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General Introduction

Teaching Unit, constitutes a core component of the undergrad

lum. Differential equations represent one of the most powerful to

ogy, economics, and social sciences, which makes their study essential for both theoretical
development and practical applications.

The primary objective of this course is to introduce students to the fundamental con-
cepts, methods, and theorems governing the theory of ordinary differential equa-
tions (ODEs). Emphasis is placed on the qualitative study of solutions rather than on
computational techniques alone. The course aims to develop a rigorous understanding of
the behavior of solutions. the conditions ensuring their existence and uniqueness, and their
dependence on initial conditions. These notions form the theoretical foundation of modern
analysis and are crucial for advanced studies in mathematics and applied sciences.

The course begins with an in-depth study of first-order differential equations, which
serve as the cornerstone of the theory. Fundamental results are established in a rigorous
analytical setting, including local and global existence theorems and uniqueness results.
Particular attention is devoted to the continuous dependence of solutions on initial data,
a key concept for understanding the stability and predictability of mathematical models.
Through this study, students gain insight into how small variations in initial conditions can
influence the behavior of solutions.

The course then extends to higher-order differential equations, demonstrating how
they can be systematically reduced to systems of first-order equations. This approach pro-

vides a unified framework that allows the effective use of tools from linear algebra. By

6



studying differential equations through the lens of systems, students develop a deeper un-

derstanding of their structural and geometric properties.

A major part of the course is dedicated to linear systems of
The theory of the matriz exponential is introduced as a funda
linear systems, along with the study of second-order systems and
These concepts are essential for analyzing the dynamics of line \
a foundation for further studies in areas such as control theory,
mathematical modeling. Throughout this chapter, the strong interaction between linear
algebra and differential equations is emphasized.

In the final chapter, the course introduces the basic notions of stability, which play
a central role in the qualitative theory of differential equations. Stability analysis allows
students to understand the long-term behavior of solutions and to determine whether a
system approaches equilibrium, exhibits oscillatory behavior, or becomes unstable. These
ideas are fundamental in the study of dynamical systems and are of great importance in
real-world applications where robustness and reliability are critical.

This course relies on prior knowledge of Real Analysis, Linear Algebra, and Topol-
ogy, which provide the analytical and conceptual tools necessary for a rigorous treatment
of differential equations. By integrating these prerequisite subjects, the course strengthens
students’ mathematical maturity and coherence in analysis.

With a workload corresponding to 6 credits and a coefficient of 4, this course is de-
signed to offer a solid theoretical foundation while preparing students for advanced studies
in differential equations, dynamical systems, and applied mathematics. Upon successful
completion, students will have acquired the essential analytical skills and conceptual un-
derstanding required to model, analyze, and interpret complex phenomena using ordinary

differential equations.



Chapter

First-order equation

Fundame

1.1.1 First-orde

Definition 1.1.

A differential equation is a relation of the form
Flt,y,y,...,y™) =0 (1.1)

between a variable t, a function y, and its successive derivatives up to order n. [17]
Example 1.1.1.

(1) yyu =t — LQy,-_

(2) ' —ter+12=1.
Definition 1.2.
The order of a differential equation is defined as the order of its highest derivative.[15]
Example 1.1.2.

(1) yy” =t — %y is a second-order differential equation.

(2) ' — tx + > = lis a first-order differential equation.
Definition 1.3.

A solution (or integral) of a differential equation is any function y = y(t) defined on an interval I C

R, possessing successive derivatives v/, y". ..., y™ and satisfying relation (1.1).[17]

9
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Example 1.1.3.

For the differential equation y”’+y = 0; (a second-order differential equation). The function y; =
sinz is a solution, since y; = sinz is defined on I = R, and y; = coszx, y] = —sinz,
hence 3”4y = 0. Similarly, y, = cosx is also a solution of the given equation, and likewise y3 =
sin x+cos x. In general, y = asinz+bcosx is also a solution, where a and b are two real constants.

This last one is called the general solution, while the others wyi,ya,...,Yy, are called particular solutior
Remark 1.1.1.

1. To solve or integrate a differential equation means to find all the solutions of this

differential equation.

2. The graph of the general solution (resp. particular solution) is called the integral curve.

1.1.2 First-order differential equation

Definition 1.4.

A first-order differential equation is any relation of the form:
y =F(ty) (1.2)

1.1.3 Separable differential equations

Definition 1.5.

A separable differential equation is any equation of the form:|17]

fw)y' = g() (1.3)

where f and g are two numerical functions defined and continuous on intervals to be specified.
Remark 1.1.2.

Equation ( 1.3 ) can also be written in the form:

The solutions of equation ( 1.3 ) are defined by

/f(y)dyz /g(t)dt+c.
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Proof 1.1.1.

By substituting Y’ = % into (1.3), we obtain f(y)cé—gz = g(t) or f(y)dy = g(t)dt.

f(y)dy = g(t)dt (1.4)

We integrate (1.4) term by term in order to obtain the general solution of equation (1.3) in

the form: ...

[ ey = [ gtayin s e
where c is an arbitrary constant.
Example 1.1.4.

Solve on R’ the equation:

It is obvious that y = 0 is a solution.

d
For y # 0, we can separate the variables since 3’ = d_gt/’ we obtain:

dy dy dt
t2/_ 2:0:>t2_: 2_:_
Y —y iV T
-1 -1
—=—+4c¢ c€eR
Y t
I 1—c
Y ot
<~ ! eR
= c
YT a
Therefore, the set S of solutions is
S={y=0 = ,ceR
ly=0ory=_—"iceR}
Example 1.1.5.
Integrate the following equation
3y = e

We can separate the variables ¢ and y; we obtain

dt
—3Y Jyy —
e dy = 5
By integrating, we obtain
e 3y 1
=——+tc
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) 1
_5 _ _
e Y = <—+C> :>—3y—ln’3<2—t2+c>‘
-1 3 ~
:}y:—ln——}—c

gln|g +d, CER.

1.1.4 Homogeneous differential equations

Recall :

f is said to be homogeneous of degree n if it satisfies the identity
V(z,y) € Dy, f(Az, Ay) = A" = f(z,y).
Example 1.1.6.

We show that f(z,y) = 2? + y* — zy is a homogeneous function :

Indeed, for all (z,y) € R? and A € R, we have :
fFQOx,xy) = (Aa)? + (Ay)? — (A\z)(Ay)
= N2? + N — Ny

fx, \y) = N2(2% + % — ay)
Therefore, f is a homogeneous function of order 2.

Definition 1.6.

A differential equation of the form y' = f(t,y) is called homogeneous if the function
f(t,y) is homogeneous of degree zero.|17]
Remark 1.1.3.
Y

A homogeneous differential equation can always be written in the form g’ = go(z)

1.1.5 The solution of a homogeneous differential equation

Consider the homogeneous differential equation

Y =o(Y) (1.5)
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Let % = u. It follows that y = ut <=y’ = v/t + u. Therefore

= u't+u= f(u)
= tu' +u= f(u)

1
<:>tu’:f(u)—u<:>—:¥

du dt
t

f(u) —u
du
= [ frg = o

ceR.

Therefore, the solutions of equation (1.5) are given by

f—
y=tu et t=ke f(u)—u)

Example 1.1.7.

du
k e R.

Solve the following equation

For t # 0, it follows that

ty =Vt -y +y (1.6)

(1.7)

Let % = u, thus ¢y’ = tu’ + u. Then:

(1.6) = tu' +u=vV1—-u>+u

— tu' = V1 —u?
u 1 du  dt
Vice t Vice 1

<= arcsinu = In|t|+c, ceR

<~

<= u = sin(In|t|+c)

< y = tsin(In|t|+c), ceR
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1.1.6 First-order linear differential equations

Definition 1.7.

The general form of a first-order linear equation is

alt)y' + bty = f(1) (L8)

where a, b, and f are continuous functions on an interval I C R.
1. It is linear because the operator L(y) = a(t)y’ + b(t)y is linear.

2. If the function f = 0 on I, the operator (2.5) is said to be homogeneous, or without a

nonhomogeneous term.

3. The general solution is given by y = y, + y,, where yj, is the general solution of the

homogeneous equation, and y, is a particular solution of equation (2.5).[17]

1.1.7 Method of solution

Let y be the general solution and y, a particular solution of the equation (2.5).

ay' + by = f(t)

a“y]/) + by, = f(1)

(1.9)

Hence, by difference

a(y’ —y,) +0(y —y,) =0

ou

a(y —yp) + by —y,) =0

Then, (y — y,) represents the general solution, denoted y;, of the homogeneous equation

(without the nonhomogeneous term). Therefore,

y:yh+yp

Let us now look for the general solution of the homogeneous equation associated with

(2.5).
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If a(t) # 0 on I, then:
! b(t
a(t)y +b(t)y = 0 <= % _ kY

< In|y| = —/%dt

_fM
<y =ke ’ 0t ke R.

Therefore, the general solution of the homogeneous equation is:

) gy

yp = k;e_fam , k e R.

It remains to determine y,, a particular solution of equation (2.5). For this, we can use the

method of variation of constants, which consists in seeking a particular solution in the form:

Let us suppose that the constant % is a function of ¢. Then we determine k(t) from the

complete equation (2.5).
Example 1.1.8.

Integrate the following differential equation:

ty +t+y=0  pour t#0, (1.10)
We now solve the homogeneous equation associated with (1.10):

ty +y=0<=ty = —y

y _ 1
——y=0 ou —=—
Y t
d dt
< y=0 ou Y@
Y t
<~ y=0 ou (Iny| =—1Inlt|+e, c € R)

k
= y=0 ou y:?, keR

k
<:>y(t):¥, ke R.
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Therefore, the general solution of the homogeneous equation is

k
yn(t) = e keR.
We look for a particular solution of the form
k(t)
yp(t) = P

(1.10) <= ty, +y, = —t

tk'(t) — k(t) k()
< t( 2 ) + e —t
= K(t)=—t
tQ
= k(t) = ——.
2
Thus, we can take
t
yp(t) = )

I Nonlinear differential equations
1.2.1 Bernoulli differential equation

Definition 1.8.

We call a Bernoulli equation a first-order differential equation that can be written in

the form:

y'(t) +a(t)y(t) = b(t) y* (1),

where a(t) and b(t) are continuous functions on an interval I, and a € R.

a)y’ +b(t)y = f(H)y",  aeR —{1},
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where a, b, and f are continuous functions on an interval I, and a(t) # 0 on 1.

e Note: For @ =0 and a = 1, the equation reduces to a linear differential equation.|17]

1.2.2 Method of solution

By dividing by y, we obtain:

a(t)y'y™* +b(t)y' ~* = f(t)

The change of function defined by z = y!=® leads to a linear equation.
Indeed, 2 =(1-a)yy

O 20) + b(0)=00) = 100
(1—a)

or again

therefore

at)Z' + (1 — a)b(t)Z = (1 — &) f(t).

Example 1.2.1.

Integrate the equation (y # 0)

Dividing (2.6) by y>, we obtain:
y 1
Tl
then we make the change of variable
1 -2
==Y
Y2
which gives
2 =2y

By substituting into (2.6), we obtain a first—order linear differential equation.

/
1
e
vy

/=3 1
Yy
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2+ 2z =2t (1.12)
Solving (1.12) yields:
t2

cp=ke ", zp=1=z2=1+ke ", k € R.

Therefore, the general solution of (2.6) is:

1 1 1
Y= 4 . el V14 cet

1.2.3 Riccati differential equation
Definition 1.9.

A Riccati equation is called a first—order differential equation that can be written in the

form:
y' = a(t)y? + b(t)y + c(t)

where a, b and ¢ are continuous functions on an interval I, and a(t) # 0 on the interval I.[17]

1.2.4 Solution Method

e Method 01: (Transforming the Riccati equation into a Bernoulli equation)

Let the Riccati equation be:

a(t)y' +b(t)y + c(t)y* = f(t) (1.13)

Let y, be a particular solution of equation (1.13). Set y = y, + z, hence y’ =y, + 2’. Thus,

determining y reduces to determining z. Indeed:

(1.13) <= a(y, + 2') + by, + 2) + clyp + 2)> = f(t)
> ay, +az’ + by, + bz + c(yﬁ + 2y,2 + 2%) = f(t)

> ay, + by, + cy; +az’ + (b+ 2cy,)z + c2* = f(t)

—£(t)

= az’ + (b+2cy,)z + c2* = f(t).

By solving this last equation (a Bernoulli equation), we obtain z and consequently the solu-

tion y of the Riccati equation (1.13).
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e Method 02: (Transforming the Riccati equation into a linear equation)

Let the Riccati equation be:

a(t)y' + b(t)y + c(t)y® = f(t)

Z/

1
Let y, be a particular solution of equation (1.13). Set y = y, + —, hence y' =y, — —-
z z
Therefore, the determination of y reduces to determining z, indeed:

Z 1 12
(1.13) <= a(y;, - ;) +b<yp+ ;) +c(y§ + ;) = f(t)
Z b 2 Yp 1
<:>ay;—a§+byp+;+c<yp+2?+;> = f(t)

, s 2 b Yp C
<:>£zyp+byp+cyp—a§+;+2c;+§ = f(t)
—1(t)

/

z c
<:>—a§+(b+2cyp)+§:0
a2’ — (b+2cy,) —c=0.

By solving this last equation (first order), we obtain z and consequently the solution y of

the Riccati equation (1.13).
Example 1.2.2.

Intégrer 1’équation :

y =y =2y 4+t +1 (1.14)

It is easy to verify that y, =t is a particular solution of (1.14).
By setting y =t + z, we have:

Y =142 =1+ =@t+2)>-2t{t+2)+t*+1
=1+ =1+2°
. dz —1
=== [ 5= dt — — =t—+c
z z

e (t+c) = -1 L
_ = — C z = — = —
z t+c y t+c
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Exercise 1.2.1. 1 Solve the following first-order differential equations:
1y =3y
2y =27 1
x
3y —ty=t
| 1
4 y+—y=—7,t>0
Y ty NG
5 (2 —1)y —y=1t*t€]l,+oof
Exercise 1.2.2. 1 Solve the following first-order differential equations:
dy y
1 =+==4
a
2 y cost+ysint =1
dy
3 2 =(1 2\t
o = L+ e

4 dy+ytant =0
Exercise 1.2.3. 1. Solve the following first-order differential equations:
1y 4+y—bety’ =4
2y —y=ty°
3y +p(t)y+alt)y =0,reR
Exercise 1.2.4. 1. Solve the following first-order differential equations: .
o1 2 2
1y — Yoy = —9t%,y, = at,t € |0, 4+00]

2 8y +y? + Py + 20 =0,y, = .

Existence and Uniqueness of Solutions

1.3.1 Maximal and global solutions

Let the O.D.E.

dy
% - f(t7y)7

where f is defined on the openset U of [ xR™;, U=IxR", f=1IxQ—R.
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Extension of a solution

[5] Let y be a solution of (F) on J C 1.
Let § be a solution of (E) on J C I.

We say that g is an extension of y if :
JcJ and §y=y.

a) JCJ.

B) 4=y @) =y), vtel), g=yonl.
Example 1.3.1.

Let us consider on I = (0,4+00) the equation

2 dy 2 dy 2
"= "yt) = 2 ="y— = == =1 =2Int
y(t) = y(t) YT T T =2t e

= |y| = kt? = y = £kt* = y = ct”.

Let the solution be y :]3, +oco[C I — R.
A solution defined by y(t) = 2.

The solution ¢ :]2, +00[— R defined by :
§(t) = t? is an extension of y because :

e JCJ (I3, +00[C]2,40]). e y(t)=g(t),Vt e J=]|3,+ol.

1.3.2 Maximal and global solutions

[5] A solution y : J C I — R is said to be maximal if it does not admit any extension
j:J— Rwith JCJ (J strictly included in J).

Example 1.3.2.

The function defined on J = R by y(t) = e * is a maximal solution of the differential

equation y' = —4y(t), since it is defined on R which is a maximal interval.
Theorem 1.3.1.

Let o, 8 € R.
Let y be a solution of (E) defined on |o, 00| (] — o0, 5]) if :

limy(t) (limy(t)) doesnot exist.

>

t3a tSp
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Then y is a maximal solution
Example 1.3.3.

The function y : J =| — 0o, —1[— R defined by :

is a maximal solution of y/(t) = —y?(t) because:

lim — = -

1511+t

Remark 1.3.1.

If y is a maximal solution on the interval I, this does not imply that y is the unique

solution of (F) on I.

1.3.3 The global solution

[5] Let the ODE:

W _ t1,y),

%:

where f is defined on the open set U C R x R™ such that U = I x .

The function vy is called a global solution if it is defined on the entire interval I.

> R

R"
A
U= I Xu
'—'_'_'_'_._._._-_-_‘_\_‘-\_‘-\-‘—\_|_,-
¥
11- -t
¥z
AN
Yy
I
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e 1, : Global maximal solution.
e y3: Neither maximal nor global solution
e 1 :Neither maximal nor global solution e g, :Maximal but not global

solution.

Remark 1.3.2.
Every global solution is maximal, but the converse is false.

Example 1.3.4.

d I=R
We have: d—‘z =y?and f: RxR — Rou f(t,y) = y? and The solutions are :
Q=R
e y(t)=0, VteR Global solution: it is defined I.
1 1
d yQ(t) = _ga t G] o O0,0[ d y3(t) = _ga t 6]07+OO[‘
Yo et y3 are maximal solutions.
2
yo(X)
1
3 2 1 0 1 2 3

y3(x)

Remark 1.3.3.

Every solution of (E) can be extended to a maximal solution.

1.3.4 Local and global existence, uniqueness

[5] A function of several variables is said to be of class C* if it admits continuous partial

derivatives up to order k.
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e For k= 1:
Let f be a function defined on an open subset D of R? with values in R.
The function f is of class C* on D if —~ and —~ exist and are continuous on D.
Z Y
e For k = 2:
The function f is of class C? on D

o0 f 0 f o0 f 0*f
ox2’  0xdy’ Oydx’  Oy?

exist and are continuous on D.
Example 1.3.5.

We have : f(x,y) = xe™
df

——(z,y) = " + y - ze*¥ continue on R?,

dzx
df

—(z,y) = x - e continue on R2.

dy
That is to say, f is of class C? on R?.

Let I be an open interval of R, and €2 an open set in R™. The function f is defined on I x €.

Lemma 1.3.1. (Gronwall integral)
Let ¢ be a continuous function from [a,b] into Ry and ¢ € [a,b]. Suppose that there exist

positive constants A and B such that:

p(t) <A+ B\/tgo(s)ds\, t € la,b]

Then:
p(t) < AePl=el ¢ € [a,b].
Proof 1.3.1.

Let t € [a, b], and suppose that t > ¢. Define:

F(t):A—l—B/tgo(s)ds.

Then:
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F e C"and ¢(t) < F(t) for t € [c,b].

We have:
F'(t) = Be(t),
%(eBtF(t)) — _Be PUR(t) + F(t)e P
— ¢ Bt <F’(t) . BF(t)) <0
- e‘Bt<ng(t) - BF(t)> <0,
for t € [c, b].
Thus:
%(e‘BtF(t)> <0
= e PIE(t) < e PF(c) = Ae™P°  (since F(c) = A)
Hence:

e p(t) < eTPIF(t) < Aem ",

and therefore:

o(t) < AePt9),

In the same way, the result can be shown for ¢t < c.

1.3.5 Regularity of solutions

Theorem 1.3.2.
[6] If f:Q C R x R® — R" is of class C*, then every solution of (E) is of class C**1.
Proof 1.3.2.

We proceed by induction on k.
P(n): feC"=yeCm!

By assumption, y : I — R is differentiable (¢’ exists) and continuous (since f(¢,y) is
continuous).

Thus, y is of class C*.
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- If the result is true for order "k + 17, then y is at least of class C*.
- Since f is of class C*, it follows that y' = f(¢,y) is of class C* (as the composition of C*

functions), hence y is of class C**+1.
Proposition 1.3.1.

If f is continuous on a neighborhood of (tg, o), then the Chauchy problem :

y:f(tvy)

y(to) = Yo

is equivalent to the problem :

y(t) =yo + /t f(t,y(t))dt.

to
Proof 1.3.3.

e Ify= f(t,y), then by integration we have :

Ajmw=1jf@y@»w.

Therefore:

y—%—/?mmmﬁ

Yo

and consequently:

y=%+/ﬂwmmw

Yo

Consversely, if :

=m+/3wmmw

Yo

then by differentiating, we find: y = {(¢,y).

Furthermore, for t = t,, we have y(t9) = yo.
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1.3.6 Cauchy—-Lipschitz theorems

Definition 1.10. /5]

We say that f is locally Lipschitz with respect to its second variable if, for each

(to,yo) € I x €, there exists a neighborhood V' of (#y,%0) such that the restriction f/ is

U
Lipschitz with respect to the second variable.

Definition 1.11.

We say that f is globally Lipschitz with respect to the second variable if there exists
k > 0 such that:

||f(t7y1) - f(tva)H < kHyl - y2||7 v(tayhy?) €1 xQxQ.

Example 1.3.6.

L. f(t7 y) - t4 + 5y7 Vit € ]R7 v(ylvyZ) S ]R2‘

[f(tyn) = F(ty2)| = (" +5y1) — (8 + 5y2)| = 5lyr — ],
Thus, the function f is globally Lipschitz with respect to the second variable y.

2. g(t,y) = cos(y). By the Mean Value Theorem, V(y1,y2) € R? V¢ € R, there exists

¢ €]y1, yo| such that:

cos(y1) — cos(yz) = cos'(¢)(y1 — ya)-
Hence:

|cos(y1) — cos(y2)| = [—sin(c)(y1 — v2)]
= [sin(c)| [y1 — v2]
< |y1 — 2l
Therefore, g is globally Lipschitz with respect to the second variable.

3. h(t,y) = \/y is not locally Lipschitz in a neighborhood of 0. Indeed:

li =¥I_-__ .
o gm0y g

h(t,y) — h(t,0) v 1
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Remark 1.3.4.
(1) If f € CY(U), then f is locally Lipschitz.

(2) A Lipschitz mapping is locally Lipschitz and continuous.

1.3.7 Differential equation (Cauchy problem)

Definition 1.12 (Contraction).

A contraction f on A C F is a mapping
f:A— A

which is k-Lipschitz with &k € [0, 1[.

Remark 1.3.5.

f contraction = f uniformly continuous = f continuous.

Theorem 1.3.3 (Banach fixed point). [77/

Every contraction f of a non-empty closed subset of a Banach space has a unique fixed point

(i.e., f(x) =z).

Proof 1.3.4.

Remark. There is uniqueness of the fixed point in case of existence.

Indeed, if x and y are two fixed points, then

[ =yl = lf () = fF)ll < kllz = yl].

Since k € [0, 1], necessarily ||z — y|| = 0, hence z = y.

To establish the existence of a fixed point, let us take o € A and define the sequence
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recursively by x,.1 = f(z,). We then have:

201 = all < Kllzn = 20l

S k2||xn—1 - mn—?”

< k™21 — xo]|-

From the triangle inequality, for m < n we obtain:

|20 = Zm|| < |20 — Tl + [[201 — Tl + -+ ([ Tmg1 — 20|
S (kn_l + k,n—2 + -4 k’m) ”371 . on
km
<
—1-k

|21 — o[-

Thus (z,) is a Cauchy sequence in A. Since A is a closed subset of the Banach space E,
there exists x* € A such that
*

lim x, = z”.
n—oo

Finally, by continuity of f, we get f(x*) = x*, which is the unique fixed point.
Theorem 1.3.4.

If f:Q — R"is a function of class C' on an open set  C R x R", then for each (to, yo) € €,
there exists a unique solution of the equation y' = f(t,y) with y(t9) = yo on some open

interval containing .
Theorem 1.3.5.

If the function f(¢,y) is continuous in the domain U and has in U a bounded derivative
fy(t,y), then through each point (%o, yo) of U passes one and only one integral curve y = ¢(¢)

of the equation:

y' = f(t,y) with (o(t0) = yo)-
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1.3.8 Existence and uniqueness of the solution satisfying an initial

condition

Theorem 1.3.6. [7/

d

If the functions f and d_f are continuous in € and if (¢g,yo) is a point of €2, then there
Y

exists a unique solution ¢, defined in a neighborhood of (%o, yo), which satisfies ¢(to) = yo.

Example 1.3.7.
Let the differential equation be:

Yy = ay with a € R.

We have:
4
flt,y) =ay
and
of
\ a_y(tu y) =«

0
The functions f and 8_f are continuous in the whole plane (¢,7). The preceding theorem
Y
shows that there exists a unique solution passing through the point (¢g, yo) of the plane. This
solution is ¢(t) = o e*~*) | which is the only solution passing through this point and it is

defined for all ¢.
Example 1.3.8.

Let the differential equation be:

L= f(ty) =
y=rty) =
. of . : .
The functions f and 7, e continuous in the whole plane (t,y), except on the line t = —1.
Y
The preceding theorem shows that there exists a unique solution passing through any point

(to, yo) of the plane (¢,y), but it provides no information about the solutions passing through

(_173/0)-
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1.3.9 Global existence and uniqueness

Consider the following Cauchy problem:|[(]

y, - ¢(t7y)7
(PC)
y(to) = Yo

Theorem 1.3.7 (Global existence and uniqueness). [5/

We suppose that U = E and ¢ € C(I xU) is a function globally Lipschitz with respect
to y.
Then for every yo € U, the Cauchy problem (PC) admits a unique solution. Moreover,

every local solution is a restriction of this one.
Proof 1.3.5.

First suppose that the interval I is compact. We set
e=C(l,E)
the set of continuous functions from I into E, endowed with the norm
— 72L‘t7t0‘ t
lylle = maxe ly(@)| 2,

where L is the Lipschitz constant of ).
It is clear that € is a complete normed space (Banach space), since I is compact. We define

the operator x : ¢ — € by

(xy)(t) = yo + /ttd}(s,y(s)) ds, tel.

It is clear that the operator y maps ¢ into itself.
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Suppose t > ty. For all y1,y, € ¢, we have:

00m)0) ~ om0l = [+ [ w6 as == [ vls.mas],

_wiwmmwﬁ—lﬁum@ws

E

g[ﬂwam@»—w&w@mmw

S/LWM$—w@Mmm

to
1.3.10 Theorems on global solutions
Theorem 1.3.8.

Let f: I xR™ — R"™ be a continuous function. Suppose there exists a continuous function
k : I — R such that for every ¢ € I the map y — f(t,y) is Lipschitz with constant k(t).

Then every maximal solution of the problem

y, = f<t7y)

is global (i.e. defined on the whole interval I).[3]
Example 1.3.9.

Every maximal solution of:
Yy = t\/1? + 12,
y(wo) = yo

is global. Indeed:

1 For every t € R, the function
f(ty) =tV +y?

1s continuous.

2 The function
y— f(ty) =t/ + 3>
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is Lipschitz with constant k(¢) = |t| (continuous on R), because for all y,z € R, we

have:
ly* — 27|
f tvy _f t,Z S t
F09) = F10.2) < e ey
<1t (ly[ + 12D |y — 2| (1.15)
VI + Y+ VI + 22
<[ty — z|.
since
|t v =2 <1.

VE PR Ve 2T

From Theorem 1.3.10, every maximal solution of (2.1) is global.

Theorem 1.3.9.

Let f: R x R®™ — R" be a continuous function such that:

1f (2, )l < a(t) + Byl

for «, B positive and continuous. Then, the solutions of the problem:

y = f(ty), tekR,

are global.
Theorem 1.3.10.

Let f :]a,b[xR™ — R"™ be a continuous and bounded function. Then every solution of:
Yy =[f(ty), teR,
y(to) = o
is global.

Remark 1.3.6. [7/

The unique solution of the Cauchy problem can be constructed using the following method
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of successive approximations:

Yo(t) = Yo,

m@)z[dﬂamwﬁd&+%,

w@le@m@mHmm

t
i) = [ Flssmaa(o)ds + g
to
Exercise 1.3.1.

1. Show that the function f defined by f(t,y) = t* + y? is locally Lipschitz with respect

to y on R.

Proof. Let f(t,y) = t* + y*. Fix an arbitrary point (o, o) € R x R. Choose M > 0 such
that |yo| < M and consider the strip

Su={ty) eRxR: |y < M}.
For any t € R and any vy, z with |y| < M, |z| < M, we have
[f(ty) = F(t,2)] = ly* = 2% =y — 2| [y + 2|.
Since |y + z| < |y| + |z| < 2M, it follows that
[F(ty) = [t 2)] < 2M |y — 2|.

Thus on the neighbourhood Sy, the map y — f(¢,y) is Lipschitz with constant K = 2M.
Because every point (g, 30) admits such a neighbourhood, f is locally Lipschitz in y on R.
Remark. f is not globally Lipschitz in y on R since the Lipschitz constant 2M increases

with M and no single finite constant works for all y € R. O
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Exercise 1.3.2.

Show that every maximal solution of

y =t/ + 12,
y(to) = Yo,
is global.

Proof. We give two short proofs.

(I) By a variable Lipschitz constant. Define f(t,y) = t\/t? + y2. For arbitrary y,z € R

and fixed ¢ we have

Ft.9) = £ 2)] = |V 7 VE+ 2

ly? — 2|
:’t| 2 2 2 2
VE+y+ VPt 2

<t ly — =l

Hence for each ¢ the map y — f(¢,y) is Lipschitz with constant k() = |t|, and k() is
continuous on R. Since f is continuous and the Lipschitz constant depends continuously
on t, the standard continuation theorem (Gronwall/uniqueness + continuation) implies that
any maximal solution cannot blow up in finite time and therefore is defined for all ¢t € R.

Thus every maximal solution is global.

(IT) By a priori estimate (Gronwall argument). Let y(¢) be a solution on its maximal

interval I,.x. Then

ly' (0] = [t1v/E2 +y () < [t + y(O)]) = + [t [y(2)]-

For ¢ in any finite subinterval of I,,,, containing t, we get

ly(6)] < lyol + / (5% + [s| [y(s)]) ds.

to

Set z(t) = |y(t)| and C(t) = |yo| + ftz s?ds. Then

2(t) < O(t) —i—/t |s] z(s) ds.

Applying Gronwall’s inequality on any finite interval yields a finite bound for z(¢) on that
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interval. Hence the solution cannot blow up in finite time and can be extended past any

finite endpoint of I,.,. Therefore I, = R and the maximal solution is global. O
Exercise 1.3.3.

Consider the differential equation
(Es) y = (1+cost)y —y°.

Let tg,yo € R. Prove existence and uniqueness of the maximal solution y of (F3) satisfying

y(to) = yo, and show that this maximal solution is global.

1 Are the following functions Lipschitz in y?
Atty) =W +y* +1),  folty) =2yy, yel[l ).

2 Show that the function
1

p(t) = Vo)

defined on its natural domain is a maximal solution of the equation 3’ = 1°.

Proof. (1) Lipschitz in y.
For f;. Compute the partial derivative with respect to y:

%(t y)zi
oy 2 +y2+1

For every fixed (¢,y) we have

df1 . 2|y
(ta y) ) 2 :
oy t*+y +1
2
For fixed ¢ the function g(y) = % attains its maximum at |y| = v/t2 + 1, and the
Y
maximal value is
1
max = <1
y 9(v) 2+1

Hence for all (¢,y), (¢, z) one has

|fi(t,y) — fit,2)] < K|y — 2|
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with a Lipschitz constant K = sup, t++1 = 1. Thus f; is globally Lipschitz in y on R x R

(with Lipschitz constant 1).

For f;. On the domain y € [1,00) we have

1

d
d—y(Q\/@) 7

On [1, 00) this derivative is bounded by 1. Therefore for all y, z > 1,
|[f2(t,y) = falt, 2) < 1y — 2.

Hence f5 is (globally) Lipschitz in y on the domain y > 1 (with Lipschitz constant 1).

(2) ¢ is a maximal solution of y' = y3.

1

First note the natural domain of ¢. The formula ¢(t) = m requires 2(2—t) > 0,

so the domain is
(—0,2).

(At t — 27 the denominator tends to 07 and p(t) — +00.)

Verification that ¢ is a solution. Differentiate:

-1/2 d —-1/2 —
p(t) = (2(2 1)) = ¢)=—(202-1)) " =@e2-n"

But
p(t)? = (22— 1)) = (22 — 1)) ¥~

Thus ¢'(t) = ¢(t)® for all t € (—o0,2), so ¢ is indeed a solution of ¥/ = y* on (—o0, 2).

Maximality. Suppose by contradiction that ¢ could be extended to a solution ¢ defined
on a strictly larger interval (—oo,2 + ¢) (or even defined at ¢ = 2). Because ¢(t) — 400
as t — 27, any such extension would have to assign a finite value at t = 2. But standard
ODE continuation theory (continuation/uniqueness and the blow-up criterion) says that a
solution of ¢/ = 3® can be continued past a time t* if and only if its value remains finite as
t — t*. Here the solution diverges to 400 when approaching ¢t = 2, so no extension through
t = 2 exists. Hence the interval (—oo,2) is the maximal interval of existence for .

Therefore ¢ is a maximal solution of ¥ = 3, defined on (—c0, 2). O
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1 Study the Lipschitz property near 0 of the function f : R — R defined by
fy) =3V 1yl.

2 Let a > 0. Verify that the function y : R — R defined by

9

Z<t —a)? t>a,
y(t) =
0, t<a,

is a solution of the Cauchy problem y' = 31/|y(t)| with y(0) = 0.

Dependence on Initial Conditions

In this section, we study the behavior of solutions when the initial conditions are per-
turbed. Consider the following Cauchy problem (PC'):
o= 1tX),

“ (to, Xo) € I x E.

X(ty) = Xo,
We state the following theorem:
Theorem 1. Let I = [a,b] be a bounded interval of R. Let f : I x E' — R™ be Lipschitz
continuous with respect to the second variable, uniformly on /. Consider the Cauchy problem

@ = f(t7Y)7

dt

Yoe EC C(I,R").
Y(tO) :}/07

Define the function ¢ : E — C(I,R") by

where X (t) is the solution of (PC') with initial condition Xy = X. Then ® is continuous

with respect to X on F.

Proof. We show that ® is continuous with respect to the second variable on E. Let XY € E|
and let X (¢) and Y (¢) be the solutions of (PC') with initial conditions X and Y, respectively.




chapter 1 First-order equation

We have
t t
X(t)y=X +/ f(s,X(s))ds, Y(t)= Y—I—/ f(s,Y(s))ds, tel.
to to
By definition of ®, we have ®(X)(t) = X (¢) and ®(Y)(t) = Y (¢). Then, for all t € I,
t
B ~ )0 =X~ Y+ [ (16X (s) = £V () ds.
to
Let J = [to,t] ift>tyand J = [t,to] if t < ty. Define
IX = Y| = max [[X(s) — Y (s)]].
Since X (to) = X and Y (ty) =Y, we get
[#()(0) = 20Ol < 1X = VI+ [ 176 X(5) = £5.Y (5] .
Using the Lipschitz property of f, we obtain
[2(X)(t) —2(YV)(@)]| < | X =Y + /JLHX(S) — Y (s)l ds,
where L is the Lipschitz constant. Applying Gronwall’s inequality yields

Ie(X)(t) — 2(Y)(®)] < | X — Yerto.

This shows that ® is Lipschitz continuous with respect to the second variable, uniformly

on [a,b], with Lipschitz constant e“(*~®) which in particular implies continuity. ]

Solved Exercises

Exercise 1.5.1. [See Correction 1.6.1]
Solve the linear differential equations with constant coefficients
1.y —y — 2y = e,
2. y" —y — 2y = e*.

3.y —y — 2y =te'.
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4. o' — o — 2y = 2t% + 2.
5. y" —y — 2y = sin(2t).
Exercise 1.5.2. [See Correction 1.6.2]

We consider the differential equation (FE»):
t*y" — 3ty +4y =0 on ]0,+ool.

1 Determine a solution of the equation (Es) of the form y(t) = t* where o € R.
2 Let y(t) = t“2(t). What is the equation satisfied by 2?7
3 Deduce the solutions of (F3) on ]0, +o0].

Exercise 1.5.3. [See Correction 1.6.3]

We consider the differential equation (E3):
ty" — (t+ 1)y +y=0.

1 Determine a solution of the equation (E3) of the form y(t) = e** where « € R.
2 Let y(t) = t*z(t). What is the equation satisfied by 2?7
3 Deduce the solutions of (F3) on ]0, +o0].

4 Determine the solutions satisfying y(0) = 1 and 3/(0) = 1.

Solve the linear ODEs with constant coefficients

Solution of exercise 1.6.1. [Voir I’exercice 1.5.1]

1. Solve y" — v/ — 2y = €.

2

Characteristic equation: r* —r —2=0 = r; =2, rp = —1.

yH(t) = 01€2t + Cge_t.
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Seek y,(t) = Ae®. Then y, = 3Ae™, y! = 9Ae*, so
U — 1y — 2y, = (9A — 3A — 2A)e™ = 4Ae* =¥ = A=

1
1

Hence

y(t) = Cre* + Cre " + 1™ |,

. Solve y" — 1/ — 2y = e*.

Same homogeneous solution: yy = Cie? + Che™?.

yp(t) = Ate®. Then y, = A(2t + 1)e*, y, = A(4t + 4)e*, hence

Since r = 2 is a simple root, try

Uy =y — 2y, = A[(4t +4) — (2t +1) — 2t]e* =3Ae” =¥ = A=

Wl

Thus

y(t) = Cre* + Che™" + %te% .

. Solve iy’ — ¢/ — 2y = te'.

Homogeneous part as before. Since r = 1 is not a root, try y,(t) = (At+B)e'. Compute

y, = (At + B + A)e', y, = (At + B +2A)e’, so
Yo =y, — 2y, = [(—2A)t + (A — 2B)]e' = te".

Match coefficients: —24A=1= A = —%; and A—2B=0= B = —%. Hence

y(t) = Cre® + Che™" — L(2t 4+ 1)e |

1
4

. Solve y" — 3/ — 2y = 21> + 2.

By superposition, find y,; for 2¢* and y,, for e.

For 2t%: try y,1 = at®+bt+c. Then y), =y, =2y, = (—2a)t*+(—2a—2b)t+(2a—b—2c),

so matching 2t% givesa = -1, b=1, c = —%:
ypi(t) = —t> +t— 3.

For e*: since 7 = 2 is a simple root, try y,, = Ate*. Asin item 2, y) — y)y — 2yp2 =




chapter 1 First-order equation

34e* = e s0 A = 3

Thus

y(t) = Cre* + Coe™ =+t =2 4 11e* |

5. Solve y" —y' — 2y = sin(2t).

Homogeneous part as before. For a particular solution, try y,(t) = « cos(2t)+ 3 sin(2t).

Then gy, = —2asin(2t) + 28 cos(2t), y, = —4acos(2t) — 48 sin(2t), so
Yy — Yp — 2yp = (=6 — 23) cos(2t) + (2 — 63) sin(2t).
Match with sin(2t):

—6a— 28 =0,

20— 68 =1,

Therefore

y(t) = Cre® + Cae™" + 55 cos(2t) — 2 sin(2t) |

Solution of exercise 1.6.2. [See the exercise 1.5.2]

1 Let y(t) = t*. Then

y/ — atcx—17 y// — Oé(Oé o 1>tcx—2'
Substituting into (E2) gives

Pala — 1)t = 3tat® " + 4% = (o — 1) — 3o+ 4) %
Hence the indicial polynomial is

o —da+4=(a—2)>%

So a = 2 (double root). Thus y(t) = t* is a solution.

2 Take y(t) = t?z(t). Compute

y =2tz 4+ t27, Y’ =2z + 4t + 2.
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Substitute into (Fs):
t2(22 + 4tz + 122") — 3t(2tz + t22) + 4t*2 = 0.

Simplifying yields
t4 Z” + t3 I

Since t > 0, divide by 3 to obtain

t" + 2 =0.

1
3 Let u= 2. Then v + JU= 0. Solving this first-order linear ODE:

du dt

—=—— = Inju/l=-ht+C
U t
hence
&
t) = —.
uft) = <
Integrating,

z(t):Cllnt—{—C’g, Cl,CQGR.

Therefore the general solution of (Es) on (0, 00) is

y(t) = t?2(t) = C1t* Int + Cyt?, Cy,Cy € R.

4 Remarks about the initial conditions at ¢ = 0:

. . o Jy0)=1
Determine the solutions that satisfy

y(0) =1
The first condition y(0) = 1 gives A + p = 1.

The second condition y'(0) = 1 gives —A + pu = 1.
The solutions are:

y(t) = -At+1)+(A+1e", XeR.

Solution of exercise 1.6.3. [See the exercise 1.5.3]
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Higher-order equations, first-order system

Second-order differential equation
The general form of a second-order differential equation is:
F(ty.y',y") =0

or in the normal form: Y" = F(t,y,v').

The general solution "Y" usually depends on two parameters, A and p.

2.1.1 Second-order linear differential equations
Consider the second-order differential equation:
V" +a(t)Y' +b(t)Y = c(t) (2.1)

1. If ¢(t) = 0, equation (2.1) is a homogeneous differential equation.

2. If

we obtain Y + aY’ + bY = ¢(t), which is a linear equation with constant coefficients.
Theorem 2.1.1.

The general solution of a second-order differential equation is given by:

Se¢ =Sy +Sp

44
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Sy Solution of the homogeneous equation.

Sp: A particular solution.
Definition 2.1.

Two solutions y; and ys of equation (2.1) are independent on an interval I if there is no

real number k such that:
forallt € I: ys(t) = kyi(t).
Remark 2.1.1.

The two functions y; and ys are independent, i.e., they are linearly independent in the

sense of vector spaces.
Definition 2.2.

Let two functions be differentiable on the interval I.

Y1, Y2 are linearly independent if and only if the determinant

is not identically zero.
Example 2.1.1.

The functions sint and cost are independent:

sint cost 9 5 5 9
= —sin“t —cos®t = —(sin“t + cos“t) = -1 #0 Vi.
cost —sint

2.1.2 Second-order homogeneous linear equations

Case Where Two Independent Particular Solutions Are Known

If y1, yo are two independent solutions of the equation:

y' +a(t)y’ +b(t)y =0

the general solution is given by:

Y = A\y1 + [yo,

where \, u are constants.
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Case Where One Particular Solution Is Known

If a particular solution y; is known, we set the change of variable y(t) = Y;(¢)v(t).
y/<t) — Y'llv + v/y*h Y”(t) _ Y'lllv + v/y*l/ + U”Yi + Y*{ I Y*lllv + 2}/1/1)/ + UHY1.
Substituting Y, Y”, Y” into the homogeneous equation, we obtain a second-order differential

equation for the unknown v:

y1v" + (24 +a(t)y)v' =0

We make the second change of variable "w = ", giving:

v
a
v
dw Y/
— =2 Ldt— t)dt
[ e [
lnw:—21nY1—/a(t)dt—l—c

e ety AeR

Hence:

The general solution of the equation:

y' +a(t)y +o(t)y =0
is therefore:

y(t) =y (t)o(t)

= y1(1) </w(t)dt + u) =uyi(t) /w(t)dt + pyi(t), i€ R.

Consider the equation:

t+1)y" — (2t -1y +(t—2y=0
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We can verify that y;(t) = e’ is a particular solution.

Let us seek the general solution in the form y(t) = e'v(t):

y'(t) = ev+ e

y'(t) = e'v +v'et +v"e + e = elv + 20'e" + e

Substituting ¥, v, y” into the homogeneous equation, we get:
(1+t)[e" (v + 20" +0")] + (2t — D]e' (v + )] + (t — 2)e'v =0
elt+ Do+ 21+t + (1 4+t — 2t —1v— (2t — 1)+ (t—2)v] =0

eft+ 10"+ 2t +1) — 2t —1)]+o[t—1)— 2t —1)+ (t—2)]] =0
et +1)v" + 30" +0-0] =0,
Since e! # 0 for all t € R:
v -3

(t+1)v”+3v’:0:>U:—, t#—1.

Let , we find:

w' -3 /dw / -3
W 1+t w 1+¢
Injw|=-3In(1+1t)+c
. 1 A

=6 — — =
v €(1+®3 v (141)%

AeR

Hence:

o [ )
A

’U(t):m—f‘/i, A p e R

The general solution is given by:

t

e
y(t) = e'v(t) = )\m + pe’, A e R.
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Second-order non-homogeneous differential equation

with non-constant coefficients

Consider the equation:

y'+a)y +b(t)y =ct),  c(t) #0.
As for first-order linear equations.

Theorem 2.2.1.

The general solution of the non-homogeneous equation:

y' +a(t)y +b(t)y = c(t)

is equal to the sum of the general solution of the homogeneous equation and a particular

solution of the non-homogeneous equation:
Sqg =Sy +Sp

Sa: The general solution.
Sy: Solution of the homogeneous equation.

Sp: A particular solution.

2.2.1 Method of Variation of Parameters

The principle of this method is to consider A\ and p as functions of the variable ¢:

Suppose we seek the solution in the form:

Yp(t) = A(t)yr(t) + p(t)ya(t).

Explanation:

Substituting this function into the non-homogeneous equation, after simplification, we get:

by = Ay1 + ()
ay’ = (N'y1 + i A + p'y2 + yop)a
y' =Ny + i N gl + Ny i e+ yap g+ iy,

= Ny + N(©2y1) + M+ 1"y + 1 (2y) + pys .-
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Thus:

Ny + XN (2y1) + My + 1"yo + 1 (205) + iy + aXyr + ayi A + apys + aypp + by A + byap
= N'y1 + p"y2 + N (205 + ayn) + 1/ (25 + ayz) + Myi + ayy + byr) + (s + ays + byz) = c(t)

Ny + 1"ys + N 2u1 + ayr) + 1/ (29 + aya) = ().
Using the method of variation of constants such that:
Nyv+ 1y =0, Nyy + plyy = c(t).

Solving this system, we obtain:

I _C(t)y2<t o= 1
v ()ya(t) — yi(t)y2(t)’ i ()ys(t) —y

Hence, the particular solution is given by:

) ) +c(t)y
'

—c(t)Ys c(t)Vy
B = () | ——2 t) | ot
(1) yl()/ylyg—yl% +y2()/Y1Y2’—Y1’Y2

Consider the equation:
——y=te', y=t* a€R, t€]0,+o0]

We first seek solutions for the homogeneous equation:
/" 2 3 a
—t—zy:()mtheformy(t):t , acR.
We have:
a 2 a—2
y/ — ata—17

y' = ala — 1)t

Summing these terms, we find:

2
=

/"

y=t"?fa(a—1)-2/=0=ala—1)—-2=0

2

— o' —a—2=

Discriminant: A =1—4(-2) =9, thus: oy = —1, ay=2.
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1
o For a; = -1 =y (t) = e

o For ay = 2 = y,(t) = 12
Hence, the general solution of the homogeneous equation is:

1
yu(t) =M+ =X fp- - ApeR

Assume the particular solution is given by:

A(t
Yp(t) = ¥ + pu(t)t?,  with derivatives N, i’ satisfying:

Ny + 'y, = 0

Nyp + Wy = tet

Substituting y; = 1/t, yo = t*

1
)\lg + /L/tQ =0

1
N(=g) + ' (2t) = tef

Using Cramer’s rule (since det # 0):

1/t
=3#0
—1/t* 2t
0 ¢
tet 2t et 1
N == = = A\(t) = —e'(—t* + 3t* — 6t + 6),
3 3 3
1/t 0
—1/t* tet ot 1
,:_ = — = t:—t.
f 3 3 u(t) = e
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Hence:

1 1
(get(—t?’ + 3t* — 6t + 6)) + 2 (get)

e'(—t* + 3t — 6 + 6/t + %)

e’ (3t — 6+ 6/t)

Wl Wl |~

=e'(t—2+2/t)

Thus, the general solution is:

Sa(t) =X+ (1/t) + -2 +e'(t — 2+ 2/t).

Second—order linear equation with constant coeffi-

cients

A second-order linear differential equation with constant coefficients (2nd-order LDE with

constant coefficients) is an equation of the form:

y' +ay + by = c(t)

where a, b are real constants, and ¢ +— ¢(t) is a given continuous function on an interval
I CR.

We start by solving the associated homogeneous equation:

y// + &y/ + by — O (22)

We look for solutions of the form:

Substituting into the homogeneous equation (2.2), we get:
(r? +ar +b)e™ =0, since e # 0,Vt € R.

For a solution to exist, we must have:
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r?+ar+b=0.

This equation is called the characteristic equation associated with the homogeneous
equation (2.2).

We have three cases:

1. If a®> — 4b > 0, we find two distinct real roots r; and 7. The general solution of the

homogeneous equation is then:
yg = et + per?t, A€ R.

2. If a®> — 4b = 0, we find a double real root ry. The general solution of the homogeneous

equation is:
yg = (M +p)e™, A peR.
3. If a®> — 4b < 0, we find two distinct complex conjugate roots of the form:

ro=aoa—1ifJ

, a, B €R.
ro =+ 13

The general solution of the homogeneous equation is:
yir = e (Acos(B) + psin(BL), @B\ € R.

Example 2.3.1.

Consider the following equation:

y'+4y +3y=0

The characteristic equation (C.E.) is: 7% +4r +3 = 0.

We have: r; = —3 and 5 = —1, so the general solution is:

y= e 3+ pet, A e R
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2.3.1 Search for a Particular Solution for Specific Second-Order Dif-

ferential Equations

If ¢(t) = p(t) where p(t) is a polynomial of degree "n".
e Look for a solution ¢(t) that is a polynomial of degree:

1. If b # 0 = q(t) of degree "n".
2. Ifb=0, a+#0= q(t) of degree "n + 1".
3. If b=0and a = 0 = ¢(t) of degree "n +2".

Example 2.3.2.

Consider the equation:
y' —y =2y =2,

The characteristic equation (C.E.) is:  r? —r — 2 = 0 which admits two real roots:
ri=—1and ry =2
Hence, the general solution is:
Sa = e ! + pe*, A€ R.

We look for a particular solution in the form of a 2nd-degree polynomial:

yp(t) = at? + Bt +
yll)(t) =2at + 8

y;'(t) = 2x

The equation becomes:

Yo =y — 2y = 28* <= 2a — (2at 4 B) — 2(at® + St 4+ v) = 2t7
= (20— B — 29) + t(—2a — 26) + t}(—2a) = 21>

By identification, we have:

( ( 2 _ 3

—20-28=0  =={4=1

—2a =2 a=—1

\ \
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Hence, the general solution is:

3
yG:)\e_t+u62t+(—t2+t—§), A€ R

Summary of the Possible Cases

Summarize the possible cases in the following table:

Second term c(t) Particular solution y,(t)

oyp(t) = qu(t), if b#0.

c(t) = p,(t) is a polynomial of degree "n oy (t) = Guy1(t), if b=0 and a#0.

oy,(t) = qnia(t), if b=0 and a=0.
\

c(t) = ke™ with 72 +ar +b # 0 oy, (t) = ae’; 1 is not a root.

(

ey, = ate™; r simple root.

c(t) = ke™ with 72 +ar +b =0

| *Up = at?e™;  r double root.
c(t) = pa(t)e™, r*+ar+0b#£0 oy, (t) = qu(t)e; deg(q) =
c(t) =pa(t)e™, r*+ar+0b=0 oy, (t) = quia1(t)e;  deg(q) =n+ 1.
c(t) = pu(t)e™; r =3 and deg(p) =n | oy,(t) = guia(t)e™; deg(q) =n +2.
c(t) = dcos(rt) + esin(rt) oy, (t) = avcos(rt) + [sin(rt).

Example 2.4.1.

Consider the equation:

y" — vy — 2y = sin(2t).
The general solution is:
Sa=Xet+pe*, \peR.

The particular solution is:

Y, = avcos(2t) + [sin(2t),

with a = 5= and [ = —=. Hence, the general solution is:

1 3
Yo = 55 00s(20) — 5o sin(26) + Ae™ - pe™, A peR.
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Example 2.4.2.

Consider the equation:
' —y —2y=te' = yg = e "+ pe*, A\ pcR (2.3)

Since 1 is not a root of the characteristic equation, we look for a particular solution of the

form:

yp = (at + B)e’.

We have:
y, = (ot + o + Be’,

Yy, = (ot +2a + B)e’.

Replacing into equation (2.3), we find:

Thus, the general solution is:
1 t —t 2t
yG:_Z@TH—l)e + e "+ pe”t, A\ peR

Example 2.4.3.

Consider the equation:

y' —y — 2y = sin(2t)
The general solution of the homogeneous equation is:
yg = e b4+ pet, A\ pueR.
We look for a particular solution of the form:
Y, = acos(2t) + [sin(2t).

We have:
y]’J = —2asin(2t) + 25 cos(2t),
y, = —4acos(2t) — 4 sin(2t).

Replacing in the equation, we get:
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—2(3ac+ ) cos(2t) + (20 — 63) sin(2t) = sin(2t)

so that
3a+8=0 1 3

20— 68 =1

Thus, the general solution is:

1 3
Yo = 55 cos(2t) = oo sin(2t) + ™ + e, A pER.

Homogeneous linear equation with analytic coeffi-

cients

Consider the second-order homogeneous differential equation:
Y +a(t)y +b(t)y = 0. (2.4)

Suppose that a(t) and b(t) are given by power series (i.e., series in non-negative integer
powers of t):
+o00 +o0
a(t) = att,  b(t) =) bit".
k=0 k=0
We look for a solution of equation (2.4) in the form of a power series:
+oo
y(t) = chtk =cot et +est’ + ...

k=0

Example 2.5.1.

Consider the second-order equation:

y" —ty — 2y = 0. (2.5)
We seek a solution as a power series:
+oo
U1 (t) = Z thk,
k=0
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then N N
() = ket*™ (1) =D k(k — Dept"
k=1 k=2

Substituting 1, ¥}, and ¥} into equation (2.5) gives:

400 400 +00
D k(k = Vet =) kept" ™t =2 et =0
k=2 k=1 k=0

400 “+00 +oo
— Z k‘(k‘ — 1)thk72 — Z kcktk — Qchtk =0.
k=2 k=1 k=0

By changing the index in the first sum (p = k — 2 = k = p + 2), we obtain:

+00 +oo
200+ Y [(P+2)(p+ Do — (p+2)6t" — 200 — 2D ¢t =0
p=1 p=1

+o00
= 20— 2c0+ »_[(p+2)(p+ Lepaz — (p+3)c]t" = 0.
p=1

Setting the coefficients of all powers of ¢ to zero allows us to recursively determine
€Oy Cly v -
With initial conditions 3;(0) = 1 and %}(0) = 0, we find ¢y = 1 and ¢; = 0. Then we
recursively obtain:
1 1

CQZO, 03:501:0, 642502:

1
3
Thus:

1
yl(t):1+t2+§t4+...

Similarly, taking a second solution of the form ys(t) = >, °0 at* with initial conditions

y2(0) =0, 15(0) =1,

we get g = 0,1 = 1, and by substitution in (2.5):

1

—_— k=0,1,2,...
k+1aka 5 Ly 4y

Opqo =

1
= g, =0, a1 = W
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Hence:

X1 . =1\t 2/
_ +1 __ _ t
yQ(t)_ZWt _tZH(E) =t

k=0 k=0

The general solution of (2.5) is:

y(t) = M (t) + pya(t), A peR

Equation of Order n and Differential Systems

Recall that an n-th order differential equation involves an unknown function y(t), its

derivatives up to order n, and the variable ¢, in the form:
y" = Fty,y, .y ).

2.6.1 First-Order Differential System

Definition 2.3 (Canonical System).

A system of ordinary differential equations:

k k
Fk(taylvylla"'ayg 1)7y27yé7"'7y§ 2)7"'7yn7y;17"'7y7(1kn)) :Ov

is called a canonical system.

The order of the system (2.6) is the number
p:k1+/€2+"'+/€n.

Integrating this system means determining the functions vy, 99, . . .
tions of the system (2.6).

Definition 2.4 (Normal System).

Let y1,9s, ..., y, be n differentiable functions of the variable ¢.

k=1,2,...,n, (26)

, Yn, that satisfy the equa-

A first-order differential system is any system of differential equations of the form:
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dy,

— = Fi(t e Un,
Cgit 1()y17 7y>
Y2

—= = F5(t e Un,
dt 2()y17 7y>
dy,

— = (¢, yrr e Yn

0t (t, Yn)

Such a system can be written in vector form as:

hn Yy £y
yi=Fty), i=L... ney=Fty, y=|:1|, y=|:]| F=[1],

Yn Yn F,
where F' is continuous on a domain D C R x R™.
Theorem 2.6.1 (Existence and Uniqueness).

Let the system y' = F'(t,y), where F' is continuous on a domain D C R x R™ and has
continuous partial derivatives with respect to y;, ¢ =1,...,n, on D.
Then, for any (to,yo) € D, there exists a unique maximal solution u(t) satisfying the initial

condition

u(to) = yo-

2.6.2 The solution of a system of n first-order equations

A solution of the system () is a set of real differentiable functions y;(t),. .., y,(t) defined

on the same interval I C R and satisfying for all ¢ € I:

y;:E(tayl(t)ay2(t)77y’ﬂ(t))7 Z:]'”n

Example 2.6.1.

Let a and b be real numbers.

The functions

y1(t) = acost + bsint
. teR

y2(t) = —asint + bcost

are solutions of the system:
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since it is easy to verify that:

Yy = —asint + bcost =y

yy = —acost —bsint = —y,

2.6.3 The Relationship Between an n-th Order Differential Equation

and an n-th Order System

Let an n-th order differential equation be:

y(n) = F(t7 y7 y/7 ctt 7y(n_1))'

By considering the successive derivatives y,7/, ...,y Y as new unknown functions, we can

rewrite it as a differential system:

( 4

n(t) = y(t) n(t) =y'(t) = ya(t)
y(t) = ¥/ () ya(t) = y"(t) = ys(t)
—
L yn(t) =y D(2) (vn(t) =y () = F(t.y. g, ... .y"Y)

Example 2.6.2.

Consider the third-order equation:

y/// _ 3y// . y/ + .
It can be rewritten as the differential system:
(1) y(t) i (t) y'(t)
vy =1t |=]ve) | =y ={une) =y
ys(t) "(t) ys(t) y"(t)
ya2(t) 0 1 0
y'(t) = ys(t) =10 0 1|y
3y3(t) — ya(t) + 1 (1) 1 -13
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2.6.4 Solved Exercises

Solve the following differential equations:

Ly —4y +3y=(2x+ 1)e™

Solution: The associated homogeneous equation is:
Y — 4yh + 3y =0
with characteristic equation:
rP—4r+3=0 = r=1,3

SO

yn = Cre” + Coe™.

For a particular solution y,, we propose:
yp, =€ “(Azx + B)
Substituting and solving gives:

1 —T
Yp = g(—2$ —5)e "

Therefore, the general solution is:

—2
y(x) = Cre” 4+ Coe®® + ——— ¢

2.y — 4y + 3y = 2z + 1)e”

Solution: The homogeneous equation is the same as above, so

yn = Cre” + Coe™.

Since e” is already a solution of the homogeneous equation, we propose:

yp = v(Ax + B)e”
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Substituting and solving gives:

1
Yp = §x(2x +5)e”

General solution:

1
y(x) = Cre” + Coe® + §x(2x +5)e”

) y”—2y’+y:(x2+1)ea’+e3$

Solution: Homogeneous equation:
vy — 2y, +y,=0 1 —=2r+1=0 = r =1 double.

So
Yn = (Cl + CQ.I)Gm

For the nonhomogeneous term (z* + 1)e”, propose:
Yp1 = (A2® + Ba® + Cz + D)e”

After calculation:

_ 3
Yp1r = €

For e3*:

1
Yp2 = Ae?mc == Yp2 = ge?)x

General solution:

1 1
y([lf) = (Cl + CQ.I')GQC + égj?’ex + ge?)x

Yy — 4y + 3y = 2%e® + 2e* cosw

Solution: Homogeneous equation: 72> —4r +3 =0 = r =1,3

Yn = C’le‘” + 0263‘70

For x?e”, propose y,1 = (Az® + Bx? + Cx + D)e” and solve for coefficients.

For
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ze** cos T, propose Yo = e2*((Axr + B) cosz + (Cx 4+ D) sin ). General solution:

y(z) = Che® + Coe™ + Yp1 + Yp2

5. 9" =2y + 5y = —4de T cosx + Te “sinx — 4e” sin 2z

Solution: Homogeneous equation: 72 —2r +5=0 = r =142;

yn = €*(C} cos 2x + Cy sin 2r)

For the nonhomogeneous terms:

Yy =€ “(Acosx + Bsinz), yu = ze®(C cos2z + Dsin2x)

Solving for the coefficients gives y,1 and y,,. General solution:

Y(z) = yn + Yp1 + Yp2
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Linear differential system

Let I be a non-empty open interval of R. For all 4,j = 1,n, let a;; and b; be functions
defined on I with values in R.

Consider the system of n linear differential equations:

(

yi (t) = an(t)yl + alg(t)yz + -+ aln(t)yn + bl (t)

ét :a21t 1 a22t 2 (lgnt n th
Yo (t) (D)1 + aza(t)ys + -+ + azn(t)yn + ba(t) ()

The unknowns yi, 4o, . . ., y, are functions defined on I with values in R.
Lemma 3.0.1.

The system (.5) is equivalent to the system:

y(H) = A(y(H) + B(t), Vel (S)

with
y1(t)
y: I - R" t—yt) = : ,
Yn(t)
bi(t)
B:I—-R" t— B(t) = : )
bn (1)

AT — M,(R), t— At) = (aij(t))ij=1m-

7]

64
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Proof 3.0.1.
Indeed:
ar (O)yi(t) + ar2(t)y2(t) + - - + a1n(t)yn(t)
DOV ) + it -+ ittty | "
(S>(:) . _ 21(0)Y1 22(1)Y2 2n\l)Yn n
sm) | b1

= y'(t) = A)y(t) + B(1)

Example 3.0.1.

Consider the system:

with

Lemma 3.0.2.

Every second-order equation can be written in the form:

y'(t) = A)y(t) + B(?).

Proof 3.0.2.

Consider a second-order equation:

y'(t) + a()y'(t) + b(t)y(t) = c(t)

and set

yi(t) = y(t), () =9'(t)
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then, for all ¢ € I:

y(t) = At = =[], wer

Definition 3.1.

The system (.S”) is called a first-order linear differential system with variable coefficients

and a nonzero second member.
Remark 3.0.1.

If B(t) =0 for all t € I, then the system

y'(t) = A(t)y(t) (3.1)
is called a homogeneous first-order linear differential system (without a second member).
Equation (3.1) is called the homogeneous system associated with (S”).

e Notation:

For simplicity, we write:

y = A(t)y (homogeneous)

y' = A(t)y + B(t) (nonhomogeneous)

3.0.1 The existence of a Cauchy problem
Theorem 3.0.1.

If A and B are continuous on the interval I, then for every (¢, yo) € I x R™, the system

y = Alt)y + B(t)

y(to) = Yo

admits a unique global solution.
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3.0.2 Homogeneous and non-homogeneous systems

Theorem 3.0.2.
The set of solutions of (3.1), denoted by Sy, is a vector space of dimension 7.
Theorem 3.0.3.

|?] Let y, be a particular solution of (E). Then the set of solutions of (E), denoted by
Sg, is given by:
Sg = Su+ Sy,

where Sy is the set of solutions of the homogeneous system.|?]

Matrix exponential method

Let A € M,(R). We define:

AP = A A if ke N

—
k times
A =1,
1 0 0
1 -
where [, = | = . | is the identity matrix.
0O --- 0 1

Consider the series defined by:

kiOH_lﬁlfrnoo " i l_'

with
Kl=1-2-----k, if ke N*,

0= 1.
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Theorem 3.1.1.

The series:

is convergent.

Proof 3.1.1.

We have

Ak

Moreover, 4+

represents the general term of a convergent numerical series, hence:

is normally convergent. Therefore, it is convergent.

Definition 3.2.

The exponential of a matrix A, denoted e?, is defined as the series

Example 3.1.1.

Counsider:

We compute:

Thus, A? = A2 =

k=0
0 1 0 0
00 -1 0
e , €
2 2
00 , |0 0 00
00 -1 0 00

, hence AT = A} =0 for all n > 2.
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Theorem 3.1.2.
Let A, B € M,(R).

(1) €’ = I,,, where 0,, is the zero matrix.

(2) In general, eATB £ ¢4 . eB but if A and B commute, i.e., AB = BA, then

GAHB _ A B

(3) et is invertible and (e?)™! = e=4.

(4) The function
F:R— M,(R), tws e

is differentiable, and we have (e!) = Ae!4 for all t € R.

e Indeed:

e Also,

k=0 k=0
B A e tk*lAk*l
B =R
Setting p = k — 1, we find:
(etA>/ —A. i trAP — etA
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Remark 3.1.1.

There exist matrices A and B such that

A L oA B,

For example:

A= , B=
00
Then
1
A+ B=
00

From the definition of the matrix exponential:

10
JA+B _ 0 0 _
Meanwhile,
e e—1 1 -1
et = , eP= =
0 1 0 1
Thus, eATB #£ 4 . eB.
Lemma 3.1.1.
Let Aq,..., A, € R. Then
Ao 0
eM
0 A
[ =
0

e —1
ed.eb =

0 1
0
An
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Proof 3.1.2.
We have:
k
R Mo 0
0 - A\, > (0 - A,
€ - Z Ll
k=0
But one can show by induction that for all k£ € N, we have:
k
A1 0 )\’f 0
0 An 0 )\7’2
Therefore:
A 0 ¥ 0
0 A |0 A
¢ =D, k!
k=0
AT
Clm 0
= lim : :
l—+o00 — )\k
0 W
)\kz
l
> k=0 k_} 0
= lim :
l—+o00 )\k
l n
0 Zk:o g
— Ak“
l 1
ll}-ri-noo Zk:o y 0
)\k
. l n
B 0 lLlErnoo Zk:O E
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Example 3.1.2.

We have:
2 0
0 3 ez 0
e =
0 €3
Also:
1 0 0
0 4 0
et ' 0 0
00 -3
e =10 & 0
0 0 e3

Theorem 3.1.3.
Let A € M, (R).

1. If P is an invertible matrix, then

—1 _
ePAP — P€AP 1'

2. For A € R, we have

Proof 3.1.3.

1. We compute:

o0

GPAPTY _ Z (PAP*l)k.

k!
k=0

By induction, one can show that for all £k € N,

(PAP Mk = pAP P!,
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Thus,

-1 PAFp!
ePAPT = lim Z—

2. For eMnt4: since (M,)A = A(A],), we know that A\I, and A commute. Thus,

MutA _ Al | A

€ €.

Now,
1 0 A 0
A
1
VAN 0 . 0 A
e 0 1 0
0 e 0 1
Therefore,
Mt — (A1) = eMILe?) = ete?
Example 3.1.3.
Let us compute e? where A = 7 |. We have:
-1 0
0 -1 A0 -2 -1 )
det(A — Al,) = - ]:( — N2 _1=0
-1 0 0 A -1 =

which implies that \; = 1 and Ay = —1 are the two distinct eigenvalues of A. Thus, A is
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diagonalizable:

» A0 1 0
A=P-D-P', D= _ ,
0 Ao 0 -1

where P = (v, v7), with v; and vs being the eigenvectors of A associated with A; and Ay,

respectively.

The eigenspaces:

2 x o (-1 —1 x
By ={n eR | (A-nDu =0} ={["] er?| = 02 }

y -1 =1/ \y
x x
{7 | er| —o-y=0} ={ eR*|zeR}
Y —x
1 2
= {a: eR |z € R}.
-1
1
We take vy =
—1
Similarly,
By = {7 | R (4= D) — 0z }
) )
x
- { eR2|(A+ 1) - }
Y Y 0
We take vy = . Thus, the change of basis matrix is
1
1 1
P—
-1 1
Recall that if ad — be # 0, then
-1
a b 1 d —b
c d Cad-be\_. 4
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So,

Hence,

Definition 3.3.

Let N € M,(R). We say that N is a nilpotent matrix of index m € N* if N1 £ (,
and N™ = 0,,.

Example 3.1.4.

The matrix

39 -9
N=120 0
3 3 =3

is a nilpotent matrix of index m = 3. Indeed:

2

39 -9 00 0
N:=1]20 0| =]6 18 —18| #05, and N®>=N?.N =0;.
3 3 -3 6 18 18

Remark 3.1.2.

Every upper triangular matrix whose diagonal entries are all zero is nilpotent.

For example, the matrix

N =
00

is nilpotent because it is upper triangular with zeros on the diagonal.

Theorem 3.1.4.
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Let N be a nilpotent matrix of index m € N*. Then:

N Nmfl
N
S ST
‘ LTI oY
Proof 3.1.4.
We have:
> Nk N N2 Nmfl o0 Nk
N
pr— —_— In —_— —_— DY S — —_—
¢ R TR THR +(m—l)!+Z il

But since N is nilpotent of index m, for all k > m we have N¥ = 0,,. Indeed:

k>m = NF=NEm+tm _ Nh=m nm _ Nk=m o —(

Therefore,
Nmfl
N
I,
e + 1 +ee (m—1)!
Example 3.1.5.
Consider the matrix
1
N =
0 0
It is nilpotent. Let us find its index m. We compute:
) 01 0 1
N* = = - 02a
0 0 0 0 0 0
so m = 2. Thus,
0 1
0 0 1 {0 1 11
e = IQ + —' =
o o 0 1

Second-Order Differential Systems
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3.2.1 General Form

A second-order differential equation or system can be written as:

y'(t) = f(t,y®),y' (), vlto) =wo, ¥ (to) = w1, (3.2)

where y(t) € R* and f: I x R" x R* — R" is continuous.

3.2.2 Reduction to a First-Order System

To study existence and uniqueness, a second-order system can be reduced to a first-order

system by setting:

Then (3.2) becomes:

Z(t) = f{t,y(t), =(1)),

y(to) = yo,  2(to) = v1.

\

This is now a first-order system in the variable X (¢) = (y(t), 2(¢))” € R*".

3.2.3 Existence and Uniqueness

e If f is continuous in (t,y, z), there exists at least one local solution (Peano theorem).

e If fis Lipschitz continuous in (y, z) uniformly in ¢, the local solution is unique (Cauchy-

Lipschitz theorem).

Example

Consider the second-order differential equation:
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Reducing it to a first-order system:

which has the unique global solution:

y(t) = cos(t), ' (t) = —sin(t).

Resolvent of a Linear System

Consider the system:|?, ?]

Lemma 3.3.1.

If for all t € I, we have:

R(t,ty) = elt=t)4,

Proof 3.3.1.

From the definition of the resolvent, we have:
R(t7 tO) = €ftt0 A(u)du _ eftto Adu _ €Aftt0 du _ e(t—to)A'

Example 3.3.1.

The resolvent of the system y = Ay with
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Thus:

Lemma 3.3.2.

|7, ?] The solution of the system y’ = Ay is given by:
VteR: y(t) =ee,

with ¢ € R” such that

Proof 3.3.2.

Since I = R, we have 0 € I. Thus, from the previous result, the solution of the homoge-
neous system is:

VieR: y(t) = R(t,0)c, ceR™

But from the previous lemma:
R(t,0) = (=04 — oA

Example 3.3.2.

The solution of the system

. 4 3
Yy = Y
0 4
is given by:
VieR: y(t)=e“e, cecR
Here,
4 3
A= e y(t) = e,
0




chapter 3 Linear differential system

but
4 3 4t 3t 10 0 3t 0 3t
¢ 4t + Ao+
0 4 0 4¢ 0 1 0 0 0 0
e = € = e = e
We can show that
0 3t
0 0

is a nilpotent matrix of index m = 2. Therefore:

0 3t
1 [0 3t
BtA:€4t'€O 0 :€4t ]2+_
0 0
w1 3t et 3tet
= e =
0 1 0 e*
Thus:
Vi e R 0 et 3tett ¢ cret! 4+ 3cptett
0 et Co coett
Lemma 3.3.3.

The solution of the following system:
y' = Ay
y(to) = yo

is given by:

VteR: y(t) = el 04y,
Example 3.3.3.

The solution of the system:

4 3
y = y
0 4
is given by: Vt € R : y(t) = et10)4y,.
1
y(1) =
0
\
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With A = , to=1and yy = , l.e
0
4 3 1 0} (0 3(t—1)
(t-1) A(t—1) +
0 4 01 0 0
y(t)=e =e
0 3(t—1)
_ e N0 0
0 3(t—1
_ 64(1571)( i ( ) )
0 0
e [130-1D)
0 1

64(t_1) 3(t . 1)64(15—1) 1
0 ett=1) 0

3.3.1 Non-homogeneous differential system

Theorem 3.3.1.

If the matrix A admits n linearly independent eigenvectors vy, vg, - - - , v, associated with
the real eigenvalues A\j, Ao, -+ , \,, then the general solution of (H) is given by:
y(t) = crvreMt + cpuee? + -+ cuuett, with vy, vy, -0 v, € R

Example 3.3.4.

10
0 2

Let us compute yy:

A1 = 1 and Ay = 2 are the two distinct eigenvalues of

1 0 1
V] = and vy = are the eigenvectors of associated respectively with A, Ao.

0 1 0 2
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¢
c1€
yu(t) = crvieMt + cpvpe??t =

cpe?t

e Computation of y,:

Using the method of variation of constants, there exists a particular solution of the form:

- 7/
C1
c ~1
yp(t) —= Clvleklt + C2,02€>\2t _|_ SR Wlth ‘2 frg (Uleklt 'U2€>\2t7 P ’Un€>\nt> . B(t)
Cn
Recall that if Ay, Ao, --- , A, € R, then:
~ - -1 ~ -
M O - 0 AP0 -0
0 X -~ 0 0 X' - 0
0o . : 0
0 -+ 0 M\, 0 - 0 M1
Example 3.3.5.
Solve the system: vy = Ay + B where:
100 0
A=10 2 0| and B= |1].
0 0 4 0

The general solution of the system 3’ = Ay + B is:
Yy = yu + Yp, where yg is the general solution of the associated homogeneous system
y' = Ay, and y, is a particular solution of the non-homogeneous system.

e Computation of yy:

We have: \; = 1, Ay = 2, A3 = 4 are the three distinct eigenvalues of A.

1 0 0
vy = (0|, w2 = |2|, w3= |0| are the eigenvectors of A associated respectively with
0 0 4

)\1, )\2, )\3. Thus:

At Aot Ast
yu (t) = crvie™’ + couee”™ + czvze™

1 0 0 cet
=c 0| e+ |2] e tes |0 e = |2,
0 0 4 4Cg€4t
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for all t € R, with ¢, c9,c3 € R.
e Computation of y,:

Using the method of variation of constants, there exists a particular solution of the form:

Yp(t) = crvreM? + cpuae?! + czuzest) with

-1
A :(UleAlt Vo2t ’U3€)\3t> -B(t), VteR.

C3
Then: .
c et 0 0 0
Al =10 2% 0 1
e 0 0 4e* 0
Since ) . ) )
M O - 0 ,\1—1 0O --- 0
0 A 0 0 ! 0
0 L0 ’
0 0 A, 0 0 !
we get
c’1 0
1
CIQ = 567%
sy 0

1
Thus ¢f = ¢, =0 and ¢, = 567%.

Taking integration constants suitably, one particular solution is:

0
1
= |_=
yp( ) 5
0
Hence the full solution is:
cet 0 cre
1 1
y(t) =yu(t) + yp(t) = |2c0e* | + 5| = 2cpe% — 3
4ezett 0 Acgett
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e Problem (P;):

The solution of (P) is:

e Problem (P»):

The solution of (P,) is:

t
y(t) = el +/ e VAB () du, Vte .

to

Example 3.3.6.

The solution of the system:

(
4 3
y' = y
0 4
is given by: Vt € R : y(t) = et=0)4y,.
1
y(1) =
0
\
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. 43 1 .
With A = , to=1and yy = , that is:
4 0

3.3.2 The solution of the homogeneous system (H)

Lemma 3.3.4.
Let t,ty € 1. Consider the function f;,, defined from R" to R" by:
Jeto (o) = y(t, o, o).
The mapping f;+, is linear.
Definition 3.4.
The matrix associated with f;;, is called the resolvent matrix of (H). It is denoted by:

R(t, ).
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Theorem 3.3.2.
We have:
L. Vi, to € I;  R(t,ty) € M,(R).
2. Vt,to € I, R(t,to)yo = y(t,to,%0).
3. Vtp € I, R(to,to) = I,,, where I,, denotes the identity matrix.
4. Vt,s,r € I, R(t,s)R(s,r) = R(t,r).

5. Vt,s € I; R(t,s) is invertible and:
(R(t,s))~" = R(s, ).
d

d

The fundamental system of (H)

Let Y1,Y2y -+ -, Yn EF(],R”)

Definition 3.5.
We say that {y1,y2,...,y,} is a fundamental system of (H) if:

1. y1,Y2, ...,y are solutions of (H).

2. Y1,Y2, - .., Y, are linearly independent, that is:

Vaq,...,an € R, (oqys + aoya + -+ apyn) =0

:>@1:Oé2:":anzo

Example 3.3.7.

For all t € R, let:
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(1) Let us show that y; and yo are two solutions of ¢’ = A(t)y. We have:

1
yi(t) = , and
0
1 t 1] |t 1 t?+1 1
Ay () = 177 el e o | o

Thus:

yi(t) = A (t), VteR.

So y; is a solution of (H). Similarly, one shows that y, is also a solution of (H).

(2) Let us show that y; and yo are linearly independent. Suppose «, 5 € R such that
ay1 + Pys = 0. Then:

ay + By = 0 = ayi(t) + Bua(t) =0, VteR,

t —
1 t
at — (3
- =0, VteR.
o+ [t

This represents infinitely many equations in the two unknowns o and (. It suffices to

take t = 0, which gives a = 8 = 0.

Hence, y; and y, are linearly independent.

Theorem 3.3.3.

Let {y1,¥2,...,yn} be a fundamental system of (H). Then:

SH: |:{y1ay27'-'7yn}:|
:{yEF(I,R”)!y:a1y1+a2y2+---+anyn, al,a2,...,an€R}.
Proof 3.3.3.

If {y1,92,...,yn} is a fundamental system of (H), then it is linearly independent. Since

#{y1,92, ..., yn} = n = dim Sy, the set {y1,ys,...,yn} is a basis of Sy.
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Example 3.3.8.

For all ¢t € R, let

Since {y1,y»} is a fundamental system of ¢y = A(t)y, we have:

Su = [{y1,92}]

= {y € F(R,R?) } Y = oy + oYz, o, 0 € R}
= {y € F(R,R?) } VtER, y=ay(t) + aoya(l), a1, a0 € R}

Oélt — Q9

:{yeF(R,RZ)}Vte]R{,y: ,al,aQER}.

a1+ Oégt
Remark 3.3.1.

The general solution of (H) is:

Yy=c1y1 + Yz + -+ CulYn, C1,C2,...,¢cp €R.

3.3.3 The fundamental matrix of (H)

Definition 3.6.

The matrix whose columns form a fundamental system of (H) is called a fundamental

matrix of (H). That is, M is a fundamental matrix if:
M = (y1,9%2,--,Yn), {Y1,Y2,...,Yn} is a fundamental system of (H).
Example 3.3.9.

For all t € R, let

yi(t) = . 1e(t) = , A(t) =
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Since {y1, 99} is a fundamental system of ¢y = A(t)y for t € R, we set:

t -1
1t

M(t) = (yu(t), ya(t)) =

Thus M is a fundamental matrix of v/ = A(t)y.
Theorem 3.3.4.
Let M be a fundamental matrix of (H). Then:

1. For all t € R,

2. The general solution of (H) is:

y=Mec, ceR".

Proof 3.3.4.

If M is a fundamental matrix of (H), then:

1. We have:
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2. And:

y(t) = cryi(t) + coy(t) + - + cuyn(l)

C1
Co
= (v1(t), y2(t), - -, yn(t))
Cn
C1
Co
=M(t)e, c=| | €R™
Cn

3.3.4 The Wronskian of a system of solutions of (H)

Let y1, Y2, - .., yn € Sy (the set of solutions of (H)).

Definition 3.7.
The Wronskian of {y1,vs,...,yn}, denoted W, is the determinant of the matrix whose
columns are yi,ya, ..., Yn:

Vie I, W(t):=det[yi(t),ya(t), ..., yn(t)].

Theorem 3.3.5.
Let y1,v2,...,yn € Sg. The following statements are equivalent:
1.Vtel, W(t)#0.
2. Tty € I such that W (ty) # 0.
3. Yy1,Y2,--.,Y, are linearly independent.

Proof 3.3.5.

1. (1) = (2): Trivial since if W(¢) # 0 for all ¢, then in particular at some ¢, we have
W (to) # 0.

2. (2) = (3): If W(to) # 0, then the vectors (yi(to), y2(to), - - ., yn(to)) are linearly inde-
pendent.
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3. (3) = (1): Since yi,¥s,--.,Y, are linearly independent solutions of (H), they remain
linearly independent for all ¢t € I, hence W (t) # 0 for all ¢t € 1.

3.3.5 The solution of the non-homogeneous system

Theorem 3.3.6.

Let (to,yo) € I x R™. The solution of the system (F) is:

Vtel, y(t)= R(t to)yo+ /t R(t,uw)B(u) du.

to
Proof 3.3.6.

Consider the function defined on I by:

For uw € I, we have:

That is, Vu € I;  Z'(u) = R(to, u) B(u), which implies:

Viel, Z(t)=Z(ty) + /t R(ty,u)B(u) du

to

Thus,

Ve Rito () = Rlto tohyo + [ * Rito, ) B(u) du

to

Therefore,

VteI; y(t) = R(t,to)ly(to) + /t R(t,to) R(to, u) B(u) du

to

= R(t,to)y(to) —I—/ R(t,u)B(u) du.

to

Hence the result.
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Theorem 3.3.7.
Let (to,yo) € I x R™. The solution of the system (H) is given by:
vtel; y(t) = R(t to)yo.
Proof 3.3.7.

It is enough to apply the previous theorem with B = 0.

Computation of Yy and Yp for two non-homogeneous systems

1. Consider the system

10 et
Y' = Y +
0 2 te?t

Compute Yy. The diagonal matrix has eigenvalues \; = 1, Ay = 2 with eigenvectors

1 0
Vi= ; Vo=
0 1
Hence the homogeneous solution is
crel
YH(t) = Cl‘/le)\lt + CQ‘/Qe)\Zt = , C1,Co € R.
2t
Co€

Compute Yp. Using variation of constants, seek a particular solution of the form
Yp(t) = ¢ (£)VieM! 4 cy(t) Vae !,

with ¢, ¢o differentiable functions satisfying

e
= (Vle)‘lt ‘/26)\2t)—1 = =
() te?t 0 e %) \te* t
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Then
1 0 te!
Yp(t) =t e+ 1 et =
1
O 1 §t2€2t
Therefore the general solution is
(c1 +t)e
Y(t) = YH(t) + Yp(t) = , C1,Co € R.
(co + 2t%)e*
2. Consider the initial-value problem
(
1 10 t
Yi=lo01 1|Y+]|1],
00 1 0
kY(O) =Yy
The variation-of-constants formula gives
1 10 U

0 0 1 0
To compute e, write A = I3 + S where
010
S=100 1], S3 = 0.
0 00
Then
1t 142

2

oA — ptIs+S) _ ot tS :et(1—3+t5+§52) —etlo 1 ¢

00 1
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Hence
1t 12 1 t—u 3(t—u)?\ (u
t
Yit)=¢€e|0 1 ¢ Yo+/e(t‘“> 0 1 t—u 1] du
0
00 1 0 0 1 0

One may evaluate the integral explicitly componentwise if a closed-form particular so-
lution is desired; otherwise the integral representation above is the standard variation-of-

constants solution. Let us compute Yy : we have A\ = 1 and Ay = 2 which are the two

10 1
distinct eigenvalues of .= and V, = are the eigenvectors. Thus:

0 2 0 1

Yi(t) = e VieMt + caVpe?!

0
= el + ¢y e?t
0 1
ciel _
= e with ¢1,c0 € R.
Cae

Let us compute Yp : we use the method of variation of constants, there exists a

particular solution of the form:
Yp(t) = ey (1)VieM! + co(t) Vet

where ¢ (t), co(t) are two differentiable functions such that:

-1

c -1 et 0 et et 0 et
1) (V—le)\lt ‘/26)\275) X B(t) — X —
h 0 e* te* 0 e2] \te*
c, 1 at)=t
Ll = — . Thus
¢ t eo(t) = =t2
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1 0
Yp(t) =t e + 5152 e
0 1
tet 0
- Tl 2 2t
—t
0 5 e
tet
=11
—t2 2t
5 e

Hence the general solution:

cret tet
Y<t> - 2t 1t2 2t
=l e
Co€ 5
.
110 t

We have the general solution:
t
Y (t) = Y, +/ e=WA . B(u) du.
0

Let us compute

t t 0 0 ¢t 0 0 ¢t 0
0t t |0 0 ¢ 00 ¢
a_ 00 t) Nooof_ 1000
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0t 0
Let N=10 0 ¢ |, which is a nilpotent matrix of order 3. We have:

000
N N?
N— _—
6—]3+1!+2!
1
1 00 0t O OO§t2
=101 0|+|0 0 ¢t]+]10 0 0
001 0 0O 00 O
1
1t =t
2
=10 1 ¢
00 1
Therefore:
1 t =t
etA:‘etOlt
0 0 1

110
(t-w)f0 1 1
1t =t
! 0 1
=e'log 1 ¢ Yb+/e B(u) du
0
00 1
2 1 2
1t —t 1 (t—u) §(t—u) u
t
=e o 1 ¢ Yo+/e“‘“> 0 1 (t —u) 1| du.
0
00 1 0 0 1 0
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Solved Exercise

Exercise 3.4.1. [See the solution 3.4.1]

Compute the exponential of the following matrices:

Exercise 3.4.2. [See the solution 3.4.2]

Solve the following systems:

1.
Y1 =1 + Yo,
Yo = Y1 + Yo
2.
[T
2 0
3.
o (2
1 2
4.
)
0 4
Y =
1 0
KY(t()):}/E)

Exercise 3.4.3. [See the solution 3.4.3]

Résoudre les systéemes suivants :

Y/

I
h<
+

200
010
0 4 3
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2.
4
20
Y' = Y
0 2
Y (0) = Yo
\
3.
)
01 1
Y' = Y +
0 0 0
\Y(to):YO.
4.
10 et
Y' = Y +
0 2 te?t
5.
1
Y = Y +
0 2 0
6.
)
1 1 0 t

3.4.1 Solutions

Solution of exercise 3.4.1. [See the exercise 3.4.1]

1. On a:

e’ = car A est une matrice diagonale.
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2. e we have :

0 4 0 4
212+
10 0 4
e =e 00:62600262 +
01 0 0
1 4
:62'
01
e? 4e?
0 e
Hence It is an upper triangular matrix, therefore it is nilpotent
0 0
2 00
010
3. Method 01: e 043 , we have :

2— A 0 0
det(C—Ma)=det| 0 1-X 0 |=(2=2)1-X3)E-N.
0 4 3—A

A1 =2, Ay =1 et A\3 = 3 are the three eigenvalues of the matrix C, then:

2 00
C=P-D-PlthereD=|0 1 0

0 0 3

Let us compute P, and since V7, V5, V3 are the eigenvectors of C' associated respectively

with )\1, )\2 and )\37 then:

CVi=MVi, CVa = XVa, OV = A3V5.
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o for \y =2:
0O 0 0 1 0
(C — 2]3)‘/1 = O]RB = |10 -1 0 U1 =10
0 4 1 21 0
x| € R 1
1 =0 y1 =20
_— — — |y =0]=x1|0], 21 € R.
4 =0 =0
U1 + 21 <1 21 = 0
o for \y =1:
1 00 T 0
(C=L)Va=0r =10 0 0| || =10
0 4 2 Z9 0
0 0
Ty = 0 To = 0
= — — Yo =y | 1|, prek
dys + 22 =0 2z = =2y 9 _9
e for \3 =3
T3 0 -1 0 0 T3 0
(
—r3=10 3 0 0
— _2y3 =0 — Y3 = 0 =230 , 23 € R.
4y3 — 0 Z3 Z3 1
\
1 0 O

Therefore P= |0 1 0| Let us calculate P~':
0 -2 1
a b ¢
Pl=14 ¢ fl = P.-P!'=1;alors:
g h k




chapter 3 Linear differential system

a=1
b=0 r
1 0 0 a b c 100 . —2d+g=0
C:
01 0ol=|de fl=|010]= = -2+h=0
d=0
0 —2 1 g h k 001 Cof k=1
e=1 .
=0
\
g=0
= S h=2
k=1

such that :—2d 4+ g —2e+ h —2f + k.

1 00
Pt't=10 1 ol donc:

0 21

1 _
€C:€PDP :P'€D'Pl

e2 0 0 100
0 ¢ 0 010
0 -2 1 0 0 € 0 21

e 0 0 1 00
=10 e 0 010
0 —2 ¢ 0 21
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e Method 2: we have :

2 00
Cr 01} . . .
C=1010]|-= is a block diagonal matrix with
0 Oy
0 4 3
e? 0
10 c
Cy=1[2], Cy = , alors : e =
4 3
0 e©2
Let us calculate e€2. we have
1—A 0
det(e“? — A1) = det
4 3— A

The factors (1 — A) and (3 — \) imply that A\; = 1 and Ay = 3 are the two distinct

eigenvalues of Cy. Hence

10
Cy=PDP! with D =
0 3

Compute P:

Vi, Va are the distinct eigenvectors of Cy associated respectively with Ay and A,.

Solution of exercise 3.4.2. [See the exercise3.4.2]

Solve the following systems

1.

Y1 = Y1+ Yo, 11
or Yy =Ay, A=

Yo = Y1 + a2, L1

Characteristic polynomial:
det(A—=A)=(1-X)?*—-1=\XA—-2)=0,

so A =0, Ay =2.
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Figenvectors:
1 1
A =0: (A—O[)U:O:>U1: , Ay =2 (A—Z[)’U:OZ>U2:
-1 1
General solution:
1 1
y(t) = crv1e”" + covpe® = ¢ + ¢ et e €R.
—1 1
2.
11
Y' =AY, A =
20
Characteristic polynomial:
det(A; — M) = -A1—-XN)—=2=X4+1-2=AN+1)(A—2),
SO )\1 = —]_, )\2 = 2.
Eigenvectors:
1 1
M=—-1: (Ai+DHv=0=v, = , A=2: (A —2Hv=0= vy =
—2 1
General solution:
cre”t 4 cpe?t
Y (t) = crue™ + coupe® = , 1,00 €R.
—2cie7t + coe?
(Alternatively, using the matrix-exponential method: if Ay = PDP~! with D =
1 1
diag(—1,2) and P = (v; vq) = , then et = Pe!P P~1; one obtains the
-2 1
same solution.)
3.
2 1
Y/ - AQY, A2 =
1 2
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Characteristic polynomial:
det(Ay — M) = (2— N2> —1=(A—1)(\-3),

SO>\1:17 )\2:3
Figenvectors:

)\1:13’01: y )\2:321)2:

General solution:

t 3t
a1e” + e
s _ 1 2

Y (t) = ajvie’ + azvqe , ap, a9 € R,

—ael + ape’t

Y' =AY, 0 4

&
I

Y (to) = Yo, 10

Characteristic polynomial:
det(As — M) =X —4=(A—2)(\+2),

SO )\1 :2, )\2:—2

Eigenvectors:
2 —2
AN =2: <A3—2I)U:O:>U1: s Ay = —2: (A3+2[)U:O:>U2:
1 1
2 =2 1 2
Take P = (v; v9) = ,det P=4, and P! = 71; . Then
1 1 -1 2
eQ(t_tO) 0
elt=to)4s = p Pt
O 672(t7t0)

A convenient closed form (equivalent to the above) uses hyperbolic functions, since
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AZ =4I

cosh(2(t —ty)) 2sinh(2(t — tg))
(tfto)Ag _

%sinh(Z(zﬁ —tg)) cosh(2(t — ty))

so the solution with initial condition is

Y(t) =ty vteR.

Solution of exercise 3.4.3. [See Exercise 3.4.3]

Solve the following systems:

1.
2 0 et
Y' = Y +
01 et
The general solution is Yy + Yp.
1
Compute Yy: The eigenvalues are A\ = 2, Ay = 1 with eigenvectors 1} = , Vo=
0
. Thus
1
A A 2 0
Yu(t) = eiVieMt + oV = ¢ et + ¢ e, c1, 0 € R.
0 1

Compute Yp: Use variation of constants. Seek a particular solution in the form
Yp(t) = 1 (1)VieMt + co(t) Voet,

where ¢, ¢ are differentiable functions satisfying

i (t) e
— (‘/'16/\115 ‘/26>\2t) 1

Here
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)
c e 0 et 1

¢ 0 et ef 1
Thus ¢ (t) = ¢4(t) = 1, hence ¢;(t) =t + c10, c2(t) =t + 2. Taking one convenient

particular choice ¢;(t) = co(t) = t gives

1 0 te!
Yp(t) =t e+t el =
0 1 te!
Therefore
(c1 +t)e*
Y(t) = YH(t) + Yp( ) = y C1,Co € R.
(ca + t)e!
2.
(
01 1
Y' = Y + ,
0 0 0
kY(to) =Y.

The variation-of-constants formula gives

t
Y (t) = =y, 4 / e"WAB(u) du,

to

01 1
with A = and B(u) =
00 0
0 t—1to
Since is nilpotent, its exponential is
0 0
0 t—1to
0 t—t 1 t—t
etmr — 00 Iy + =
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Therefore
1 t—t, t—u\ (1
Y(t) = Yo + / du
0 0
1 t—t, 1d“ 1 t—t =t
— Yy +
0 0 du 0 1 0
3.
ot
t€2t
The general solution is Y (t) = Yy (t) + Yp(t), where Yg(¢) is the homogeneous solution
1 0
YH(t) =C €t + ¢ 62t,
0 1

and Yp(t) may be found by variation of constants or by solving two scalar non-

homogeneous equations separately for each component.




Chapter

Introduction to notions of stability

i8Il Introduction

Autonomous Systems

In this chapter, we first recall the different definitions of stability, then we present the two
Lyapunov methods, which are fundamental tools for determining the stability of dynamical

systems described by ordinary differential equations.|19]

The nonlinear system given by relation (2.1) is said to be autonomous (or time-invariant)

if f does not explicitly depend on time, that is:

T = f(x). (4.1)
Otherwise, the system is called non-autonomous (or time-varying).
In this section, we briefly review the results of Lyapunov theory for autonomous systems.

Theorem 2. Every non-autonomous system is equivalent to an autonomous system.

Proof. Consider the non-autonomous system:

T = f(x,t).
We define the following system:

x = f(x7 t)?

t=1.

108
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Let
T ) T
Y= y Y=
t t
Then,
f(z,t) Fi(y)
1 F: 2(9)
which is autonomous. O

4.0.1 Definitions

Consider a finite-dimensional continuous system described by a nonlinear first-order differ-
ential equation:

= f(x), r e R".

[19]

Definition 1 (Equilibrium). A state x. is called an equilibrium point of the autonomous
system (4.1) if
f(ze) =0.

Remark 1. Every equilibrium point can be shifted to the origin by a simple change of variables
x +— x —x.. Therefore, without loss of generality, the following definitions and theorems will

be established for the case z, = 0.

Proof. Consider the two systems:

i = f(x), (4.2)
y=fly+a). (4.3)

If z. = a is an equilibrium point of system (4.2), then y. = 0 is an equilibrium point of
system (4.3).
Indeed,

o) = utto)+ [ ' Fly(s) + a) ds,

o) = alt0) —a+ [ F(alo)ds
y(t) +a=x(ty) + /t f(z(s)) ds.
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Thus, z(t) is a solution of (4.2) if and only if #(¢) — a is a solution of (4.3). In other words,
T, = a is a stable equilibrium of (4.2) if and only if y(f) = 0 is a stable equilibrium of
(4.3). O

Definition 2 (Stability). [19] The equilibrium point z. = 0 is said to be stable if, for every
e > 0, there exists n(e, tg) > 0 such that if ||x(%)]| < n, then

lz(@)] <&, Vt>to

Otherwise, the equilibrium point is unstable [?].
Graphically, the stability of z, means that the trajectory x(t) in the state space remains

inside the ball B(z.,¢) if its initial point belongs to a ball B(x.,n).

Equivalently, we can reformulate this definition as:
Ve >0, dn(e, to) >0 such that xz(ty) € B, = z(t) € B., Vt>{,.

The domain B, is called the domain of attraction of the equilibrium state. Stability can

be represented as shown in Figure (2.1).

Definition 3 (Asymptotic Stability). [19] The equilibrium point z. = 0 is asymptotically
stable if:

1. It is stable.

2. And if n can be chosen such that:

[z(to)l <n = Tim z(t) =0

li
t—-oo
It can be represented schematically as shown in Figure (2.1).
It should be noted that the second previous condition does not imply the stability of the
equilibrium point.
Asymptotic stability includes the property of stability, but specifies in addition that any

trajectory initialized in the ball B(xz.(ty),n) converges towards z. [3].

Definition 4. (Marginal stability)
An equilibrium point which is stable but not asymptotically stable is said to be marginally

stable.
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Figure 4.1: Hlustration of Stability.

Definition 5. (Exponential stability)
An equilibrium point is said to be exponentially stable if there exist two strictly positive

numbers « and A, independent of time and initial conditions, such that:
Iz < allz(to)lle™, ¥Vt >t (4.4)

for z(ty) € B,. The scalar A represents the rate of convergence of the solution z(t).

Remark 2. Exponential stability implies asymptotic stability, the converse is not true; but
for time-invariant systems given in the form & = Ax, asymptotic stability implies exponential

stability [7].

Definition 6. (Uniform stability)
The equilibrium point z, = 0 is uniformly stable if it is stable with n = 7(¢) chosen inde-

pendently of time t,.

Definition 7. (Uniform asymptotic stability)
The equilibrium point z. = 0 is uniformly asymptotically stable if it is uniformly stable and
there exists an attraction ball B, independent of ¢y, such that z(ty) € B implies z(t) — 0

when ¢t — oo.
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Remark 3. Uniform stability implies stability, the converse is not true; but for invariant sys-

tems given in the form & = f(z), the stability of constant solutions implies uniform stability.

Proof:

Let y(t) = a be a constant stable solution of the autonomous system given by relation (2.2),

then

Ve > 0,3n(e,t9) > 0 such that for all z(¢) solution of & = f(z) :

[z(to) — all <n=|z(t) —al| <&Vt > 1
We show that

Ve > 0,3n(e) > 0 such that for all z(t) solution of & = f(x):

l2(ty) —al <n = lz(t) —al <e,Vi=t

We know that if z(t) is a solution of an autonomous system (2.2), then z(t + T') is also a

solution of (2.2). Hence, from the stability of the solution y(t) = a, we have:
|lx(to+T) —al| <n= ||zt +T)—al| <&Vt >t
which is equivalent to:
lx(t1) —a|| <np=||z(t) —a| <&Vt >t; with t; =t,+T

This completes the proof.

Disadvantages of these definitions

The definitions of stability present some important disadvantages:

e [t is necessary to be able to explicitly compute each solution corresponding to each initial
condition.

e The manipulation of these definitions is tedious.

Consequently, results that allow determining stability without having to integrate the system

equations would be welcome.
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4.0.2 Results on Homogeneous Linear Systems

Fundamental Theorem:

We consider the following homogeneous linear system:
t=A(t)r, zxeR"

The fundamental phenomenon is that all the solutions are of the same nature for homoge-
neous linear systems.

One can therefore speak of stable or unstable systems [8].

Theorem 3. Let T = A(t)x.
From the stability point of view, all the solutions of & = A(t)z are of the same nature (stable,
uniformly stable, uniformly asymptotically stable, --- ).

It is therefore enough to know the nature of the zero solution z(t) = 0, V¢t > 0.

Proof:
Let x(t), y(t) be two solutions of & = A(t)x.
Suppose z(t) is stable, we show that y(t) is also stable.
If x(t) is stable, then

Ve > 0,3n(e, ) > 0 such that for all Z(¢) solution of & = A(t)z :

[x(to) — Z(to)l| <n=[lz(t) —2@)| <&, Vt > o
But

lz(t) —z(0)]| = [R(t to)x(to) — R(t, to)Z(to)|l
= [[R(t, 1) (x(to) — Z(to))l

where R(t,t,) is the resolvent of the equation & = A(t)x.
y(t) is stable if:

Ve > 0,3n(e,t9) > 0 such that for all y(¢) solution of & = A(t)x :

ly(to) — g(to) | < n = lly(t) —g(D)|| <&, Vt >ty
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We have:

ly(t) =gl = IR to)y(te) — R(L, to)y(to)|
= ||R(t, o) (y(to) — y(to))ll

and thanks to the linearity and continuity of the resolvent, y(t) is stable.

Theorem 4. The system & = A(t)x is stable for ¢ > ¢, if and only if:
JK (ty) such that ||R(t,t0)| < K,Vt >t

Proof:
Suppose that ||R(t,to)| < K, ¥t > ty, (which implies that all solutions are bounded), and

we show that x = 0 is stable, i.e., we show:

Ve > 0,3n(e, ) > 0 such that for all Z(¢) solution of & = A(t)z :

[Z(to)|| < m = ||R(t, to)Z(to)|| < &,Vt >t
Let € be arbitrary. From the previous hypothesis, we have:
| R(t, t0)z(to)|| < K [|Z(to)|

thus, if ||z (¢g)]| < %, we obtain || R(t,t9)Z(to)|| < e. Therefore, it suffices to take n = %

Conversely: suppose « = 0 is stable, and we show that ||R(¢, )] is bounded.
Indeed:

|R(t,to)|| = sup [|R(t to)zol|
[lzol|<1

= sup
llzl1<n

1
R(t, tg)—2
( 0)77

1
= — sup [|R(t,1o)z||

M |lzll<n

And from the stability of the zero solution:

Iz <0 = [R(t to)2]| < e
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hence:

1
—||R(t, to)z]| <
77H( 0)z|l

= [[R(t )| < —=K

I3 | ™

Theorem 5. The system & = A(t)x is asymptotically stable if and only if

t—+o00
Proof: Suppose that
lim R(t,t9) =0

t——+00

We show that z(t) is stable (or bounded) and

Jm {lz(6)] =0
Since x(t) = R(t, to)zo, then
[l (0)] =0

R(t,to) is continuous and therefore bounded for any finite ¢, and as t — oo

R(t, to) —0

Thus the resolvent is bounded, which implies that all solutions are stable.

Hence the system & = A(t)x is asymptotically stable.

Conversely: suppose = = 0 is asymptotically stable, i.e.,

1. Ve >0, In(e, tp) > 0 such that for all Z(t) solution of & = A(t)x:
1Z(to) || <m = [|[R(t,t0)Z(to)|| <&, Vt > to

2. and 7 can be chosen such that:

lim [|z(t)]| = 0.

t—+o00
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Therefore:

lim 20| =0 = Tim [|R({ to)zo] = 0

t—+00

= lim |[R(t, 1)) =0

Theorem 6. The system & = A(t)z is uniformly asymptotically stable for ¢, > T if and
only if :
JK >0, 30 >0, VT <s<t<+oo / ||R(ts)| < Ke 7™,

Special Case of the Homogeneous Linear System
Consider the system @ = A(t)x, with A(t) = A, Vt > 0.

Theorem 7. We suppose that:
Vie{l,2,---,n}, RN\) <O

where \; = a; +if3; (i € {1,2,--- ,n}) are the eigenvalues of the matrix A.
Then
dK > 0,30 >0 / ||R(t,0)] = HetA” < Ke .

Theorem 8. If Vi € {1,2,--- ;n}, R(\;) <0,
then the system is asymptotically stable.

Remark 4. For systems with time-varying coefficients, there is no criterion based on eigen-

values.

Definition 8. Consider the polynomial P, given by
Py(A\) = det(A — A,) = ap\" + an A4 - ag )+ ap.

We say that the polynomial P, is uniformly asymptotically stable if, for every root A of P,,
one has R(\) < 0.

Theorem 9. (Hurwitz Criterion)

Let P, be a polynomial of the form

Py(A) =det(A — ML) = ap\" + ap N+ ag )+ ag,  ay, > 0.
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For P, to be uniformly asymptotically stable, it is necessary and sufficient that the leading

principal minors of the Hurwitz matrix of the characteristic equation (P,(\) = 0) be strictly

positive [8].
Example 4.0.1.

Consider the polynomial

P4()\> = det(A — )\14) = CL4>\4 + CL3/\3 + CLQ)\Q + Cl,l/\ + ap,

The associated Hurwitz matrix is:

a3

Qy

For P, to be uniformly asymptotically stable, it is necessary and sufficient that the leading

principal minors of the Hurwitz matrix of the characteristic equation (Py(A) = 0) be strictly

positive, 1.e.:

a1
a2
as

Gy

A = a3>0,

as

Qy

as

as

a4y

Example 4.0.2.

Consider the system

a1

a2

a1
ag
as

ai

a2

a3

aq

0
Qo
a1

ag

0
0
0

Qo

> 0,

>0,
0
Qo
a1
0 0
Qo 0
aq 0
a2 Qg

> 0.
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T =ar+ by
y=cr+dy
The matrix of this system is
a b
A=
c d
The characteristic polynomial is
P(A) = det(A— )
a— A\ b
c d— A

= M —(a+dX\+ (ad —bc) = ax\* + a1\ + ag.

We now determine the stability region of this system using Hurwitz’s criterion.

Al = a3 >0,
aq 0

AQ = = aiag > 0.
az ap

ap >0 & —(a+d)>0

& a < —d,
arag >0 & —(a+d)(ad—bc) >0
& a < —d and ad > be.

Therefore, the stability domain is

D:{(a,b,c,d)eh‘ a+d<0 and ad—bc>0}.

4.0.3 Results on Non-Homogeneous Linear Systems

i = A(t)z + b(t).

(4.5)
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For non-homogeneous systems, there is no automatic link between the fact that the
system is stable and the fact that the system is bounded; everything depends on the non-

homogeneous term.

Theorem 10. e All solutions of the equation & = A(t)x + b(t) are of the same nature.

e The nature of the system & = A(t)z is the same as that of the system & = A(t)z + b(t).

Proof:
Let z(t) and y(t) be two solutions of & = A(t)x, and let X (¢),Y (t) be two solutions of
& = A(t)x 4 b(t) such that

Then

which is a solution of & = A(¢)x. This implies that X (¢) — Y'(¢) has the same behavior as

x(t) — y(t); therefore, the result is proved.

Theorem 11. 1. If the system @ = A(t)z + b(t) is stable and one solution is bounded,

then all solutions are bounded.

2. If two solutions of & = A(t)x+0b(t) are bounded, then the system is stable, and therefore
all solutions are bounded.
Proof:
Let X () be any solution of & = A(t)xz+b(t), and Y (¢) a bounded solution of & = A(t)x+b(t).
We show (1). Suppose the system & = A(t)x+b(t) is stable. Since X (t)—Y (¢) is a solution of
the homogeneous system & = A(t)x, which is stable, all solutions of & = A(t)z are bounded.
Thus,
X(t) = Y(t) bounded = X (t) bounded.

To prove (2), suppose there exist two bounded solutions X (¢) and Y (t) of & = A(t)z+b(t).
Then X (t)—Y (¢) is bounded, so the system & = A(t)z is stable, and consequently the system
& = A(t)x + b(t) is stable.
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4.0.4 Lyapunov’s direct method
We consider the following definitions:

Definition 9. (Positive definite and semi-definite function)

A continuous scalar function V : R” — R is said to be positive definite if:
1. V(0)=0
2. V(z)>0forx #0
and it is positive semi-definite if:
1. V(0)=0
2. V(x) >0forz #0
Similarly, V' is said to be negative definite (resp. negative semi-definite) if:
1. V(0)=0
2. =V(z) > 0 (resp. =V (z) > 0)

Definition 10. (Lyapunov function)

V is called a Lyapunov function for the autonomous system given by relation (2.2) if in a
ball B we have:

1. V is positive definite (V(0) =0, x # 0 = V(z) > 0).

2. V has continuous partial derivatives 0_ is continuous | .

Ox
3. The time derivative of V' is negative semi-definite:

: ov ov :
V(z) (8x> T = flz) <0, ifx#0, V(0)=0
Theorem 12. (Stability)

If for system (2.2) there exists a positive definite scalar function V' whose time derivative
av

r is negative definite (resp. negative semi-definite), then system (2.2) is asymptotically

stable (resp. stable).

Theorem 13. (Instability)

Suppose that for system (2.2) there exists a function V, differentiable in a neighborhood of
the origin and such that V(0) = 0. If its derivative % is positive definite and if there exist
points around the origin where V' takes positive values, then the equilibrium point z. = 0 is

unstable.
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Remark 5. 1. A system may admit several Lyapunov functions. For example, if V is a

Lyapunov function for a given system, then the function
Vaplx) =pV* forp>0, a>1

is also a Lyapunov function for the original system.

2. The stability conditions are only sufficient. (However, one may state that the equilibrium
point is unstable if there exists a positive definite function V for which V(z) > 0 at least

along one trajectory of the system.)

4.0.5 Lyapunov’s indirect method (Linearization around an equilib-
rium point)

Assume that the function f of the autonomous system given by relation (2.2) is continuously
differentiable, and that x. = 0 is an equilibrium point. Then, using Taylor expansion around

the equilibrium point, relation (2.2) can be written as:

i = B—ﬂ B z + fs(x) (4.6)

where f,(x) represents the higher-order terms in x.

Thus, the linearization of the original nonlinear system at the equilibrium point is given

by:
T = Ax (4.7)
where A denotes the Jacobian matrix of f with respect to x at the equilibrium z, = 0, i.e.,

-] as

which is called the linear approximation of the autonomous system given by relation (2.2)

around the origin.
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The characteristic polynomial of the linearized system is:

PA(\) = det(M — A)

and the eigenvalues of A are the solutions of

Pa(A) = det(A\ — A) = 0.

Three cases must then be distinguished:

1. If all eigenvalues have strictly negative real parts, the system & = Ax is asymptotically
stable in the neighborhood of the equilibrium point. That is, the trajectories return

to it after a small perturbation.
2. If at least one eigenvalue has a strictly positive real part, the system & = Ax is unstable.

3. If at least one eigenvalue is purely imaginary, no conclusion can be drawn [?].
Results derived from Lyapunov’s indirect method:

1. If the linearized system is asymptotically stable, then the equilibrium point of the

original system given by relation (2.2) is asymptotically stable.

2. If the linearized system is not stable, then the equilibrium point of the original system

given by relation (2.2) is unstable.

3. If the linearized system is marginally stable, then the equilibrium point of the original

system given by relation (2.2) may be stable or unstable (no conclusion can be drawn).

The above results form the basis of linear control theory, which is generally used in
practice. As a consequence, the stability of linear time-invariant systems can be determined

by the following theorem:

Theorem 14. The equilibrium point of the linearized system is asymptotically stable if
and only if, for every symmetric positive definite matrix (), there exists a unique symmetric

positive definite matrix P such that:

ATP + PA =—Q.

If @ is only positive semi-definite () > 0), then only stability can be concluded, not asymp-
totic stability |?].




chapter 4 Introduction to notions of stability

The local stability of the nonlinear system can be deduced from the stability of the

linearized system as stated in the following theorem:

Theorem 15. If the linearized system is strictly stable (the real parts of the eigenvalues
of the matrix A are strictly negative), then the equilibrium point of the nonlinear system
is locally asymptotically stable. Otherwise, if the linearized system is unstable, then the

nonlinear system is also unstable.

Remark 6. This theorem does not allow any conclusion about the marginal stability of the

linearized system.

Solved exercises

Exercise 1:

We consider the following first-order differential equation:
&= —g(z) (4.9)
where the function ¢ is Lipschitz continuous on [—a, a] and satisfies:
g(0) =0, zg(x) >0, Vr#0, xz€][—a,al.
The equilibrium points of equation (3.1) satisfy:
=0,
so we have:

ie=0 < —g(z.)=0

& g(ze) = 0.

By the assumption g(0) = 0, we have z. = 0 as an equilibrium point. It is straightforward

to conclude that xz. = 0 is asymptotically stable by the direct Lyapunov method.
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Consider the scalar function V' defined by:

V:R - R
T V(x)z/o 9(y)dy.

We note that: e 1(0) =0
e V is continuously differentiable on the open domain D = (—a,a) since g is Lipschitz on

[—a, a], thus uniformly continuous and integrable. Moreover:

o V(z)>0,Vz#0,z € [—a,a]. Ifx € (0,a] = g(x) > 0= [; g(y)dy > 0.
Ifx € [—a,0) = g(z) <0= [ g(y)dy = ff(—g(y))dy > 0. Hence V is positive definite.
e The time derivative of V' is negative definite since:
ovV(z)  OV(x) Ox(t)
= —¢*(z) <0, VzeD-{0}.

Thus, V' is a Lyapunov function, and by Theorem (2.11) of the previous chapter, the system
(3.1) is asymptotically stable on [—a,a] (so the origin x, = 0 is asymptotically stable).

Exercise 2:

We consider the undamped pendulum system given by:

Ty = —% sin(zy).
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The equilibrium points are:

X=0 & fX)=0

.

5132:0
=
—9sin(r) =0
(
lL‘QZO
=
o1 =kr, k=0,+1,42, ...

\

so the origin is an equilibrium point.
We study the stability of the origin by the direct Lyapunov method. A natural choice for V'

is the pendulum’s energy function:

VRS R
1

T g 2
r = (z1,29)" = V(z) = 7(1 — cos(z1)) + 52

Clearly, V(0) = 0 and V is positive definite on the open domain (—27,27) x R since:

~|<

(1 —cos(z1)) >0, Vay € (—2m,2m), 21 #0.

The time derivative of V' is zero:

AV (z) ov oV
ot 833'1 6.772

= %sin(xl)xg + 9 (—% sin(xl)) = 0.

Hence, V is semi-negative definite. By the direct Lyapunov method, the undamped pendu-

lum system is stable, so the origin is stable [4].

Exercise 3:

Now we consider the pendulum with damping:

xT1 = T2,

. g . k
Tog = —=sin(zy) — —xa.
m

l
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Take V(z) = 4(1 — cos(x1)) + 323 as a Lyapunov candidate:

- k
V(w) = Sirsin(a) + ayiy = ——a (4.10)

V is semi-negative definite. It is not negative definite because V = 0 on the set {(z1,0),z; €

R}. To ensure asymptotic stability, consider the Lyapunov function:

Viz) = %xTPx + %(1 — cos(z1))

1 P11 D12 X
= —[:1:1 :132} +

5 (1 — cos(xy)),
P12 P22 T2

~l<

where P must be positive definite: py; > 0, p1ipas — p25 > 0. The derivative is:

V(z) = (puzi+piazs + %sm(xl))@ + (P12 +p22$2)(_% sin(z1) — Em)

k k

= %(1 - P22)$2 Siﬂ(%) - %plle Sifl(l'1) + (pn - p12a)$1$2 + (p12 - me)x%

Choose pyy = 1, p11 = p12£, 0 < pie < % (e.g., p12 = %) to ensure V' positive definite.
Then:
lgk 1k

V(z) = _5%5‘%1 sin(x) — 552

Since x sin(z;) > 0 for 2y € (—m,0)U(0, ), V is positive definite and V is negative definite.
Thus, the damped pendulum system is asymptotically stable, and the origin is asymptoti-
cally stable.

This example highlights an important point of Lyapunov’s stability theorem: the condi-
tions are only sufficient. Failure to find a Lyapunov candidate does not mean the equilibrium
is not stable or asymptotically stable; it only means this cannot be established using that

function, and further investigation is required.
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Exercise 5.1.1 (02.5 pts). [See the solution 5.1.1]

Course Questions:

1 State the theorems of: local Cauchy—Lipschitz, Cauchy—Peano—Arzela.

2 What is the difference between maximal solutions and global solutions?

3 What is the definition of: the exponential of a square matrix?
Exercise 5.1.2 (04 pts). [See the correction 5.1.2]

Consider the following differential equation:

vy =-L0 B Dy )

1 Find a particular solution U(t) of the form ¢".

2 By setting y(t) = U(t) + Y (¢) in equation (FE), show that Y'(¢) satisfies a Bernoulli

equation, and solve it.

3 Deduce the general solution of (E).

127
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Exercise 5.1.3 (7.5 pts). [See the correction 5.1.3]

1 Solve the second-order linear differential equation:

y' =3y =t+cost (E)

2 Solve the differential equation using power series:
(1—t*)y" — Aty —2y =0 (E)

Write the results in terms of known functions when possible.

3 Consider the following differential equation:

y" +2y" +ty' + 6y +5cost =0 (E3)

Rewrite equation (Ej3) as a first-order differential system.

4 Solve the following differential equation:

P+ 1)y =2ty +2y=0 (Ey)

Note: Parts 1, 2, 3, and 4 are independent.

Exercise 5.1.4 (06 pts). [See the correction 5.1.4]

1 Solve the following linear differential system:

/
T 3x — 2y 4%
= +
Yy -y + 2z 3t + 15/t

2 Compute R(t,2) for the homogeneous linear system.
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5.1.1 Exam Solutions (Semester 1) [2017-2018]

Solution of exercise 5.1.1. [See exercise 5.1.1]

e Cauchy—Lipschitz Theorem: Let f : U — R be continuous and locally Lipschitz
in y, and (o, o) a point in its domain. Then the Cauchy problem associated with

equation (I) admits a unique solution defined on the interval [ty — T', ¢y + 7.

e Cauchy—Peano—Arzela Theorem: Let f : U — R be continuous and (¢, o) a point
in its domain. Then the Cauchy problem associated with equation (I) admits at least

one solution defined on [ty — Tty + 1.

e The difference between maximal and global solutions: Every maximal solution

is global.
e The exponential of a square matrix: The exponential of a square matrix is the

An
matrix series g —-
n!

n>0

Solution of exercise 5.1.2. [See exercise 5.1.2]

1. By setting y(t) = t", we obtain

2n n

t
nt" 1t = 7t 7(275 +1)—t = nt" = (2t 1) — 8

"=l —= 2l =0 = n=0.
then y(t) = t' =t.
2.y=U4+Y =t4+Y = y=t+Y = ¢y =14+Y"'

t+Y)? 2t + 1 -Y?2 Y
(+t ) +( :— >(t+Y)—t:>Y’:

— 14+Y' = - +
t t

Y2
— Y' = —m (Bernoulli’s equation)
Dividing over Y2, we obtain
Y11
Y2 ot oty
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1 1 1
Lt = — —> /:——_'
etz= 12 PR
(E.H):z’:—¥:>zH:7:>K’:1:>K:t. particular solution z, = 1.
1 t t
e sy =t Y () =t ——
Y z O+t y(t) ®) C+t
t?+Ct+t
y(t) = —=—7—
C+t

Solution of exercise 5.1.3. [See exercise 5.1.3]

1. Solve the following second-order linear differential equation

I/ y' =3y =t+cost (E) = (EH):y" -3y =0.
(EC))\Q—S)\ZO — /\()\—3):0 — /\1:0,/\2:3.

Sy = Ae” + Be3t = A + Be!
To find the particular S,. We use the method of variation of constants, let

A'(t) + B'(t)e¥t =0 (1)
Spr = A(t) + B(t)e” =
A (™) +B{)(e*) =t (2)

1 -1 1
9 B'(t) = ~te-3t B(t) = <_ _ _> 3t
(2) <= B'(t) 3te = B(t) 9t 57 )€
Cherchons A(t) :
-1 —? -2t 1
A= —t — A= — — Sp, = — — — — |
(t) =~ (t) = P= T 5 5
WE seek Speos: Speos = Acost + Bsint.
—B+34A=0
BY the method of variation of constants, let
—A—-3B=1
-1 -3 -1 3
A=— B=_"° s = — CcOSt — — sint.
— 10’ o~ or 10 ‘™M™

I/ (1 =t*)y" — 4ty — 2y = 0, soit y(t) = 3 o ant™

y'(t) = Z na,t" ', y'(t) = Z n(n —1)a,t" 2

n>1 n>2
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(1—1t%) Zn(n — 1)a,t" 2 — 4Znant" -2 Zant" =0 (3)

n>2 n>1 n>0
= Z(n +2)(n+ 1)apot" — Z n(n —1)a,t" — 42 na,t" — 2 Z ant" =0
n>2 n>1 n>0

= Z(n+2)(n+ Danio —an(n(n—1)+4n+2)t" + 2ay + 6ast — 6a1t —2a9 = 0

— Z(n +2)(n+ 1)(apy2 — an)t" + 2(az — ag) + 6t(as —ay) =0

n>2
Qpio — Gp =0, Vn > 2 Qop = A = Qg
—_— —_—
a2 = Agp, a3 = a1 (on4+1 = A3 = A1
— S(t) + !
=Qqyg——— +ay - .
L R

I/ " +2y" + ty + 6y + 5cost = 0. Let Z = (21, 29, 23) € R3.

( (

2= 21 =1 =29
29 =1’ == S zZ=a"=2z
zz3=1a" 2 =a" = =2y" —ty' — 6y — 5cost
\ \
4
2] = 2y

2h = —6z; — tzg — 223 — Hcost
21 o 1 0 21 0
21=10 0 1 2o | + 0
2% —6 —t -2 23 —5cost
0 1 0 0
SoZ'=At)Z+B(t)ou A{t)= 0 0 1 |etB(t)= 0
—6 —t -2 —5cost

V/ (4 1)y =2ty +2y=0 (Ey).

y =t is an obvious solution of (E,). We seek second solution, let y =t - u.
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y=tu = y =u+td = y" = 2u + tu". By substituting into (E,), we

obtian :
tt*+ D" +2u' =0
let v =1/
dv 2
P+ +20=0 = = —mdt
By partial fraction decomposition: _—2 = __2 4 2t

tt2+1) ¢t #2+1

2 2t
In|v| = / (_Z_I_ t2—|—1) dt = =2Int| +In(t* +1) + k

2 2
u:/v(t)dt:/(](l—i—tlz)dt:(]<t——)
u:C’(t—%) = y=C(t*-1)

The solution is At + C(t* —1).

Solution of exercise 5.1.4. [See exercise 5.1.4]

Solve the system:

/

x 3 =2 x 4%
= +
Y -1 2 y 3t + 15v/tet

det(A — \I) = =A=10=0 = \=1
2 1=
double eigenvalue.
Calculation of Eigenvectors:
(A-1) =
Y 0
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For A =1:
20 —-2y=0 = x=y = V; =
1
We complete the basis with V5:
1/2
2 —2y=1 = x=—-,y=0 = V=
0
We have therefore:
1 1/2 11 1t 1 t+32
P = / , J = et = , My(t) =€ 2
1 0 01 0 1 1 t
A A+ B+ 1L
Sy = Pe'’ = (t+2)
B A+ Bt
Calculation of the Particular Solution Sp:
4 0 0
B(t) = ¢* + e + ¢’
0 3t 15v/
A At+ B 0
81262t 5 SQZ ; Sdsz<t)/M;1<t>
B Ct+ D e 15/t
o [ 12 —6t — 12 , —8t3/2
Sl =€ s SQ = s 83 =€
8 3t — 15 —8t3/2 + 10>/
Calculation of R(t,2):
R(t,2) = Mg(t) - M;1(2)
1 t+12 —4 5
_ et 2 672
1 t 2 =2
i [ 26—3 —2t+4

2t—4  5-—-2t
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WA Exam (Semester 1) [31.01.2019]

Exercise 5.2.1 (02 pts). [See the correction 5.2.1]

Course Question

Answer with true or false, justify the true statement and correct the false one.

1 If f e CYI x Q) then f satisfies the conditions of the Cauchy—Lipschitz theorem.
2 Every global solution of the equation ' = f(¢,y) is maximal.

3 Let A, B € M,(R). Then e**8 = eel.

ay -3 1
4 The system — = Y is unstable.

b\ -2 ¢

Exercise 5.2.2 (08 pts). [See the correction 5.2.2]

1 Solve the following system:

dY 3 -3 ef(t+1
= Y + E+1)

dt 2 2 0

2 Let A € M, »,(R) be a nilpotent matrix.
e Determine e where B = al, + A, a € R.

3 Discuss the stability of the equilibrium of the following system:

-1 0 0
dy
- = _ Y
p 0 -2 0

0 0 0

Exercise 5.2.3 (04 pts). [See the correction 5.2.3]

Let f:RxR—Rand g:R — R be two C* functions. Let o € R and ¢, € R.

e Consider the following Cauchy problem on R:

y'(t) = fla,g(y))

y(to) =0

(P.C.a) =
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1 Does the problem (P.C.«) admit a local solution for all a € R? If yes, why?

2 Let f(a,g(y)) =1 — ay”.

e Integrate the problem (P.C.a).
Exercise 5.2.4 (06 pts). [See the correction 5.2.4]

e Use the Cauchy—Lipschitz theorem to show that the function f defined by f(t,y) =
24/ |y| is not locally Lipschitz.
e Using the method of variation of constants, solve the second-order linear equation:

et
V' -2ty =
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5.2.1 Exam Solutions (Semester 1) [31.01.2019]

Solution of exercise 5.2.1. [See exercise 5.2.1]

Course Question:

Answer with true or false, justify the true statement and correct the false one.

1 If f € CY(I x Q) then f satisfies the conditions of the Cauchy-Lipschitz theorem.

f is continuous on I x €,
e True because f € C'(IxQ) =

f is locally Lipschitz in y, uniformly in ¢, on I x Q.

2 Every global solution of the equation ' = f(¢,y) is maximal.
e True because the global solution of the equation is defined on the entire interval,

which is the largest possible domain of definition.

3 Let A, B € M,(R). Then e+8 = e4eP.

e False, correction: if AB = BA, then eA+8 = ¢4 . 5B,

dy -3 1 )
4 The system — = Y is unstable.
b\ -2 ¢
-3 1
e False, because the eigenvalues of are Ay = —1 and Ay = —2. We have
-2 0

R(A1) = —1 < 0and R(A\2) = —2 < 0. All eigenvalues have strictly negative real parts,

so the system is asymptotically stable.
Solution of exercise 5.2.2. [See exercise 5.2.2]

1 Solve the system:

dY 3 =3 et(t+1
ay v ( )
dt 2 92 0

... (solution steps remain unchanged but keep in English, with "Compute", "Eigenval-

ues", "Eigenvectors" etc.)

2 Let A € M,,«»(R) be a nilpotent matrix, i.e. Jp € N such that A? = 0 and B =
algn + A. We have:

Bt _ jolznt+At _ jotlgn At At at | At

= Jgn et = e
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Since A is nilpotent of order p, then:

3 Discuss the stability of the equilibrium of the system:

-1 0 0
dY
bl _ Y.
0t 0 2 0

0O 0 0

The eigenvalues are A\ =0, Ay = —1, and A3 = —2.

Since Vi € {1,2,3}, R(\;) <0, the equilibrium a = (0,0,0) is uniformly stable.

Solution of exercise 5.2.3. [Voir I'exercice 5.2.3]
We consider the following Cauchy problem on R:

y'(t) = fla, g(y))

y(to) =0

(P.C.a) =

1 Yes, the problem (P.C.cr) admits a local solution for all & € R because the function f

is the composition of two C! functions, hence locally Lipschitz, which implies existence

and uniqueness of a local solution for all a € R.

2 Let f(a,g(y)) =1—ay? V(t,y) € R%.
(a) Integrate (P.C.v):

1 Ifa=0:

d
d_ZZ:1 = dy=dt = y=t+ec

Applying y(to) = 0:

to+c=0 = c=—t = y(t)zt—to
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2 Ifa<O:

W4 (VZay),

dt
L
1+ (V—ay)?
V—ady
— Y 7 /adt,
e

arctan(v/—ay) = vV—at +c,
V—ay = tan(v/—at + c),
tan(v/—at + c).

1
y_\/—_Oé

From the initial condition y(tg) = 0, we get ¢ = —v/—aty, hence

Jt) = = tan(v=a(t — 1)
3Ifa>0:
Y =1-ay’ = (1—Vay)(1+ Vay),
dy — dt
(I =Vay) 1+ Vay)
dy dy B
0= vay) A tvay "

In(1 4 vay) — In(1 — Vay) = 2y/at + ¢,

(1Y) =2 - 1)

Therefore,

L+ Vay _ avate-u)

1—Vay ’
1+ Vay = 2Vt (1 — V/ay),
62\/a(t7t0) — 1
y =

Va (e2veli—to) 4 1)
Solution of exercise 5.2.4. [Voir 'exercice 5.2.4]

e Use the Cauchy-Lipschitz theorem to prove that the function f defined by f(t,y) =

21/ |y| is not locally Lipschitzian with respect to y uniformly with respect to ¢, on R.

Answer: By contradiction, suppose that it is locally Lipschitzian (L.L.) with respect to y
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uniformly with respect to ¢t on R2. Since f is continuous on R?, then we find that it satisfies

the conditions of the C.L. Theorem. Consequently, the Cauchy problem:

y =2y/Tyl

y(0) =0

admits a unique maximal solution.

This is a contradiction because this Cauchy problem admits two different maximal solutions

given by y;(t) =0, y(t) = t|t| and J; = Jo = R.

e Use the method of variation of constants to solve the 1st order linear equation with a
second-order term y” — 2y’ + y = €’
*(Note: The text states "1st order" but writes a 2nd order differential equation 3" —

2 +y=e)*
Characteristic equation: > —2r +1=0 < (r—1)=0 = r =1 (double root).

i.e., /\1 = /\2 =1 = SH = clet + Cgtet = et(cl + CQt).

The particular solution is S, (t) = c1(t)e! + co(t)te’:

ci(t)et + dy(t)te! =0 c(t)et + dy(t)te! =0
t = t

(cy(t)et + cy(t)(teh)) = % (t)et + () (1 +t)et = %

We factor out e’ since e’ is never equal to 0 (' # 0):
ct) +cht)t =0 (1)
1
(1) = (2) = —d(t) = - = cAh(t) = T = co(t) =1Inlt|.
Let us find ¢ (1):
/ / / 1
A (t) = —cy(t)t = —t(In|t]) = —t - 1= -1 = () =—t

Therefore:

S,(t) = —te' +tin|tle’ = te'(—1 + In|t]).
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Sg = cie' + cote! +te' (=1 +1nt]), c1,c0 €R.

S Exam (Semester 1) [10.02.2020]
Exercise 5.3.1 (02 pts). [Voir la correction 5.3.1]

Course Question:

Let (H) be a homogeneous first-order linear differential system.

e Give the definition of a fundamental system of solutions of (H).

e What is the relationship between the fundamental system of (H) and the set Sy (the
set of solutions of (H))?

Exercise 5.3.2 (07 pts). [Voir la correction 5.3.2]

oot R
1 For all t € R, let Yi(t) = > and Ya(t) = » |. Show that (Y1,Y2) is a
—eTHt —2eTt

fundamental system of solutions of the system:

, [t+3 2
Y = Y.
4 t-3

e?2
2 Forallt € R, let M(t) = 2 . Show that M is a fundamental matrix
(1-5)ez —¢
of the system:
. 1+t t _
= Y. Solve this system.

—t 1-—t

3 Consider the system:
11
Y' = Y. ... (H")

20

e Use the spectral method then the exponential method to solve the system (H').

Exercise 5.3.3 (05 pts). [Voir la correction 5.3.3]

Consider the differential equation (E): (1 — t?)y” — 2ty’ + 2y = 0.
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1. Determine a solution of equation (F) of the form y(t) = t* where o € R.

2. We then set y(t) = t“z(t). What is the differential equation satisfied by 27

3. Deduce the solutions of (E) on |0, +o0].

Exercise 5.3.4 (02 pts). [Voir la correction 5.3.4]

1 Are the following functions Lipschitzian in y:

At y) =W +y*+1) and fo(t,y) = 2\/y, y € [1,400].

1
2 Show that the function ¢ defined on | — 00,2[ by ¢(t) = ————= is a maximal

solution of the equation 1’ = y3.

3 Consider the Cauchy problem:

202 — 1)

4 Show that the problem (P) admits a unique maximal solution ¢.

5.3.1 Exam Correction (S1) [10.02.2020]

Solution of exercise 5.3.1. [See exercise 5.3.1]

Course Question:

1 {Y1,...,Y,} is a fundamental system of (H) if:

e Y, ..., Y, are solutions.

e Y, ..., Y, are linearly independent.

2 The relationship is that the system {Y;, ...

Y, } spans Sy, ie., Sy =[{Y1,..., Y, }]

Solution of exercise 5.3.2. [See exercise 5.3.2]

1. Show that {Y7, Y2} is a fundamental system.

t+3 2

It suffices to show that Y7, Y5 are two solutions of Y/ = Y and that

-4 t-3

they are linearly independent (W (¢) # 0 for all ¢ € R).
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+2
(t+1)eztt

Yll(t) = 42
—(t+1)ezt
On the other hand, we have:
+2
t+3 2 (t+1)ezt . .
Yi(t) = 2 . Hence Y is a solution of (H).
—4 t-3 —(t+ ezt
, (t—1ez
Y5(t) = . On the other hand, we have:

t+3 2 (t— D)est . '
Ys(t) = 2 . Hence Y3 is a solution of the system (H).
—4 t-3 —2(t — 1)e'T
¢2 t
e7+t 677t )
W (t) = det(Vi(t), Ya(t)) = | = —e® 0. Thus (v, v} isa

=z =
—eztt ezt

fundamental system of (H) for all ¢t € R.

+2

ez e
2. Forallt € R, let M(t) = g2
(1—5)ez —¢
1+t t
Show that M is a fundamental matrix of the System Y’ = Y.
t 1-1
1+t ¢t
It suffices to show that M’ = M and det(M) # 0 for all £ € R.
t 1-—1¢
We have:
et + %) el 1+t ¢ et +5) et
M'(t) = 2 and M(t) = 2
ef(—t+1-5%) —¢ t o 1—t ef(—t+1-5%) —¢

Hence M is a fundamental matrix. Therefore: Yy = M (¢)C.

11
3. Consider the system Y’ = Y (H')
2 0
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11
a) The spectral method: We have A = . The two eigenvalues of A are
20
1
A1 = —1, Ay = 2. The associated eigenvectors are V; = , Vo = . Thus,
—2 1

—t 2t
cie " + cee
Y(t) = A VieMt + e Vet = , avec c1, ¢ € R.
coe®t — 2cie”t

b) Matrix Exponential Method: Since A admits 2 distinct eigenvalues, then A is
diagonalizable. A = PDP~!. Here

~1 0 1 1 .11
D = and P = (WV|Vh) = , P =—
0 2 2 1 3\2 1

et 4+ 2e? —e7t 4 %

1
3\ 96t 4262 9pt 4 o2
Thus, the solution of (H') is given by:

1 e—t + 2€2t _e—t + €2t
Y(t)=eC = = C, CeR%
3\ —2et £ 2e2 2et 4 o2

Solution of exercise 5.3.3. [See exercise 5.3.3]

We consider the differential equation:
(1 —1*)y" — 2ty +2y = 0.
1 Let y(t) = t* be a solution of (E). By substituting into (E), we obtain:

(1 —tHa(a —1)t*% = 2tat™ ™ + 2t = 0.
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Or equivalently
(1 —a)[(a+2)t* —at*?] =0

if @« =1. Hence t — yo(t) =t is a solution of (E).

2 Let y(t) = tz(t). Then ¢/(t) = z + ¢z’ and y"(t) = 22" +t2".
By substituting into equation (E), we obtain: (1 —#%)(2z'+t2") —2t(z +t2') + 2tz = 0.
After simplification, we find: (¢ —¢3)2" + (2 — 4t?)2’ = 0.

3 Setting u = 2/, the differential equation satisfied by z is equivalent to:

which is a first-order differential equation.

Inu=—-2Int—In(t—1)—In(t+1) + K,

thus
1 1 1 A
=\ . = AeR.
TR Tt ey
Its solutions are u(t) A AeR
utions are u(t) = ———- :
t2(t2 — 1)’
A -1 3 3
Hence Z/(t):tQ(tQ——l):)\(t_?—{_t—Ll_t—il)' By integrating again, we obtain:
1) =242 ]+ ApeR.
2() ==+ = In
i t+1 o AR

Therefore, the solutions of the differential equation are:

y(t) =t ()—)\+— tln

" ’+ut, A p e R

Solution of exercise 5.3.4. [See exercise 5.3.4]

1 Are the following functions Lipschitz continuous in y?
o For fi(t,y) = In(* + y* + 1):
f1 is the composition of two C' functions, so f; € C'(R?). It is locally Lipschitz

continuous in y on R2.
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o For fo(t,y) = 2\/y:

But y; > 1 hence /51 > 1 and y» > 1 hence \/yz > 1. Thus \/y1 + /y2 = 2, so
1
—. Therefore:

VitV T2

|f2(t, 1) — fa(t, 92)| < Kly1 — w2l

Hence fo is Lipschitz continuous in y on [1, +oo[ (with K = 1).

2 Show that ¢, defined on | — o0, 2[ by ¢(t) = ————, is a maximal solution of the

\2(2—t)]

equation y' = 3.

We have
/ —172) 1 —3/2 -3/2
(1) = (2@-1)7?) = —5(=2@E - 1) = (22— 1)

o) = (22— )72 = (22 — 1))~

Thus, for all t € J =] — o0, 2, we have ¢'(t) = ¢(t)>. Hence ¢ is a solution of y' = .
1

Since lim < ¢(t) = lim, < m = 400 (limit does not exist), then ¢ is maximal

on | — oo, 2[.

3 The problem (P) is a Cauchy problem of the form

(P y(t) =ty +1)°

y(0) = wo
with f a function defined on I x Q — R? given by f(t,y) = t(y + 1)°.
e f is continuous on R? because it is the product of two continuous functions on
R2.
e f is locally Lipschitz continuous in y on R? since f € C*(R?).

* (to,y0) = (0,1) € R*.
Therefore, the problem (P) admits a unique maximal solution ¢ defined on an

interval J,.
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Examen (S1) [15.02.2022]

Exercise 5.4.1 (08 pts). [Voir la correction 5.4.1]
Course Questions :

e Justify the true statement and correct the false statement.

1 If f e C%I x Q) then the function f satisfies the conditions of the Cauchy—Lipschitz

theorem.
2 Every maximal solution of the equation 3’ = f(t,y) is global.
3 Let A, P € M,(R). If P is an invertible matrix then eF47™" = PeAP~1,

4 The function defined by f(t,y) = t* + 5y is globally Lipschitz continuous with respect

to the second variable y.
Exercise 5.4.2 (0405 pts). [Voir la correction 5.4.2]

e Consider the following differential system (5) :

/

Y 2y1 — y —2¢’
b I Bl - (S).

Y2 Y2 — 2U1 18 + %

1 Solve the homogeneous differential system Y’ = AY associated with (5).

2 Compute a particular solution Y, of the differential system (.5).
Exercise 5.4.3 (02-+05 pts). [See the correction 5.4.3]

e We consider the differential equation (E):

2t+1)y" +4ty' —4y=0, t#0---(Ey)

1 Let y(t) = tz(t). What is the equation satisfied by the variable z?

2 Deduce the solutions of (E).
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5.4.1 Exam Correction (S1) [15.02.2022]

Solution of exercise 5.4.1. [See exercise 5.4.1]

Justify the true statement and correct the false statement.

1 If f € C°% x Q) then f satisfies the conditions of the Cauchy-Lipschitz theorem.
(False)
Correction: If f € C'(I x Q) then f satisfies the conditions of the Cauchy—Lipschitz
theorem. Indeed:
- f € C%I x Q) = f is continuous on I x Q.

- f is locally Lipschitz.

2 Every maximal solution is global. (False)
Correction: Every global solution of the equation 3y = f(¢,y) is maximal, since a

global solution is defined on the entire interval, which is the largest possible domain.

3 Let A, P € M,(R). If P is invertible then 47" = PeAP~'. (True)

Reason:
pap-t _ \~ (PAPTH
e = Z P

k=0

By induction, one shows that for all k € N, (PAP~')* = PA*P~!. Hence

(54

l
1 PAPil k
AP = lim Z —( ) = lim

l—00 ]{j' l—00

! k
lim —
l—00 ‘

=P Pl=p.eA pt

4 The function defined by f(t,y) = t* + 5y, Vt € R,Vy € R is globally Lipschitz with
respect to the second variable y. (True)

Vit € Rav(yla y2) S R27

[f(tyn) = f(t )l = (" + Byr) — (" + Bya)| = Blyr — v,

therefore the function f is globally Lipschitz with respect to the 2" variable y.
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Solution of exercise 5.4.2. [See exercise 5.4.2]

Let the differential system (S)

!/

Y1 2

Y1 — Yo —2¢!
+

Y2 Y1 — 2y 18 + 2

1 Solve the homogeneous differential

A:
-2 1

find the eigenvalues:

det(A — M) =0= A2 — tr(A)\ +

/

— A "] associated to ().

Yo Y2

det(A) =0

M-3A=0cA)\—-3)=0

<:>>\1:O,)\2:3

x
For \; =0, v, = € ker(A —0I):

20 —y =10

—2r+y=0 2
x
For \y =3, vy = cker(A—-3]) = (A-3)W, =
Yy 0
)\2:31
2-3 -1 x 0 -1 -1 x 0
= = =
-2 1-3 Y 0 -2 =2 Yy 0
—r—y=0
Sy=—x.Six=1V=
-1

—2x -2y =10

sy=2z.lfx=1V =
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The general solution of the homogeneous system is

YH(t) = Cl‘/le)\lt + CQ‘/Qe)\Qt

= e 4+ Co 3t
2 -1
1 e3t
=0 + Co
2 —63t
1 e3t
YH<t) = C + Co s C1,Co eR
2 _6315
By the method of variation of constants
1 637&
Yp(t) = aa(t) + (1)
2 —edt

With:
/
GOV (et vaereyt . oy
c2(t)
1 e B —2¢t
- 2 —e¥ 18 + e?
—1 [ =¥ —2¢t
N ?6 —2 1 18 + %
-1 —2¢' +18 4+ ¢*
] —4e ? — 18e73t — ¢t
/
c1(t) 1 [ [(=2¢" + 18 + eX)dt —1 [ —2¢"+ 18t + Le*

cg(t) 3 j‘(_4€—2t _ 18e-3t _ et)dt 3 962 4 Ge 3t 4 ot
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—1 —2¢' 418 4 * 1 [ 2" +6+e*

Yp(t) = + =

3\ —4e 2t — 18¢73t — ¢t 3\ —2¢t —6—

1 (18t + 6+ 3e*
3\ 36t — 6 6!
6t + 2 + ze
12¢ — 2 — 2¢

6t — 2 4 5e*

12t — 2 — 2¢t

Yy(t) =

Solution of exercise 5.4.3. [See exercise 5.4.3]

Let the differential system (E}):
2t + 1)y +4ty —4y=0, t#0 ---(Ey)

1 Let y(t) = tz(t). y'(t) = 2(t) + t2'(t)
y'(t) = 2'(t) + 2/(t) + t2"(t) = 22/ (t) + t2" ()

By v,y et y” we have:
(2t +1)(22" + t2") + 4t(z + t2') — 4tz =0

(2t 4+ 1)22" + t(2t + 1)2" + 4tz + 422 — 4tz =0
(4t +2)2 + (2t +1)2" + 4?2 =0

t2t+1)2" + (42 + 4t +2)2' =0

2 Let x = 2. Then o' = 2".

The equation becomes:
t(2t + 1)’ + (2(2t + 1) + 4t*)x = 0
the separable equation is:

AP At42 2 4
o\t 241

T2t + )

(&

2t
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by the decomposition 2 = 2 we have:

2
2t+1 2t+17

x’ 2 2 2 2
- = — 2 = — :___2+_
T t 2t +1 t 2t +1

By simple integral, we have:

dx 2 2
Y Y (. SR,
/:v /( i +2t+1>

Injz|=—-2In[t|-2t+In2t+ 1|+ C

20+ 1
In|z| =1In " ‘—Qt—l—C
20+1 _
z(t) = K - v et

we integrate to find z(¢):

204+ 1\ e 4 e
z(t):/K-< 3 )e tdt:K/(t—Q dt

y(t) = —Ke™* +ut, K,u€R.

S Exam (S1) [15.01.2023]

Exercise 5.5.1 (04 pts). [See the correction 5.5.1]
Course Questions:

1 State Gronwall’s lemma in the form of a differential inequality.
2 State the local Cauchy—Lipschitz theorem.

3 Show that every maximal solution of

y = f(t,y) = t\/12 + 12,

y(to) = vo,

is global.
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Exercise 5.5.2 (05 pts). [See the correction 5.5.2]

We consider the Riccati differential equation
2
(B): ¢y +y' =5

2

1 Determine a € R such that

is a particular solution of (E}).

2 Show that the change of the unknown function

transforms equation (E;) into a differential equation (E»).

3 Determine the general solution of the differential equation (Es).

4 Hence deduce the solutions of (E7) on

J = (0,400).

Exercise 5.5.3 (03 pts). [See the correction 5.5.3]

Consider the differential equation
(B): (1—tYy" -2ty +2y=0.
1 Determine a solution of equation (E) of the form
y(t) = 1%,

where o € R.

2 Let
y(t) = t"z().

Determine the differential equation satisfied by z.
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3 Hence, deduce the solutions of (F) on the interval

(0, +00).

Exercise 5.5.4 (08 pts). [See the correction 5.5.4]

Solve the following differential system (E1):

where Y =

5.5.1 Exam Correction (S1) [15.01.2023]

Solution of exercise 5.5.1. [See exercise 5.5.1]

1 State Gronwall’s Lemma in the form of a differential inequality: Let ¢,y,

and @ be three continuous functions on [a, b] taking positive values and satisfying the

inequality

Then,

Wehﬂ7y®§Q@+/¢@M$w~Wk

Vi € [a,b], Mﬂsmw+/Q@M$JWMW&

2 State the local Cauchy—Lipschitz Theorem: Let f : [ x 2 — R, where I C

R, Q@ € R™ Suppose f is continuous and locally Lipschitz with respect to y. Then,

for every (to,yo) € I x €, there exists a neighborhood J of ¢, in R and a function

¢ J — R" solving y = f(t,y) such that ¢(ty) = yo. Moreover, the problem admits a

unique maximal solution.

3 Show that every maximal solution of

is global.

Y = BT,

y(to) = yo,
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() = Fty)] < 108+ g2 — 082 4 93] < [t /82 + o
<1 vt — v3|
VE Y+ VP
<1 Y1+ vellyr — vo
VE YT+t
[1(ye| + [y2])

< 1 — .
VE+yi+ Vi +ys

Hence, | (t,y1) — f(t,92)] < |t] ly: — o], because

1| + el <1
VE YVt

Solution of exercise 5.5.2. [See exercise 5.5.2]

2
(E1) y’+y2:§

a
1 Determine a € R such that yo(t) = n is a particular solution.

Compute:
—a+ a?
vo(t) + (o))" = —5—
Thus, ¥y, is a solution if and only if
a®>—a—2=0, whichgivesa=2ora= —1.

Since a € R, , we take a = 2.

2 If z is a C" function that never vanishes, set

This reduces to

- \/t2+y%|
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Multiplying through by z(¢)2, we see that z satisfies

(Ey): 2'(t)— ;z(t) =1.

The general solution of (Es) is

1
2(t) = —gt+ MYONER.

Solution of exercise 5.5.3. [See exercise 5.5.3]

We consider the differential equation:

(1 —1*)y" — 2ty +2y = 0.

1 Suppose y(t) =t is a solution of (E). Substituting into (E), we get:

(1 —tHa(a — 1)t*2 = 2tat™ ™ + 2t = 0.

Equivalently,
(1 —a)[(a+2)t" —at*?] =0.

If a =1, then yo(t) =t is a solution.

2 Let y(t) = tz(t). Then ¢/(t) = z + t2/, ¥ (t) = 22’ + tz”. Substituting into (E), we get:

(1 —3)(22' +t2") — 2t(z +t2') + 2tz = 0.

Simplifying gives
(t—tH2" 4+ (2 —4*)2 = 0.

3 Setting u = 2/, the differential equation becomes

o 2—4 -2 1 1

w Bt t t—1 t+1

which is a first-order ODE.

Integrating:
Inu=-2Int—In(t—1)—In(t+1) + K,
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hence
u= tz(t;\— 0y’ AeER
Thus,
() = tQ(tQ/\— 1 A(;_’Zl 2t 1— 1) 2 i 1))
Integrating once more:
z(t):?#—% n;—ﬂ—i—u, A eR.

Therefore, the solutions are

1
y(t):tz(t):/\+gtln‘ 1‘+ut, A e R.

t—
t+

Solution of exercise 5.5.4. [See exercise 5.5.4]

X Exam (S1) [18.01.2024]

Exercise 5.6.1 (06 pts). [See the correction 5.6.1]

Course Questions: Answer True or False. Justify the true statements and correct the

false ones.
1 Every global solution of the equation 3 = f(¢,%) is maximal.
2 If f € CY(I x Q) then f satisfies the conditions of the Cauchy-Lipschitz theorem.

3 Let y be the solution of the equation y = —y? defined on .J = |—o00,0[ by y(t) =

Then y is maximal.
4 The solutions of the equation y = e'y + y? are of class C(.J).
5 For A, B € M,(R), we have eA*? = e¢4eB.
Exercise 5.6.2 (04 pts). [See the correction 5.6.2]

1 Study the local Lipschitz continuity of the function f, defined on R by

F@) =31y,
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in a neighborhood of 0.

2 Let a > 0. Verify that the function y, defined on R by

9
Z<t —a)? t>a,
y(t) =

is a solution of the Cauchy problem
Y (t) =3V Iy(t)].

Exercise 5.6.3 (07 pts). [See the correction 5.6.3]

Consider the differential equation

subject to the initial conditions

1 Solve this initial value problem on R.

2 Rewrite the differential equation (E3) as a first-order system of differential equations

Y' = AY.

3 Show that there exist a diagonal matrix D and an invertible matrix P such that

A=PDP

4 Compute the matrix exponential e!”, and hence determine the solution of the differ-

ential system

X' = DX,
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satisfying the initial condition

Exercise 5.6.4 (04 pts). [See the correction 5.6.4]

, -2 1
1 Solve the differential system. y = Yoo (H)
0 -2
2 Determine the resolvent matrix, a fundamental matrix, and a fundamental system of

solutions of the system. (H).

5.6.1 Exam Correction (S1) [18.01.2024]

Solution of exercise 5.6.1. [See exercise 5.6.1]

1 Every global solution of the equation iy = f(t,y) is maximal.
True, because the global solution is defined on the entire interval, which is the largest

possible interval of definition.

2 If f € CY(I x Q) then f satisfies the conditions of the Cauchy-Lipschitz theorem.

True, because

(
f is continuous on [ x €2,

f S Ol(_[ X Q) - and

f is locally Lipschitz with respect to y.
\

1
3 Let y be the solution of the equation y' = —y?* defined on J =] — 00, 0] by y(t) = o
then y is maximal.
True, because

1
lim — does not exist. (0.5 point)

w50 b

4 The solutions of the equation y' = e'y + y? are of class C?(.J).
True, because the function defined by f(¢,y) = ey + y* belongs to C3(.J).

5 Let A, B € M,(R). Then e*8 = 4. eB.
If AB = BA, then e4t8 = ¢4 . eB.
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Solution of exercise 5.6.2. [See exercise 5.6.2]

1 Study the Lipschitz property in the neighborhood of 70”7 of the function f defined on

R by :

fly) =3/ 1yl-
In the neighborhood of y = 0, the function f is not locally Lipschitz. Indeed, for k£ > 0,
if we take y; =0 and y, = %, we have

6 u
|f(y2) = f(y)| = [3v/]y2| = O] = - k’|ﬁ — 0] = kly2 — w1 l-
2 Let a > 0, verify that the function y defined on R by

%(zﬁ—a)2 if t > a,

y(t) =
0 ift <a.
We have for t = a, y(a) =0
9
_ ~(t—a)*—=0
lim y(t) —y(a) — lim 4 =0,
t—a™t t—a t—a™t t—a
and
lim YO =v@) 020
t—a~ t—a t=a= L —a

9
ﬁ(t—a) if t > a,

y'(t)=<X0 if t =a=234/]y(t),

0 if t <a.

It follows that
9
Z(t —a)* ift>a,

y(t) =
0 if t <a.
is a solution of the problem
y'(t) =3/ |y(t)];
y(0) = 0.

Solution of exercise 5.6.3. [See exercise 5.6.3]
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Consider the differential equation

subject to the initial conditions
y(0) = a,
y'(0) =0.

1 Solve this initial value problem on R.

Equation (FEs3) is a second-order homogeneous linear differential equation.

5 25
The associated characteristic equation is (EC) : r? + 3" +1=0 s= - 4=
25 16 9
4 4 4
5 3
9 9 =8
r = 22 2 = I = -2
5 N 3
2 4 2
Therefore, the general solution of (Es) is given by
y(t) = Ae 2 4 pe 2, A€ R
It remains to satisfy the initial conditions.
If
y(t) = Ae ™ +pe™? A peR,
then we have: (1 point)
y(0) =a A p=a A=a—p
<~ 5 <~ 1
y'(0)=0 —2A -5 =0 —2a—p)—5u=0
(
)\:a,—ILL )\:CL_,UJ )\:a_:u
<~ 1 <~ 3 <~
\—2a—|—2u—§,u:0 —2a—|—§u:O —4a+3p=0
( 4 -1
A=a—u )\:a—ga )\:?CL
= 4 +4 — +4
=—a =—a = —a.
T3 H=3 =3
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Finally,

4
vt € R, y(t) = —ge_% + gae_t/Q.

2 Rewrite (E3) as the first-order system

Y’ = AY.
We have:
5 yi(t) = y(?) yi(t) =y (1)
y' =y -y = — {7 (0.5 point)
Y2 (t) = y'(t) Yo (1) = " (1)
Let
/
n p Y1
Yo Y2
/
Y (t) =12 (0 0 1 (7 .
— - — - ) (1 point)
Yo(t) = —y1 — Y2 Y2 -1 3 Y2
0 1
(Es) — vy =Ay=— A=
-1 g
3 Show that there exist matrices D and P.
That is, show that A is diagonalizable.
) - 1
Pa(A) =X = AT, A+ det A = det(A — \y) = det
15
5 5
:A(A+§)+1=>\2+§A+1
5 1 9
PA(A)—A2+—)\+1:>A:——Z:Z>O
=5 _ 3 _
M=2—-2= =9
2. 4
Np— 2 12 -1
2 2

Since the matrix A has two distinct eigenvalues, it follows that it is diagonalizable.
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-2 0
dJPcGLy<= A=P- . P~

-1
0 5

4 Compute the matrix exponential e!”, and hence determine the solution of the differ-
ential system

X' = DX,

subject to the initial condition

2
tD =t =

n=0 n=0 n=0 0 (%)n
400 <_2t)n
n=0 |
— n! .
O o0 ( 2t)
=0 pl
D’on
—2t
A e 0
0 e7

The general solution of the differential system

X'=DX

is of the form

X (t) = etP Xy with X (0) = X,. Hence, the required solution is :

X(t)=eP Xy = =
0 ez To €2 Iy

Solution of exercise 5.6.4. [See exercise 5.6.4]

1 Solve the differential system:
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The solution of the differential system

-2 1
y(t) = eC, y € R? here A =
0 -2
-2 1 -2t t 0t 0
t —2tl+
0 -2 0 =2t 0 0 0
et =e =e =e =e 2. ¢
It is easy to verify that
0 t
0 0
is a nilpotent matrix of index 2. Hence,
0 t
0 0 o2t fo—2
etd = =2 <.[2 + —) =
1! 0 6_2t
Therefore,
e—Qt t€_2t
VieR, y(t) = C with C € R2
0 6721‘,

2 The resolvent matrix.

Let t,tg € R. Then

R(t, ty) = elt=0)4 72Tt — tg)e270)
s 0 = € =

O 672(1‘/71‘/0)
o A fundamental matrix M:
For every t € R,
6—2t te—2t
M(t) = R(t,0) =
0 67215

e A fundamental system of solutions {y;,ys}:
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Since y; and yo are the columns of M, for every t € R,

K4 Exam (S1) [2024—2025]

Exercise 5.7.1 (03 pts). [See the correction 5.7.1]

Course questions:

Consider the Cauchy problem (P)

Prove the existence of a unique maximal solution to problem (P). (Apply the Cauchy—Lipschitz

theorem).
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Exercise 5.7.2 (07 pts). [See the correction 5.7.2]

Consider the Cauchy problem (1)

1 Explain why the Cauchy problem (1) admits a unique maximal solution ¢ : J +— R.

2 Verify that the function ¢ — 3t is a particular solution of the differential equation

Y (t) — @ —y*(t) = =9, t>0.

3 For all t € J, define the function ¥ by

1
U(t) = ——.
0)=35= o(t)
. 1
o Verify that Vt € J, p(t) = BT0) + 3t.

e Show that ¥ is a solution of the Cauchy problem

) 1 _
W(t) + (6t + )U(H) =1, >0, o)

T(1) = —1.

e Determine the solution W(#) of the Cauchy problem (2) for all ¢ > 0.

Exercise 5.7.3 (04 pts). [See the correction 5.7.3]

Solve the differential equation

2y'(1) + ty/ (1) + (£ = 7 )y(t) =0,

by setting y(t) = u(t)z(t).
Exercise 5.7.4 (06 pts). [See the correction 5.7.4]

We consider the following system of differential equations:

T (t) = —x + 3y + €,

y'(t) = —2x + 4y.
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1 Write in the form 2/ = Az + b where A is a 2 x 2 matrix, and b, z : R — R2,
2 Solve the homogeneous system 2’ = Az.

3 Find the unique solution of (3) that satisfies z(0) = y(0) = 1.

5.7.1 Exam Correction (S1) [2024-2025]

Solution of exercise 5.7.1. [See exercise 5.7.1]

We have f(t,y) = \/gm , where f is a continuous function on R x R since it is the
composition of a polynomial function and the square root function.

Method 1: Let 1o > 0, T > 0 and C = [t — T, to + T] X [yo — 70, Yo + r0|. For
(t,y1), (t,y2) € C, we have:

o)~ Fleadl = |\ 4= g0

VU + VY4
VUL + 82+ g3+ 12

= ‘(\/y%H?— \/y%+t2) x

) — (5 + 1)
VUi + 82+ g3+ 2

_ vt — 43
VU124 Y3 + 12
1 — yollvr + o

VRt VEL P

yi <yi+t? . VUi 12> |y
ys < ys3 + 12 VY3 + 12> |y

Thus:

= i 2> ] L

|v1] + [v2] <1
VU 2+ g5+t

Therefore, f is locally Lipschitz.
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Solution of exercise 5.7.2. [See exercise 5.7.2]

Consider the Cauchy problem

2 — g3 (t) = —9¢t?, t >0,

By the Cauchy—Lipschitz theorem, this problem admits a unique solution.

1. Explain why the Cauchy problem (1) admits a unique maximal solution
p:J —R

Since the function

Yy 2

9(ty) =< +y — ot*

is continuous on R* X R and locally Lipschitz continuous with respect to the second

variable, it follows from the Cauchy—Lipschitz theorem that the Cauchy problem (1)

admits a unique maximal solution ¢, defined on an open interval J C R

2. Verify that the function ¢ — 3t is a particular solution of the differential equation

t
Y (t) — # — 2 (t) = —9t%, t > 0.
Indeed,
y(t)=3t,  t>0,
implies
y(t)=3
Hence,
t 3t
y'(t) — ylt) _ v (t)=3—- = —(3t)*=3 -3 —9t* = —9t*

Therefore, the function ¢ — 3t is a particular solution of the differential
3. For every t € J, define the function

1

W0 = 35—

equation.
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Verify that

1
t t) =3t — ——
Vte J, o(t) =3 10
Indeed,
1 1
U(t) = Bt—p(t) = —= <= () =3t — —.

T 3t— (b

Next, show that ¥ is a solution of the Cauchy problem

Wt + (675 + %) W) =1, >0,

U(l) =—-1.
Since
(£) = 8t — —
we obtain
i e V()
O (t) =3+ V(1)
On the other hand,
t
o) = 2 4 ) —or
——L+3+ 3 2—9752
tU(t) U(t)
— _L + 3 + L — i
(1) W2(t)  W(t)

Comparing the two expressions yields

- (o)

which is equivalent to

Moreover,
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Therefore, ¥ satisfies the Cauchy problem

W(t) + G + Gt) () =1, >0,

T(1) = 1.

Determine the solution W(¢) of the Cauchy problem for all ¢ > 0. The associated

homogeneous equation is

which gives

Integrating both sides,

In|¥(t)| = —(nt+3t*) + C,

and therefore

., KcR

Using the method of variation of parameters, let

o3t
W, (1) = ()=
Differentiating,
’ / e_3t2 —3t2 1
W (t) = C'(t) ; —C(t)e 6+t_2 .

Substituting into the complete equation gives

—3t2
(1)< — =1

hence

C'(t) = te®.

Integrating,
1
C(t) = /te3t2 dt = 663t2.
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Thus,
W) = o
P et
and the general solution is
—3¢2 1
() = K& l
t 6t

7
K=—-¢
6
Consequently,
7 2 1
U(t) = 3-t%) 4 — t>0.
*) 6t 6t
Solution of exercise 5.7.3. [See exercise 5.7.3]
Solve the following differential equation.
1
t2y// +ty' _|_ (t2 _ Z)y — 0
by setting
Yy =u'z+u
y// — u//Z _l_ 2u/Z/ + UZ”
Hence
1
("2 + 20’2 +u”) +t(u'z +u) + (# - Z)uz =0
Pu + 2 20t + tz] + 2P+t 4wt — %} =0
Since

Il = (2t2ul —l—tu) 24 <t2u" + ot 4 P — %) 2

we set each term equal to zero separately. Thus,

W +tu=0 = 22U =-u =— = _——,

Integrating, we obtain

1
In |u| = —511125—1-0,

(5.1)
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hence

Without loss of generality, we take

1
u(t) =112 = —.
(t) v
Now compute v’ and u”.
u = _lt%g = _L
2 2t\/t
u” §t_% = 3

Substituting u, v/, and u” into equation (/7), we obtain

“lea) Caa) o (6) -

Consequently, equation (5.1) is equivalent to

which is a second-order homogeneous linear differential equation with constant coefficients.

The associated characteristic equation is

whose roots are

r = *1.

Hence,

2(t) = Cy cost + Cysint,

where C,Cy € R. Therefore, the general solution of the original differential equation is

1
y(t) = 7i (Cy cost 4 Cysint) C1,Cy € R.

Solution of exercise 5.7.4. [See the correction 5.7.4]
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1 Let
' (t) = —x + 3y + €,
y'(t) = =2z + 4y,
and let
T
z =
Yy

This is a linear differential system with constant coefficients, whose matrix form is

Z'=AZ + B(t).
x -1 3 et
z = LA = et B(t) =
Y -2 4 0
2 Homogeneous equation: 7' = AZ
-1-X 3 )
S(A\) = det(A — AI) = det =(—1=-XN)A—-N)+6=X\—=3\+2.
-2 4=

The eigenvalues are

3 1
vy = ) Vg =
2 1
10 3 1 1 -1 1 -1
Hence, D = P = Pl =15 =
0 2 2 1 -2 3 -2 3

The homogeneous solution is :

3 1
Y<t> = Clvle)\lt + C2U2€>\2t = Cl e’ + CQ €2t, Cl, Cg eR
2 1

301€t + 0262t
201€t + 02€2t

Y(t) =
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3 Let y,(t) = C1(t)vieM? + Cy(t)vee?2t. We have

C(t e
i = (vle)‘lt vge’\Zt) B(t) = B(t)
Ch(t) 2et e
Cl(t) _ 1 o2t 2t ot _ 3t _ 1
C(t) e\ —2¢t  3et 0 —2¢e2 —2e7!
C1(t) [ 1dt t
—_— = —
Co(t) [ —2etdt 2e~t
Hence, the particular solution is
3 1 3te! + 2¢!
Y,(t) =t e +2e" e =
2 1 2te! + 2¢
Hence, the general solution is
30, et + Che? 3tet + 2¢!
Yo(t) =Yu(t)+ Yp(t) =
20 €l + Che?t 2te’ + 2¢et

The unique solution satisfying:

23(0)21 301+02+2:1

and

Cy = —1.

—e?t 4 3tet + 2et
Yo =
—e* + 2t + 2¢!

(1)
(I1)
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Make-up (S1) [Avril 2018]

Exercise 6.1.1 (04 pts). [See the correction 6.1.1]
Solve the following differential equations:
1ty =y(l+Iny—Int).
2y +ty =35
1 1
3 y’+§y:m, t>0.
Exercise 6.1.2 (08 pts). [See the correction 6.1.2]
Solve the following differential equations:
Ly +3y +2y=(t2+1)et.
2 (2t +1)y" — 4ty — 4y = 0 (with the obvious solution y = t).
3 y" +3y" + 4y + 2y = sin(2t).

Exercise 6.1.3 (08 pts). [See the correction 6.1.3]

Consider the system

d
d—f = dx — 3y,
Y a4

— =zx+y.

dt Y
1 Find the general solution of system ()

: e 11

2 Deduce the solution satisfying z(—1) = 5 y(—1)=m—e

174
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3 Solve the nonhomogeneous system

d
d—f:5x—3y+2e3t,
d
d—il:x+y+5e_t.
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Solutions (Rattrapage — April 2018)
Solution of exercise 6.1.1. [See exercise 6.1.1]

1 Equation: ty' = y(1+Iny —Int).

Write it as

/_?J< ?J)
=Z(1+1In%).
Y ; —i—nt

Set v = %, so y = vt. Then

Yy =v+t = %(1 +Inv) =v(1+1nv).
Hence
, dv dt
tv' =vlnv — = —
vinv t
Integrate:

Injlnv|=h|t|+C = hv=C"
(Interpreting constants appropriately yields) v = e!*¢1

constant so that v = e’ gives

y(t) = te!

as a solution (the displayed steps follow the integration idea).

2 Equation: v + ty = t3y3.

Divide by 3 (assuming y # 0) and set z = y~%

! 1 1
y__|_t_:t3 — ——z/+tz:t3,
v y? 2
SO

2 — otz = —23,

, and choosing the integration

This is linear for z. The homogeneous equation z' — 2tz = 0 has solution zy = K et

Use variation of constants: set z(t) = K (t)e"’, then

K'(t)e” =2t = K'(t)=—2%".
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Integrating (for instance by recognizing derivative of t2¢~"), one finds
K(t)=e (12 +1),

hence

Recalling z = 1/y?,

1 1
3 Equation: ¢ + —y =

)
2t~ 2A(1+1)’

1
Homogeneous part: 3’ + 2—ty = 0 gives

K(t)
Vit

For a particular solution use variation of constants: set y,(t) = Compute K'(t)

from the equation and integrate. The computation yields

LVt 1
MOy iy

and integrating (with the substitution = = v/¢) leads to an explicit K (¢) and thus

C 1 |t
y(t>:%+2_\/f<ln H—l—i-cl).

(One may simplify constants; the method is variation of constants.)
Solution of exercise 6.1.2. [See exercise 6.1.2]

(a) ¥+ 3y +2y=(t*+1)e".

Characteristic equation: A2 + 3\ +2 =0, roots A = —1, —2. So
yy = Ae ™ + Be "

For the right-hand side (%> + 1)e™ note e~* corresponds to the root A = —1 (simple),
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so try a particular solution of the form
yp(t) = (a+ bt + ct?) te™".

Insert and determine the coefficients (a, b, ¢); the algebra yields the particular solution

(omitted for brevity).

(b) (2t + 1)y" — 4ty’ — 4y = 0, with known solution y = ¢.

Seek second independent solution by reduction of order: set y = tz(t). Substituting and
simplifying gives a first-order equation for x = 2/, which can be solved by separation.

The computation leads to a second solution
Sg(t) = —6_%,
so the general solution is

y(t) = At + B(—e ") = At — Be ™.

(c) ¥+ 3y" + 4y + 2y = sin(2t).
Characteristic polynomial: A* 4+ 3A\? 4+ 4\ +2 = (A +1)(A\*+2X\ +2), roots A = —1 and
A = —1=+1. Hence
yg = Ae”' + e "(Bcost + Csint).

For the RHS sin(2t) try y, = acos(2t) + [sin(2t); substitute and solve for «, 8. The

particular solution obtained is (after calculation)

Yp(t) = —3 sin(2¢).

So the general solution is y = yu + y,.

Solution of exercise 6.1.3. [See exercise 6.1.3]
5 -3
Matrix form: 7' = AZ with A =
1 1

1 Eigenvalues and eigenvectors. The characteristic polynomial is

det(A— X)) =X —6A+8=0,
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so A\ = 2, Ay = 4. Eigenvectors:

Thus the general solution of the homogeneous system is

ZH(t) = 01U1€2t + 021)264t,

1.e.

o(t) = Cre? +3Coe™,  y(t) = Cre® + Cye™.
Find constants for the initial conditions at ¢t = —1.
Solve

11
01672 + 302674 = 7,
Cie 24+ Ched =1 —c.

1
Subtracting gives 2Cse™* = 5 + e — m, hence

et /11
02:5<—+€—’/T>, 01:€2<7T—6—02€_4>.
Plug these into the general formula to obtain the requested solution.

Nonhomogeneous system.

The forcing term is
2€3t
B(t) =
Set

Find particular solutions for each exponential term separately.

For 2¢3 try (z,y) = (a,b)e3. Substitution yields the linear algebraic system
a a 2
3 =A + ,

which solves to a = —4,b = —2.

Make-up exam topics
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For 5e7" try (x,y) = (a,b)e™": substitution yields

a a 0
_ = A + ,
b b 5
which solves to a = —1,b = —2.
Thus one particular solution is
—4 -1
Zy(t) = et + e’
—2 -2

The general solution of the nonhomogeneous system is
Z(t) = 01U1€2t + CQU2€4t + Zp(t),
ie.

z(t) = Cre® +3Ce™ — 4e® — e, y(t) = Cre® + Che® — 23 — 2¢7".

Rattrapage (S1) [30.05.2019]

Exercise 6.2.1 (06 pts). [See the solution. 6.2.1]

Consider the differential equation

e Determine a € (0, +00) such that

Yo(t) = at
is a particular solution of (E).

e Show that the change of the unknown function
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transforms equation (F) into the differential equation

2 (t) + (6t + %) z(t) = 1. (Ey)
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Exercise 6.2.2 (08 pts). [See the solution. 6.2.2]

1 Solve the following linear differential system:

/

x 3x — 2y 4¢3t
+
Y —y+2x 3t

2 Compute R(t,2).
Exercise 6.2.3 (06 pts). [See the solution. 6.2.3]

Consider the differential equation

(E): o'(t)+ 2/ (t) + 4y(t) = te.

e Solve the associated homogeneous differential equation.

e Find a particular solution of (£), and hence determine the general solution of (F).

e Determine the unique solution h of (E) satisfying

6.2.1 Make-up Exam Correction (S1) [30.05.2019]

Solution of exercise 6.2.1. [See exercise 6.2.1]

1 We look for a particular solution of (£) of the form y(t) = at for t €]0, +-00[. Substi-

tuting into (F), we obtain:

at
a— — — a’t?
t

=9 = =9 =

a = £3.

Thus, yo(t) = 3t is a particular solution of (F) defined on |0, +o0.

2 We make the following change of variable:

y(t) = yo(t) — —= =3t — —

where z is a function defined on ]0, +00[ to be determined.
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3 We compute 3 and 3?:

"t 6t
40) V) =92 — —— 4

2(t)

Substituting into (£), we obtain:

5.4 2'(t) (Bt—l/z) B <9t2—i+ 1

t z(t)  22%(t)

which simplifies to:

1
Z(t) + =(t) (Z + 6t) =1
Solution of exercise 6.2.2. [See exercise 6.2.2]

1 Solve the following linear differential system:

/

1
2(t)

) = —9¢?,

x 3x — 2y 4e3t
-~ +
] —y+2x 3t
Correction:
33— =2 )
det(A—AI) = =(A-1)7
2 —1-A
so we have a double eigenvalue A = 1.
Eigenvectors:
Vi = cker(A— M) = (A- )V} =0,
Y
2 =2 x 0 1
2 =2 Y 0 1
1
For Vo: (A= A)Vo =V} = 22 —2y=1. Soy =0, xz% = V,= (2
0
Thus:
1
P I Jo 11 Tt 1t
10 01 0 1
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Hence the homogeneous solution:

C Cr+Cyt+1
Sy = Pet’ o=t ' 2(t+2)
Cs Cy + Cst
For the particular solution Sp:
e First part S; = ¥ leads to:
B
A=12, B=18.
—6t — 12
e Second part S, =
-9t —15

2 Transition matrix:

2t—-3 4-2t

R(t,2) = My(t) - M7(2) = e
20—4 5—2t

Solution of exercise 6.2.3. [See exercise 6.2.3]

We consider the equation:
y' + 2y + 4y =te' (E)

1 Homogeneous part: y” + 2y + 4y = 0.

The characteristic polynomial is P(\) = A\? + 2\ + 4.

A=—12 = M\o=—14iV3

Thus:
yu(t) =e™" [01 cos(V/3t) 4 Cs sin(\/ﬁt)] :
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2 Particular solution: we try y,(t) = e'(at 4+ b). After substitution, we get:

y,(t) = ; <t — %) e

So the general solution is:
1
ya(t) = e '[C) cos(\/gt) +Cy Sjn(\/gt)] + = (t _ %) ot

3 With initial conditions h(0) =1, A/(1) = 0:
From h(0) = 1:
Cy =2,

49

From A/(1) = 0 we compute Cy:

_ 3e? 4+ 53 cos(V/3)
© 49sin(v3)

2

Make-up Exam (S1) [28.12.2020]

Exercise 6.3.1 (08 pts). [See the correction 6.3.1]
Consider the system
11

Yy = Yoeeouns (H)
2 0

e Use the spectral method and then the matrix exponential method to solve the system

(1),
Exercise 6.3.2 (05 pts). [See the correction 6.3.2]

Solve the following differential equation:
75y// 4 y/ — t2.

Exercise 6.3.3 (07 pts). [See the correction 6.3.3]

Consider the equation:

y'(t) + 29/ (t) + Ay (t) = te' (E)
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1 Solve the homogeneous differential equation associated with (E).

2 Find a particular solution of (£, then give the set of all solutions of (E).

6.3.1 Correction Make-up Exam (S1) [28.12.2020]

Solution of exercise 6.3.1. [See exercise 6.3.1]

11
Consider the system Y’ = Y- (H)

20
11
a) The spectral method: We have A = . The two eigenvalues of A are \; =
20
1
—1, Ay = 2. The associated eigenvectors are V; = Vo = . Thus, the general
-2 1

solution is given, for all ¢t € R, by

—t 2t
cie” " + cge )
Y (t) = e} VieM! 4 cyVhe??t = , with ¢1, ¢ € R.
coe?t — 2cie”t

b) The matrix exponential method: Since A admits 2 distinct eigenvalues, A is diago-

nalizable. A = PDP~!'. Here

-1 0 1 1

1 (1
D= -
0 2 —2 1 3\2 1

Hence, the solution of (H’) is given by:

1 e—t + 262t _e—t + th
Y(t) =40 = = C, CeR%.
3\ 96t 4262 et 4 2

Solution of exercise 6.3.2. [See exercise 6.3.2]
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1 Solve the following differential equation:

ty" 4 y/ — t2

1
Dividing by ¢ (for t # 0), we get: y” + ;y’ =t. Let

The equation becomes:

1
We look for the homogeneous solution of the equation z’ + ;z = 0.

, 1 Z 1 dz dt
Pt -z=0 = —=—- = — = ——
t z t z t

K K d K

K 1
dy="a — /dy:K/Zdt — gy = KIn(t) + Ky, K, Ky €R.

1
2 Look for a particular solution z, of the equation 2’ + —z = t.

K(t Kt-K K K
Let 2,(t) = % Differentiating: 2, = —m =5 T E

K' K K K’
___+_:t:>_:t:>K’:t2:>K(t): t2dt.
t 2 2 t

1
This implies that the particular solution for z is z,(t) = gtz. Thus,

1 1 1 1
Y, = §t2 = y,(t) :/§t2dt: §t3 = 2,(t) = §t3.

1
yG(t) = Kl hl(t) —+ KQ + §t3

Solution of exercise 6.3.3. [See exercise 6.3.3]

Consider the equation

y' + 2y + 4y =te' - (E)

1 The homogeneous equation y” + 2y’ + 4y = 0.

The characteristic polynomial associated with (F) is
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\ —2 — V12
P(X\) = A* 4+ 2\ + 4. Its discriminant is A = —12 = o iVID
Ag= —————
2
A =—1-iV3 a=-1
—
)\2:—1+i\/§ B:\/g

The solution of the homogeneous equation:

yu(t) = e '[Cy cos(V/3t) + Cosin(V3t)], C1,Cy € R.

2 The right-hand side is of the form e P,(t) with X = 1.
P,(t) = t. We look for a solution of the equation in the form y,(t) = eMQ(t) with Q a
polynomial of the same degree as P,. So we set Q(t) = at + b. We have
yp(t) = e'(at +b) = 4y,(t) = e'(4at + 4b)
y,(t) = e'(a+at +b) = 2y,(t) = e'(2at + 2(a + b))
yp(t) = e'(a+a+ at +b) = e'(at 4 2a + b)
hence: yy + 2y, + 4y, (t) = e'(7at 4 4a + 7b)
Thus vy, is a solution iff 7Tat 4+ 4a + 7b = .

By coefficient comparison, we find:

Ta =1 a==

4da+T7b=0 b=

4
The function y,(t) = ?<t — ?>et is therefore a particular solution, and the general

solution of (£) is

ya(t) = e [01 cos(V/3t) 4+ Cy sin(\/gt)] + ;(t _ %)et.

Rattrapage (S1) [02.07.2023]

Exercise 6.4.1 (07 pts). [See the correction 6.4.1]
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Consider the differential equation

is a particular solution of (F).

e Show that the change of the unknown function

y(t) = yo(t) — —

transforms equation (F) into the differential equation

(EQ:,Aw+<&+%>40:L

e Solve the differential equation (E).

e Hence, determine the solutions of (F) on the interval

(0, +00).
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Exercise 6.4.2 (04 pts). [ See the correction 6.4.2]

1 Study the local Lipschitz continuity of the function f, defined on R by

F@) =31y,

in a neighborhood of 0.

2 Let a > 0. Verify that the function y, defined on R by

%(t —a)?, t>a,
y(t) =
0, t<a,

is a solution of the Cauchy problem
Y (t) =3/ y(t)]-

Exercise 6.4.3 (05 pts). [See the correction6.4.3]

Consider the differential equation
(Ey): %y =3ty +4y =0, on (0, +00).
1 Determine a solution of equation (Es) of the form
y(t) =17,

where o € R.

2 Let

y(t) = 1%z(1).
Determine the differential equation satisfied by z.

3 Hence, determine the solutions of (Es) on the interval
(0, +00).

Exercise 6.4.4 (04 pts). [see the correction 6.4.4]
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Consider the following differential system:

yi =12 + 26t7
(S)
Yy = y1 + 7.

1 Solve the associated homogeneous differential system.

2 Find a particular solution y, of the system (.5).

6.4.1 Make-up Exam Correction (S1) [02.07.2023]

Solution of exercise 6.4.1. [See exercise 6.4.1]

1 We look for a particular solution of (E) of the form y(t) = at for ¢ €]0,4+o00[. Substi-
tuting y(t) into (E) we obtain:

t
a—%—a2t2:—9t2 = ¢’=9 =— q=+3.

Hence we take yo(t) = 3t as a particular solution of (E) defined on |0, oo.

2 We perform the following change of the unknown function:

1 1
y(t) = yo(t) — ——= = 3t———=, where z is a function defined on |0, co[ to be determined.

z(t) 2(t)

"(t 6t
3 We compute ¢ and y? to substitute into (E): y/'(t) = 3+ 22(<t)) and y%(t) = 9% — 0 +
2 2
1
22(t)

Thus, substituting into (E) we have:

() (o) -

2(0) + 2(1) (% + 6t> _1

1
4 The homogeneous equation associated to (Ey) is 2/ + <6t + ;)z = 0. Its general solu-

—3t2

t

. e
tionis z=C -

—3¢2

Let us find the general solution of equation (£) in the form z(t) = C - . Substi-
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tuting into (E4) gives

_ 342 42
3t 1 3t 1

') — +<—6t—¥>6’(t)-et +(6t+¥>0(t):1.

After simplification we obtain C’(t) = te=3", which yields

1 g0

C(t) = 5

Therefore, the general solution of equation (Es) is

1 —3t2

e
Z(t):a—i‘)\ : s

A eR.

5 We now deduce the solutions of (E) defined on ]0, +o00o[. Let y be a C! solution defined

on ]0, 4o00[. From the previous question, necessarily

1 6t
=3t— — =3t ——
ylt) =3 2(t) k 1+ 63

—1
For all t > 0 we have 1 + 6Xe 3" £ 0, which is equivalent to —3t2 # log<ﬁ> =

—1
—log(—6A) for all ¢ > 0. This is possible if log(—6X) < 0, or equivalently A > -
Therefore, if y is a solution of (E), then:

6t

with A > —%.

Solution of exercise 6.4.2. [See exercise 6.4.2]

1 Study the local Lipschitz continuity of the function f, defined on R by
fy) =31yl

In a neighborhood of y = 0, the function f is not locally Lipschitz. Indeed, for any
k>0, let

Then,
F2) = Fo)l = [3v/ll 0| = 7 > &

4
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Therefore, f is not locally Lipschitz in a neighborhood of 0.

Let a > 0. Verify that the function y, defined on R by

9
Z(t —a)?, ift>a,

y(t) =
0, if t <a,
is a solution of the Cauchy problem.
Since y(a) = 0, we have
— 9(t — q)2
i YO —yl@) _ it —a) 0.
t—at t—a twat t—a
and
im YO 0
twa= T —a twa= T —a
Hence,
(9
—(t—a), ift>a,
2
y'(t) =10, if t = a,
k0, if t <a.
Moreover,
9
§(t —a), ift>a,
3VIy()] =
0, if t <a.
Therefore,
y'(t) =3V 1]y(t)],
and consequently,
9
Zl(t —a)?, ift>a,
y(t) =
0, if t <a,
is a solution of the Cauchy problem
y'(t) = 3v/ly(t)];
y(0) =0
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Solution of exercise 6.4.3. [See exercise 6.4.3]

Consider the differential equation
(Ey) : %" — 3ty +4t =0, t € (0,+00).
1 Determine a solution of equation (F5) of the form
y(t) = t°, aeR.
Let y,(t) = t*. Substituting into (E,), we obtain
ala — 1)t — 3at® + 4t =0,

or equivalently,

Hence, if o = 2, the function

is a solution of (E»).

2 Let

y(t) =tz(t).

Determine the differential equation satisfied by z.

Setting
y(t) = t*=(t),
we obtain
Y (t) =2tz + 27,
and

y'(t) = 2z + 4t + 22",

Substituting into (Es), we get

t* (22 + 4tz + £72") — 3t (2tz + £72) + 4%z = 0.
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After simplification, we find

t4Z” + t3 I
Since t > 0, the differential equation satisfied by z is

'+ 7 =0.

3 Hence, determine the solutions of (F5) on (0, +00).

Let

Then the equation satisfied by z is equivalent to

1

u 4+ =u=0.
t

Its solutions are

u(t) = Me ™, A e R

Hence,
Jdt)=Met = ()= / te "t dt
= e " + / e~ dt
=ANt+ e " +p, A e R
Therefore,

y(t) = ze' = =\t + 1) + pe’, A e R

4 Determine the solutions satisfying

y(0) =1,

y(0)=1
The first condition y(0) = 1 gives

A p =1
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The second condition y'(0) = 1 gives

—A+p=1

Therefore, the solutions are

y(t) = =Mt +1)+ (X + 1)e, AeR

Solution of exercise 6.4.4. [See exercise 6.4.4]

1 Solve the homogeneous differential system y’ = Ay.
Let us compute yy.

Let P4 denote the characteristic polynomial of A,

Pa(N) = det(A — D).

We have

hence

Compute the eigenvectors.

Let
x
Vi =
Y
be the eigenvector associated with \; = —1. Then
x 0
(A + [2) — 5
Y 0
which gives
r+y=0,

r+y=0,
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and therefore

Hence,

Similarly, let V5 be the eigenvector associated with Ay = 1. Then

x 0
(A - [2) — y
Y 0
which yields
—T + Yy = 07
r—Y= 07
and consequently
x=y.
Thus,
1
Vo =
1
The homogeneous solution is given by
At Aot 1 —t t
yr(t) = 1 Vie + Ve’ = ¢ e " 4 ¢ e'.
-1 1
Hence,
—t t
cie " + coe
yH<t> = , C1,Co € R.
—cret + cpet

Find a particular solution y, of system (5).

Let us compute y, using the method of variation of parameters.

B(t) = BV + oV, LeR,

Make-up exam topics
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where
cy -1
:(Vle“ Vzem) B(t)
c
Thus,
/ -1
1 et el 2¢et 1 [ e —é 2¢et
Co _et et 2 2 et et 12
Therefore,

/
1 1 [ 2e* — t2et
Co 2\ 24 ¢2%t

which gives

1 1 [ ¥ —et(t?—2t+2)
o) 2 \2t—et(2+2t42)
Hence,
v, (1) ci(t)e ™t + co(t)e! 1 [ef2t+1)—2t* -4
' —c1(t)e ™ + cot)e! 2 e'(2t — 1) — 4t

Make-up Exam (S1) [2024-2025]

Exercise 6.5.1 (05 pts). [See the correction 6.5.1]

We consider the following Cauchy problem:

o' (t) + z(t) — be 'z (t) = 0,
1 State the existence theorem for a solution of the Cauchy problem.
2 Show that the problem admits a unique maximal solution.

3 Using the change of variable z(t) = x7%(¢), determine the maximal solution of (1) with

z(1) = 0.
Exercise 6.5.2 (04 pts). [See the correction 6.5.2]

We consider the differential equation

y" +a(x)y +b(z)y =0, (2)
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where a and b are two continuous functions on I (an interval of R).

— Let u and v be two linearly independent solutions of equation (2).
1 Show that the Wronskian w(z) of u and v satisfies the relation

w(z) = wlzo)e” Jayals)ds

Exercise 6.5.3 (07 pts). [See the correction 6.5.3]

We consider the following system of differential equations:

yi(t) =y +t* + et )
yh(t) = 2uo + t + €%

1 Write it in the form Y’ = AY + B where A is a (2 X 2) matrix, and B,Y : R — R?%

2 Solve the homogeneous system Y’ = AY.

3 Compute a particular solution Y, of equation (3).

Exercise 6.5.4 (04 pts). [See the correction 6.5.4]

We consider the following differential system:

X'(t) = A()X (1), (4)
where for all t € R,
1t -t 1
X(t) = 1) A =

zo(t) 1—12 ¢

1 t

1 Show that ¢(t) = and (t) = , | are solutions of system (4).
t 1+1¢

2 Show that the family {¢(t),1(¢)} is a fundamental system of solutions of system (4).
3 Give the fundamental matrix of system (4).

4 Deduce the solutions of system (4).
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6.5.1 Correction of Make-up Exam (S1) [2024—-2025]

Solution of exercise 6.5.1. [See exercise 6.5.1]

We consider the following Cauchy problem:

1 State the existence theorem of a solution to the Cauchy problem.
Theorem (Cauchy-Lipschitz Theorem): Suppose that f is a continuous and lo-
cally Lipschitz function with respect to y on I x Q. Then, for every (to,v0) € I x €,
the Cauchy problem (CP) admits a unique solution defined on [ty — Tty + 7] with

values in [yo — 0o, Yo + do]-

2 Show that the problem admits a unique maximal solution.
Let f(t,x) = —x(t) + 5e~'2°(t). This function is defined and of class C* on R?, since
its partial derivative with respect to x,

of

5 (t,x) = —1 + 25e"a?,
T

exists and is continuous on R?. By the Cauchy-Lipschitz Theorem, the problem admits

a unique maximal solution defined on an open interval ]a, b[ containing t.

3 Using the change of variable.

/

Let 2(t) = 274(t) = 2/(t) = —436—5. Differentiating gives:
T
2 (t) = —4x75 ()2 (t).

The initial equation is 2/(t) + z(t) — be~'z°(t) = 0. Dividing by z°(¢) (for = # 0):

Using z and 2/, we get:
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/

Then solving 2z’ = 4z gives iy = Ilnz=4t+C = Zy=Ke* KecR.
z

Setting 2,(t) = K (t)e*, we obtain:
2 (t) = K'(t)e" + 4K (t)e™,

K'{#t)e" = —20e™" = K'(t)=-20c" = K =4e .

Thus,
z, =4det, 2(t) = Ce' +de”".

Finally,

S

z(t) = (Ce‘” - 4e’t>_ :
Solution of exercise 6.5.2. [See exercise 6.5.2]

Consider the differential equation
y' +a(@)y +bx)y=0.  (2)

Let u and v be two linearly independent solutions of equation (2).
1. Show that
W(x) =W(x)e™ Jz als)ds,

Since u and v are solutions of (2), we have
u +a(x)u +b(x)u=0 Xxuw,
V" +a(z)v +b(x)v =0 x(—u),

which gives
vu” + a(x)vu’ + b(x)vu = 0, (3),

—uv" — a(z)uv’ — b(z)uv = 0. (4)

Adding equations (3) and (4), we obtain

(vu”" — w") + a(z)(ve’ — w') = 0. (%)
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The Wronskian W (u,v) is defined by

W(u,v) =uw' —ou’ = —(vu' — uv').

Differentiating, we obtain

W'(u,v) = u'v" +uw” — o' — o = w" —ovu” = —(vu” — wv").

Therefore, equation (x) can be rewritten as
W'+ a(x)W = 0.

This is a first-order linear differential equation for W. Hence,

W/
W:

—a(z),

and integrating from xzy to x, we obtain

W (z)
W ()

ln‘

_ —/x:a(s) ds.

W(z) = W(ag)e Jeo ).

Therefore,

Solution of exercise 6.5.3. [See exercise 6.5.3]

Consider the following system of differential equations:

() =y (t) + 8% + et
yh(t) = 2ua(t) +t + €*.
1 Rewrite system (3) in the form Y’ = AY + B.

System (3) can be written as

w®) (1 0) (m®)) [e+e
wo)  \o2) \we) \t+e

202
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Therefore,

2 Solve the homogeneous system Y’ = AY'.

Since

its eigenvalues are

Hence, the general solution of the homogeneous system is

1 0
Yi(t) = v Mt + covee™?t = ¢ el + ¢y et
0 1
that is,
cret
ot

Let us compute Y.

Using the method of variation of parameters, we seek a particular solution of the form

c1(t)el

co(t)e?

where ¢; and ¢y are differentiable functions satisfying

! -1
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Therefore,
/
01 e*t O ) t2+e4t t2€7t+€3t

o 0 e 2

Integrating, we obtain

C2 (te™ 4+1) dt
that is,
1
_p (42 -3t
a) e (t+2t+2)+36
o 1 1
c t— e 2[4 2
S\ ()
Solution of exercise 6.5.4. [See exercise 6.5.4]
1 Show that
1 t
o(t) = ;o () =
t 142
are solutions of system (4).
For ¢(t):
, 0
¢'(t) =
1
Moreover,
-t 1 1 0
A(t)o(t) = =
1—t* t) \t 1
Since

For (t):

204
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, 1
Y(t) =
2t
Furthermore,
-t 1 t 1
A(t)y(t) = =
1—¢t% ¢ 1+ t2 2t
Since

Show that {¢(t),1(t)} is a fundamental system.

The Wronskian matrix is

1 t
Wi(t) =
t 1+t
whose determinant is
1 t ) )
det W(t) = =11+4+¢t)—-t>=1+#0.
t 14t

Since

det W(t) #0 for all t € R,

the solutions ¢(t) and (t) are linearly independent. Therefore,

{o(1), (1)}

forms a fundamental system of solutions of

X'=AX.

Determine a fundamental matrix M (t) of the system

Make-up exam topics
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A fundamental matrix is

1 t
M(t) =
t 1+t
4 Deduce the general solution of system (4).
The general solution is given by
X(t)=M(t)C,
where
C1
C = , c1,co € R.
Ca
Hence,
1 t c c1 + cot
X(t) = 1y 1+ ¢
t 1+t2] \e cit + co(1 + %)
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