͲሻ 
      = [ʹͷͲ ܳ − ʹܳଶʹ ]଴ହ଴ − ͹ͷͲͲ       = [ʹͷͲሺͷͲሻ − ሺͷͲሻଶ − ሺͲሻ] − ͹ͷͲͲ       = [ͳʹͷͲͲ − ʹͷͲͲ] − ͹ͷͲͲ       = ͳͲͲͲͲ − ͹ͷͲͲ = ʹͷͲͲ 
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3.2.Producer’s Surplus : 

 If the supply function of a commodity is ܲ = ݃ሺܳሻ on the following image, the following 
figure shows the difference in prices at which producers want to display different quantities of 
goods. 

. 

 

 

 

 

The area ܱܥܤܣ represents the total amount of what the seller receives and is equal toܲכܳכ, this 
is when  ܳכ = ܳ the price  ܲכ = ܲ assumes that all goods are sold. 

The shaded part BCD represents the advantages that the seller receives when selling the 
commodity at the specified price  Pכ, and this is called  the surplus of the product , 
symbolized by the symbol ܲܵ, which can be found through the following relationship: 

Surplus product = what the product actually got – what he wanted to get. 

                       =The product of the equilibrium price multiplied by the equilibrium quantity – 
the integration of the width function from zero to �כ 

ܲܵ = כܳכܲ  − ∫ ݃ሺܳሻ�כ
଴ ݀ܳ 

 

If the supply curve of a commodity is determined by the relation   : 
 P = ͵�ଶ + ͳͷͲ 

Assuming the price in equilibrium is 297  
Required: Find the surplus product. 

 

 

 

 

 

Source: Eid Ahmed Abu Bakr, 2013 - 1434, Page: 349 
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Solution: 
We compensate by price to find the quantity ʹͻ͹ = ͵ �ଶ + ͳͷͲ ʹͻ͹ − ͳͷͲ = ͵�ଶ ͳͶ͹ = ͵�ଶ � = √Ͷͻ = ͹ 

That is, the equilibrium quantity = 7, the equilibrium price = 297. 

Surplus product = what the product actually got – what he wanted to get. 

P� =  Pכ�כ − ∫ �ሺ�ሻ୕כ
଴ d� 

      = ʹͻ͹ × ͹ − ∫ሺ͵�ଶ + ͳͷͲሻ଻
଴ d� 

      = ʹͲ͹ͻ − [͵�ଷ͵ −  ͳͷͲ �]଴଻ 

      = ʹͲ͹ͻ − [ሺ͹ሻଷ + ͳͷͲሺ͹ሻ − ሺͲሻ]       = ʹͲ͹ͻ − ͳ͵ͻ͵ = ͸ͺ͸   
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5: INTEGRATION °SERIES N   

Exercise 01: 
Evaluate the following integral: 

ଷݔ׬ ❖   ݔ݀ 
׬ ❖ ଶయݔ√   ݔ݀ 
ݔʹሺ׬ ❖ + ͷሻሺݔ + ͳሻ   ݔ݀ 
׬ ❖ ௫−ଶሺ௫మ−ସ௫+ହሻ   ݔ݀ 
׬ ❖ �inሺͶݔሻ   ݔ݀ 

׬ ❖ ௫య−ଵ ௫మ   ݔ݀ 
Exercise 02:           

 Solve the differential equation 

1. ݂ ′ሺݔሻ  =  ͸ݔଶ + ݔ − ͷ subject to the initial condition ݂ሺͲሻ  = ʹ 

2. ݂′′ሺݔሻ = ͷ ܿݔ ݏ݋ + subject to the initial conditions ݂ሺͲሻ ݔ ݊݅ݏ ʹ = ͵ and ݂′ ሺͲሻ = Ͷ 

3. ݂ ′ሺݔሻ  = ଶݔ͵  − ݔʹ + ͳ subject to the initial condition ݂ሺʹሻ  = ͵ 

4. ݂ ′ሺݔሻ  = ݔܽ  − ͷ subject to the initial condition ݂ሺ−ͳሻ  = ͻ and ݂ሺʹሻ = −͵ 

Exercise 03: 
1- Evaluate the integral By Substitution formulae 

׬ • ௫మ−ଵሺ௫య−ଷ௫+ଵሻల  ݔ݀ 

ݔʹ√׬ • − ͷ  ݔ݀ 

׬ • ௗ௫௫ ௟௡ ௫  
׬ • ௫ௗ௫√ଽ−ସ௫మ 
2- Find the following integration By using the formulae for integration by part 
׬ • ݁ଷ௫.  ݔ݀ ͵

 ݔ݀ ଷ݁ଶ௫ݔ׬ •

Exercise 04:   Evaluate the following integrals: 
ܫ • = ׬ ଶଷଶݔ   ,   ݔ݀

ܫ • = ׬ √௫ቆଷ଴−௫యమቇమଽସ  ݔ݀

ܫ • = ׬ ͷݔସ√ݔହ + ͳଵ−ଵ  ݔ݀

ܫ • = ׬ ଷݔ| − ଶ−ଵ|ݔ     ݔ݀
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5ANSWER TO SERIES NUMBER  

Exercise 01: 

1- Evaluate the following integral: ∫࢞૜ ฺ  ࢞ࢊ  ݂ሺݔሻ =  ଵସ ସݔ + ܿ  ∫ √࢞૛૜  ࢞ࢊ 

ฺ ݔమయ݀ݔ =  ଷହݔఱయ + ܿ  ∫ሺ૛࢞ + ૞ሻሺ࢞ + ૚ሻ ฺ ࢞ࢊ  ଶݔʹሺ׬ + ݔʹ + ͷݔ + ͷሻ =  ݔ݀  ଶݔʹሺ׬ + ͹ݔ + ͷሻ ݔ݀  = ଶݔʹ׬ ݔ݀ + ݔ݀ ݔ͹׬ + = ݔ݀ ͷ׬ ଶ௫యଷ + ଻௫మଶ + ͷݔ  

∫ ࢞ − ૛ሺ࢞૛ − ૝࢞ + ૞ሻ  ࢞ࢊ 

ฺ ଵଶ׬ሺݔଶ − Ͷݔ + ͷሻ−ଶ ሺʹݔ − Ͷሻ ݀ݔ   = ଵଶ  (௫మ−ସ௫+ହ)−భ−ଵ + ሺ૝࢞ሻܖܑ�∫  ܿ −ฺ ࢞ࢊ  ଵସ co�ሺͶݔሻ + ܿ  ∫࢞૜ − ૚ ࢞૛  ࢞ࢊ 

ฺ ݔ׬ ݔ݀  − ׬ ଶ−ݔ ݔ݀  = ௫మଶ + ଵ௫ + ܿ  

Exercise 02: 

1-Solve the differential equation ࢌ ′ሺ࢞ሻ  =  ૟࢞૛ + ࢞ − ૞ subject to the initial condition ࢌሺ૙ሻ  = ૛ ∫݂ ′ሺݔሻ ݀ݔ =  ∫͸ݔଶ + ݔ − ͷ  ݀ݔ ฺ ݂ሺݔሻ = ଷݔʹ + ͳͶ ଶݔ − ͷݔ + ܿ 

Use the condition ݂ሺͲሻ = ʹ by substituting ݔ =  Ͳ into the function ݂ሺݔሻ. We have ݂ሺͲሻ = Ͳ + Ͳ − Ͳ + ܿ ฺ ܿ = ʹ 

Therefore, the solution of the differential equation is ݂ሺݔሻ = ଷݔʹ  + ଵସ ଶݔ − ͷݔ + ʹ 
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2-Solve the differential equation ࢌ′′ሺ࢞ሻ = ૞ ࢙࢕ࢉ ࢞ + ૛ ࢙࢔࢏ ࢞ subject to the initial 
conditions ࢌሺ૙ሻ = ૜ and ࢌ′ ሺ૙ሻ = ૝ 

∫݂ ′′ሺݔሻ ݀ݔ =  ∫ͷ ܿݔ ݏ݋ + ฺ ݔ݀  ݔ ݊݅ݏ ʹ ݂′ሺݔሻ = ͷ ݔ ݊݅ݏ − ݔ ݏ݋ܿ ʹ + ܿ 

Using the condition ݂′ሺͲሻ = Ͷ gives ݂′ሺͲሻ = Ͳ − ʹ + ܿ = Ͷ ⇒ ܿ = ͸ 

Hence, ݂′ሺݔሻ  =  ͷ ݔ ݊݅ݏ − ݔ ݏ݋ܿ ʹ + ͸. Now, again 

∫݂′ሺݔሻ ݔ݀ =  ∫ሺͷ ݔ ݊݅ݏ − ݔ ݏ݋ܿ ʹ + ͸ሻ ݀ݔ  ฺ ݂ሺݔሻ = −ͷ ܿݔ ݏ݋ − ݔ ݊݅ݏ ʹ + ͸ݔ + ܿ 

Use the condition ݂ሺͲሻ = ͵  by substituting ݔ = Ͳ into ݂ሺݔሻ. We obtain ݂ሺͲሻ = −ͷ − Ͳ + Ͳ + ܿ = ͵ ⇒ ܿ = ͺ 

Hence, the solution of the differential equation is ݂ሺݔሻ = −ͷ ܿݔ ݏ݋ − ݔ ݊݅ݏ ʹ + ͸ݔ + ͺ 

3-Solve the differential equation ࢌ ′ሺ࢞ሻ  =  ૜࢞૛ − ૛࢞ + ૚ subject to the initial condition ࢌሺ૛ሻ  = ૜ ∫݂ ′ሺݔሻ ݀ݔ = ଶݔ͵∫  − ݔʹ + ͳ  ݀ݔ ฺ ݂ሺݔሻ = ͵ଷݔ͵ ʹଶݔʹ − + ݔ + ܿ = ଷݔ − ଶݔ + ݔ + ܿ  
Use the condition ݂ሺʹሻ = ͵  by substituting  ݔ =  ʹ into the function ݂ሺݔሻ. We have ݂ሺʹሻ = ͺ − Ͷ + ʹ + ܿ ฺ ͵ = ͸ + ܿ ฺ ܿ = ͵ − ͸ = −͵  
Therefore, the solution of the differential equation is ݂ሺݔሻ = ଷݔ  − ଶݔ + ݔ − ͵ 

4-Solve the differential equation ࢌ ′ሺ࢞ሻ  = ࢞ࢇ  − ૞ subject to the initial condition ࢌሺ−૚ሻ  = � and ࢌሺ૛ሻ = −૜ 

∫݂ ′ሺݔሻ ݀ݔ = ݔܽ∫  − ͷ  ݀ݔ ฺ ݂ሺݔሻ = ʹଶݔܽ − ͷݔ + ܿ 

Using the condition ݂′ሺ−ͳሻ = ͻ gives ݂′ሺ−ͳሻ = ௔ሺ−ଵሻమଶ − ͷሺ−ͳሻ + ܿ = ͻ ⇒ ௔ଶ + ͷ + ܿ = ͻ  ⇒ ௔ଶ + ܿ = Ͷ ⇒ ܽ + ʹܿ = ͺ……ሺͳሻ  
Now, again, Using the condition ݂′ሺʹሻ = −͵ gives ݂′ሺʹሻ = ௔ሺଶሻమଶ − ͷሺʹሻ + ܿ = −͵ ⇒ ସ௔ଶ − ͳͲ + ܿ = −͵  
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⇒ ʹܽ − ͳͲ + ܿ = −͵ ⇒ ʹܽ + ܿ = ͹   ሺʹܽ + ܿ = ͹ ሻ × ሺʹሻ = Ͷܽ + ʹܿ = ͳͶ……ሺʹሻ  
By Subtracting the first equation from the second, we get:    ͵ܽ = ͸ ⇒ ܽ = ʹ   
We substitute ܽ = ʹ  in Equation 1 ʹ + ʹܿ = ͺ ⇒ ʹܿ = ͸ ⇒ ܿ = ͵   
Therefore, the solution of the differential equation is ݂ሺݔሻ = ଶݔ  − ͷݔ + ͵  

Exercise 03: 

1-Evaluate the integral By Substitution formulae 

∫ ࢞૛ − ૚ሺ࢞૜ − ૜࢞ + ૚ሻ૟  ࢞ࢊ 

Let ݑ = ଷݔ  − ݔ͵ + ͳ, then ݀ݑ = ͵ሺݔଶ − ͳሻ ݀ݔ. By substitution, we have: ͳ͵ ଺−ݑ∫ ݑ݀  = ͳ͵ ͳ−ͷݑ−ହ + ܿ = −ͳͳͷሺݔଷ − ݔ͵ + ͳሻହ + ܿ 

∫√૛࢞ − ૞  ࢞ࢊ 

Let ݑ = ݔʹ  − ͷ, then ݀ݑ =  :By substitution, we have .ݔ݀ ʹ

ଵଶݑ׬భమ ݑ݀  = ଵଶ  ሺଶ௫−ହሻయ మ⁄ଷ ଶ⁄ + ܿ = ሺଶ௫−ହሻయ మ⁄ଷ + ܿ = ଵଷ√ሺʹݔ − ͷሻଷ + ܿ   ∫   ࢞ ࢔࢒ ࢞࢞ࢊ
The fact that ݀ݔ/ݔ is the differential of ݈݊ ݔ suggests the substitution ݑ = ݑ݀ so ,ݔ ݈݊  =  ݔ/ݔ݀ 
and 

∫ = ݔ ݈݊ ݔݔ݀ = ݑݑ݀∫  �n ݑ = �nሺ�n ሻݔ + ܿ 

∫ �√࢞ࢊ࢞ − ૝࢞૛ 

Here the fact that the ݔ in the numerator is essentially the derivative of the expression ͻ − Ͷݔଶ 
inside the radical suggests the substitution ݑ =  ͻ − Ͷݔଶ. Then ݀ݑ =  − ͺݔ݀ ݔ, and  

׬ ௫ௗ௫√ଽ−ସ௫మ = − ଵ଼׬  ௗ௨√௨ =− ଵ଼ݑ׬−ଵ ଶ⁄ ݑ݀ = − ଵ଼  ௨భ మ⁄భమ = − ଵସ√ݑ = − ଵସ√ͻ − Ͷݔଶ + ܿ  
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2-Find the following integration By using the formulae for integration by part 

∫ⅇ૜࢞. ૜ ࢞ࢊ 

Take first function as ͵ and second function as ݁ଷ௫ . The integral of the second function is ଵଷ ݁ଷ௫ 

Therefore, ׬ ݁ଷ௫. ݔ݀ ͵ = ͵. ଵଷ ݁ଷ௫ − ׬ ଵଷ ݁ଷ௫ሺͲሻ݀ݔ = ݁ଷ௫ + ܿ 

∫࢞૜ⅇ૛࢞ ࢞ࢊ 

ݔ݀ ଷ݁ଶ௫ݔ∫ = ଶݔ ݁ଶ௫ʹ − ʹଶ௫݁ݔʹ∫  ݔ݀ 

= ͳʹ ଶ݁ଶ௫ݔ  ݔ݀ ଶ௫݁ݔ∫−

= ͳʹ ଶ݁ଶ௫ݔ − ʹଶ௫݁ݔ] − ∫ͳ. ݁ଶ௫ʹ  [ݔ݀ 
= ͳʹ ଶ݁ଶ௫ݔ − [ͳʹ ଶ௫݁ݔ − ͳͶ ݁ଶ௫] + ܿ 

= ͳʹ ଶ݁ଶ௫ݔ − ͳʹ ଶ௫݁ݔ − ͳͶ ݁ଶ௫ + ܿ ͳʹ ݁ଶ௫ − ଶݔ] − ݔ + ͳʹ] + ܿ 

Exercise 04: � = ∫ ࢞૛૜
૛  ࢞ࢊ

ܫ = ׬ ଶଷଶݔ ݔ݀ = [௫యଷ ]ଶଷ = ሺ͵ሻܨ − ሺʹሻܨ = ଶ଻ଷ − ଷ଼ = ଵଽଷ     

� = ∫ √࢞ቀ૜૙ − ࢞૜૛ቁ૛�
૝  ࢞ࢊ

Let ܫ = ׬ √௫ቆଷ଴−௫యమቇమଽସ   We first find the anti derivative of the integrand ݔ݀

Put  ͵Ͳ − యమݔ = − then  ݐ ଷଶ√ݔ݀ݔ = ݔ݀ݔ√  or ݐ݀ = − ଶଷ  ,Thus ; ݐ݀ 

∫ ቀ͵Ͳݔ√ − యమቁଶݔ ݔ݀ = − ଶݐݐ݀∫͵ʹ = ʹ͵ [ͳݐ] =  ʹ͵  [ ͳቀ͵Ͳ − [యమቁݔ =  ሻݔሺܨ
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Therefore, by the second fundamental theorem of calculus, we have  

ܫ = ሺͻሻܨ − ሺͶሻܨ = ʹ͵ [ ͳቀ͵Ͳ − యమቁ]ଶݔ
ଽ = ʹ͵ [ ͳሺ͵Ͳ − ʹ͹ሻ − ͳሺ͵Ͳ − ͺሻ] = ʹ͵ [ͳ͵ − ͳʹʹ ] = ͳͻͻͻ 

� = ∫ ૞࢞૝√࢞૞ + ૚૚
−૚  ࢞ࢊ

Put ݐ = ହݔ + ͳ , then ݀ݐ = ͷݔସ݀ݔ 

Therefore,  

∫ͷݔସ√ݔହ + ͳ݀ݔ = ݐ√∫ ݐ݀ = ʹ͵ యమݐ = ʹ͵ ሺݔହ + ͳሻయమ 
Hence  ܫ = ∫ ͷݔସ√ݔହ + ͳଵ

−ଵ ݔ݀ = ʹ͵ [ሺݔହ + ͳሻయమ]−ଵଵ   
= ʹ͵ [ሺͳହ + ͳሻయమ − ሺሺ−ͳሻହ + ͳሻయమ] 
= ଶଷ  [ʹయమ − Ͳయమ] = ଶଷ (ʹ√ʹ) = ସ√ଶଷ   � = ׬ |࢞૜ − ࢞|૛−૚     ࢞ࢊ

We note that ݔଷ – ݔ  ൒  Ͳ on [–  ͳ, Ͳ] and ݔଷ – ݔ  ൑  Ͳ on [Ͳ, ͳ] and that ݔଷ – ݔ  ൒  Ͳ on [ͳ, ʹ]. 
So we write 

∫ ଷݔ| − ଶ|ݔ
−ଵ ݔ݀ = ∫ ሺݔଷ − ሻ଴ݔ

−ଵ ݔ݀ + ∫ −ሺݔଷ − ሻଵݔ
଴ ݔ݀ + ∫ ሺݔଷ − ሻଶݔ

ଵ  ݔ݀

= ∫ ሺݔଷ − ሻ଴ݔ
−ଵ ݔ݀ + ∫ ሺݔ − ଷሻଵݔ

଴ ݔ݀ + ∫ ሺݔଷ − ሻଶݔ
ଵ  ݔ݀

= ସͶݔ] − ଶʹ]−ଵ଴ݔ  + ʹଶݔ] − ସͶݔ ]଴ଵ + ସͶݔ] − =  ଶʹ]ଵଶݔ −(ͳͶ − ͳʹ) + (ͳʹ − ͳͶ) + ሺͶ − ʹሻ − (ͳͶ − ͳʹ) 

= −ͳͶ + ͳʹ + ͳʹ − ͳͶ + ʹ − ͳͶ + ͳʹ = ͵ʹ − Ͷ͵ + ʹ = ͳͳͶ  

 



 

 

 

 

 

 

 

BIBLIOGRAPHY 

 

 



BIBLIOGRAPHY 

 ͐͒͗ 

)ااحتماات وااحصاء(، دروس مع مارين حلولة، دار الكتاب العري للطباعة والنشر    2البشر عبد الكرم، احصاء   •
 .   2006والتوزيع، القبة، اŪزائر، 

اūكيم,   • عبد  الراضيات  ، (2017)ميح  مقياس  ي  أوى جذع  ،  1حاضرات  سنة  لطلبة  موجهة  بيداغوجية  مطبوعة 
 اŪزائر.  ، جامعة أمد بوقرة بومرداس ، مشرك

 ديوان امطبوعات اŪامعية.  ،  1. التحليل الراضي ج بن عيسى Ŭضر،  سعود حمود   •
أبو بكر، عيد أمد.، أساسيات الراضيات التجارية و تطبيقاها ااقتصادية و اإدارية، الطبعة اأوى، دار صفاء للنشر   •

 ه. 1434-م2013و التوزيع، عمان، 

 

• F. Franzosi ; G. Scheller ; A. Arnautovic, cour math :chapitre 6 les factorielles, ECG JP, 
2010 . 

• Arnaud Bodin , Marc Bourdon , Benjamin Boutin , Sophie Chemla, algébre : cours de 
mathématiques, université de lille, , version1 France, 2016.  

• Franck Luthon , (2019) ,Mathématique du signal - MATH5  ,France , École d’ingénieur.  
• Mourad ABOUZAID, (2020) ,Mathématiques généralesPremière année, France , École 

d’ingénieur .  
• Belkacem .K,Merzougui .L,Touil.A, Fiche de révision2:Les suites numériques, Module : 

Analyse1, Université de Mustapha Ben Boulaid -Batna 2, Faculté de Mathématiques et 
informatique, Département du socle commun Mathématiques et Informatique,Batna, 
2020-2021.   

• Peter Brown, Sequences and series – A guide for teachers (Years 11–12) , The 
University of Melbourne, Australia, 2013.  

• Christopher Thomas , Logarithmic Functions and the Log Laws, Mathematics Learning 
Centre, University of Sydney, 1998. 

• Exponentials and Logarithms , Mathematics Help Sheet,  The University of Sydney 
Business School.  

• T. Madas , exponentials & logarithms exam questions,  
• Lafferriere, Lafferriere, and Nguyen (2024). Introduction to Mathematical Analysis I. 

California : Portland State University.  
• Vladimir A. Zorich (2004). Mathematical Analysis I. New York : Springer. 
• Jirí Lebl (2025). Basic Analysis I: Introduction to Real Analysis, Volume I. USA : Creative 

Commons. 

https://opu.dz/fr/Auteur/%D8%B3%D8%B9%D9%88%D8%AF-%D9%85%D8%AD%D9%85%D9%88%D8%AF-%D8%A8%D9%86-%D8%B9%D9%8A%D8%B3%D9%89-%D9%84%D8%AE%D8%B6%D8%B1
https://libgen.is/search.php?req=Vladimir+A.+Zorich&column=author


BIBLIOGRAPHY 

 ͐͒͘ 

• paul a. smith and samuel eilenberg, critical point theory in global analysis and differential 
topology, marston morse institute for advanced study princeton, new jersey, stewart s. 
cairns department of mammatics university of illinois urbana, illinois, volume 33 in pure 
and applied mathematics, Columbia University, New York, 1969.  

• J. 0habrowski, introduction to the theory of critical points the mountain pass theorem 
ekeland's variational principle, The University of Queensland Department of 
Mathematics; Instructional Workshop in Analysis and Geometry; Canberra, 23 January- 
10 February, 1995. 

• ambrosetti sissa, Trieste, Critical Point Theory and Nonlinear Problems, Padova, 16 
Marzo 2007. 

• Mary Barnes, Introduction to Integration Part 1: Anti-Differentiation , University of 
Sydney, Mathematics Learning Centre,1999.  

• Baetle, Robert G ., and Donald R. Sherbert. Introduction to Real Analysis. 3rd ed., John. 
Wiley & Sons, 2000. 

 


	1.pdf (p.1)
	2.pdf (p.2)
	3.pdf (p.3)
	4.pdf (p.4)
	5.pdf (p.5)

