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General Introd

The course “Ordinary X bns” constitutes a fundamental module of the

Master’s program in Mat Y and Applications, Semester 1. It b].lildSIOI'] the
knowledge acquired at the underoeadae e level, deepening the theoretical and qualitative study
of differential equations, both in classical contexts and in abstract functional spaces. This
discipline occupies a central place in the analysis of dynamic phenomena in applied mathematics,
physics, engineering, and numerous scientific fields, as it allows modeling and understanding the
evolving behavior of various systems.

The main objective of this course is the study of Cauchy problems in infinite-dimensional
Banach spaces. This general framework requires the use of sophisticated analytical methods,
among which fized-point theory plays a crucial role. The latter serves as a fundamental tool
for proving the existence and uniqueness of solutions, and it allows extending classical results
obtained in finite-dimensional spaces to more abstract contexts. In parallel, the course addresses
issues related to the stability of solutions, providing students with a deep understanding of
the behavior of differential systems under various initial conditions and constraints.

The program begins with the fundamentals of differential equations, introducing the
notion of a solution and the different types of solutions, including local, maximal, global,
and saturated solutions. This classification allows for understanding the possible behaviors of
solutions aud precisely defining the contexts in which they are studied. Special attention is
given to the qualitative analysis of ordinary differential equations in finite dimension,
relying on classical theorems such as Peano and Cauchy-Lipschitz, which respectively guarantee
the existence and uniqueness of solutions under appropriate conditions.

A natural extension of this study concerns differential equations in infinite-dimensional
spaces, where the notions of convergence, continuity, and completeness play a critical role.
Qualitative analysis in this framework allows for understanding complex phenomena and prepares
students for advanced applications in functional analysis and dynamical systems. The theoretical
tools developed here are essential for addressing scientific and technical problems involving
continuous models and infinite-dimensional spaces.

A significant part of the course is devoted to differential equations under constraints,

where the solution must remain within a given set. This study involves geometric concepts such
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as the Bouligand-Severi tangent cone and other notions of tange
conditions that an admissible trajectory must satisfy. The Nag
result in this context, providing a necessary and sufficient criterio
within the constraint set.

Finally, the course addresses the notion of stability, an essential element for the study
of dynamical systems. Students will analyze general properties of stability, the stability of
linear differential systems, as well as stability in the sense of Lyapunov, which provides a robust
theoretical framework to evaluate the persistence of solutions under small initial perturbations.
This part enables understanding the long-term behavior of systems and anticipating the sensitivity
of solutions, which is crucial in scientific modeling and technical applications.

In summary, this module offers a rigorous and comprehensive approach to ordinary differen-
tial equations, combining theoretical foundations, qualitative analysis, and advanced
concepts such as constraints and stability. It provides a solid base for students, allowing
them to pursue advanced studies in functional analysis, dynamical systems, and other applied
areas of mathematics. Upon completing this course, students will be able to formulate, analyze,
and solve complex differential problems, understand stability conditions, and integrate abstract

tools into the study of dynamical systems.




Chapter 1. Generalization on Differential Equations

tion on Differential Equations

1.1 Notation of Solutions and Types of Solutions (Local,

Maximal, Global, and Saturated Solutions)

Definition 1.1.1.
e A differential equation is a relation involving the derivatives of the unknown function.
e A differential equation in which the unknown function depends on a single variable

is called an ordinary differential equation, abbreviated as ODE.

Example 1.1.1.
The equations:

Y (t) = 3y°(t) — 2y(t) +1, ¥"(t) = cos(y) + 3

are ordinary differential equations, whereas the following are not.
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Definition 1.1.2.
The order of an ODE is the order of the highest derivative appearing in the equation.

More precisely, an ODE is said to be of order n if it can be written as:

F(t,y(),y'®t),...,y™ (1) =0,

where F' is a function defined on D(F), a subset of R x (R™)"*! with values in R™.

Example 1.1.2.
The ODE:
3y +y=1t>+1t isof order 1.

sin(y”) =t is of order 2.

Remark 1.1.1.

Any ODE can be rewritten as a first-order ODE. For instance, if we have

F(t,y(6),y'®t),...,y™ ) =0,

we can define an equivalent system in the form:

F(t,21(t), 22(t), . - ., 2n_1(t), 2, _1(t)) = 0.
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Example 1.1.3.
Consider the polynomial ODE

y'(t) = 2 (t) — ay®(t) + 2t/ (t), tER.

If we set

then

Thus, if we define
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Chapter 1. Generalization on Differential Equations

Definition 1.1.3.
An ODE is said to be a linear ODE of order n if it can be written as

an()y™ () + a1 Oy V() + - + ()Y () + ao()y(t) = b(2),

where a; for i = 0,1,...,n and b are functions defined on a subinterval of R.

Example 1.1.4.
The ODE

y+y=2t

is linear, whereas

sin(y/(t)) = 2

is nonlinear.

Definition 1.1.4.
An ODE is said to be autonomous if the independent variable does not explicitly appear
in the equation. More precisely, an ODE of order n is autonomous if it can be written in

the form

F(y(0),y'(1),--.,y™ (1) =0,

where F is a function defined on D(F), a subset of (R™)"*! with values in R™.
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Example 1.1.5.
The ODE: ¢ + y = 2 is autonomous, whereas the ODE: ¢ + y = 2t is not autonomous.

1.1.1 Notions of Solution and Types of Solutions

We consider the ODE:
y = f(ty) (1.1)

where f: [ x Q — R" Q CR™

Definition 1.1.5.

(1) The function y : J — Q is a solution of equation (1.1), where J is a non-empty
subinterval of I, if J C I.
oVt e J, y(t) € Q.
e y is differentiable on J and Vt € J, ¢/ = f(t, ).

(2) If in addition y € C'(J), we say that y is a solution of class C.
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Example 1.1.6. Determine the C! solutions of the ODE:
1. 3 = 3t?y admits infinitely many C! solutions defined on R by

3

y(t) =ce”, yt) =c
where c is an arbitrary constant.

2. The ODE ¢/ = 1 + y? admits infinitely many C! solutions defined on any interval of

the form

where c is a constant.

It may happen that the domain of definition of a solution of equation (1.1) is different from /

(since f is defined on I x Q).

Definition 1.1.6. Let y : J — Q be a solution of problem (1.1).
1. The solution y is called global if J = I. Otherwise (J C I), y is called local.

2. The solution y is called maximal if it admits no extension to another solution of

problem (1.1).

e Reminder:

§:J— Qisan extension of y:J— Qif J C Jand Vt € J, j(t) = y(t).
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Example 1.1.7. Consider the Cauchy problem:

y(t) = —2ty%(t), teR,

y(0) = 1.

1. Assume that y(t) # 0, Vt € R. Then one can write

Integrating with respect to ¢, we obtain

—ﬁ — (%) = —

Hence a solution is

__y(0)
() = t2y(0) + 1
Since y(0) = 1, we get
1
=gt

Notice that y(t) is well defined on R, hence J =R, i.e. the solution is global.

2. Consider the Cauchy problem:

It admits a solution of the form

y(t) teJ=]-1,1|.

1

This solution is maximal but not global (J # R).
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Remark 1.1.2. Any solution y : J — 2 of the ODE (1.1) such that

%gny(t) =00 wherea=supJ or a=infJ

cannot be extended to another solution of the same problem.

1.2 Qualitative Study of ODEs in Finite Dimension (Peano

and Cauchy—Lipschitz Theorems)

Cauchy Problem and Integral Equation

Definition 1.2.1.
Counsider the ODE

y'(t) = f(ty(t), (1.2)

where f: I xQ — R", [ is a subinterval of R, € is a subset of R™, and let (¢q, yo) € 1 x 2.

e A Cauchy problem is the task of finding a solution of (1.2) satisfying the initial

condition y(tg) = yo. It is written in the form:

y'(t) = [t y(t)),

y(to) = Yo

(1.3)
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Definition 1.2.2.
A function y : J — Q is called a solution of the Cauchy problem (1.3), where J is a
subinterval of I containing to, if y(ty) = yo and y is a solution of the ODE (1.2).

Remark 1.2.1.
Let (to,yo) € I x Q and let y be a solution of the Cauchy problem (1.3).

The solution y is called a right-hand solution if

J =[to,T] or J=/[to,T].

Similarly, y is called a left-hand solution if

J=[T,to] or J=|T,tg.

Otherwise, the solution y is called bilateral (inf J <ty < sup J).

Proposition 1.2.1.
Suppose that f is continuous on I x €.
Then a function y : J — Q is a solution of the Cauchy problem (1.3) if and only if y is

continuous on J and

Vied, ylt)=yo+ /tjf(s,y(S))dS-

Proof.

Assume that y is a solution of the Cauchy problem (1.3). Since y is differentiable on J, it is

therefore continuous. As f is continuous on I x 2, the mapping s — f(s,y(s)) is also

10



Chapter 1. Generalization on Differential Equations

continuous.

The solution y satisfies:

vtedJ, y(t)= f(ty(t).

Integrating both sides from ¢y to ¢, we obtain:
t t
vt € J, / y'(s)ds :/ f(s,y(s))ds.
to to
Since y(to) = yo, it follows that:
t
e yt) = yto) + [ fls.yls))ds.
0

Conversely: Since f is continuous on I x ) and y is continuous on .J, the mapping
s — f(s,y(s)) is continuous on J.

Moreover, from the integral equation we have:

Vi e mw:m+AQ@mwm&

Differentiating with respect to t, we get:

vted, )= f(tyt)).

This completes the proof.

Local Existence of Solutions for a Cauchy Problem

Theorem 1.2.2 (Peano’s Theorem). If f is continuous on I x Q, where Q C R?
is open, then for every (to,yo) € I x Q, the problem (1.3) admits at least one local

solution y : J C I — Q) defined on a subinterval J C I containing t.

Proof. We present a proof method based on delay integral equations. O

11
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Proposition 1.2.2. Consider the delay integral equation for A > 0:

z, t € [ty — A, to]
y,\(t) = (1.4)
T+ Jiy £(s:9a(s = A))ds, T € [to, to + ).
where f: [ x Q — R" Q C R" is open and (tp,x) € I x Q2. Choose § > 0 such that
[to,to + 6] C I and A > 0. Note that if A = 0, then equation (1.4) reduces to the integral
equation

y(t) :x+/t:f(s,y(s))ds, Vit € [to, to + 9],

which is exactly the integral equation associated with the Cauchy problem (1.3).

e Proof Method: The idea of the proof is as follows:
First, we show that the integral equation (1.4)

admits for every A > 0, at least one solution y, : [to— A, to+J] — R™.

Next, by letting A — 0, we show that (y,), converges uniformly to a function y. Finally, we
show that the limit y is a solution of the considered Cauchy problem.
We first consider the case {2 = R"™ and f is continuous on I x R". The following result will be

useful.

Lemma 1.2.3. If f : IXR™ — R" is continuous, then for every (to,x) € I xR™,
A >0, and 0 > 0 such that [to,to + 0] C I, the equation (1.4) admits a unique solution
defined on [to — X\, to + 4].

Proof.

The construction of y, is done in two steps.

12



Chapter 1. Generalization on Differential Equations

e Suppose 0 < A. On the interval [ty — A, o], we have yy = . Now, for t € [to, to + J], clearly if
s € [to,t], then s — X € [tg — A, tg], giving:

(s —A) ==z, Vselt,t].

Consequently,
t
() =x+ [ f(s,x)ds, ¥t € [ty,to+ Al
to
The construction is thus complete.

e Suppose A < 4. The construction of y, is done on [tg — A, o + A].

- Ift0+5§t0+2/\, then fOI'tE [t0+)\,t0+5],

s—AXE [to, to+ A, Vs € [to+ A\, t],

SO
(s —A) =x+ t f(6,x)do.

to

Hence, y, is defined on [t — A, ¢y + ¢].
- If 2\ <9, repeat the same procedure.

After finitely many steps, there exists a natural number n such that ty + n\ > ¢y + 6. This
completes the construction of y,. Since ¥, is defined by integrals, it is continuous.

The proof is complete.
[
We have thus constructed a solution of the integral equation defined on [ty — A, ¢y + ] for an

arbitrary choice of delay A and any § > 0 such that [ty, ¢y + 6] C I.

The lemma below allows us to remove the delay A > 0.

Lemma 1.2.4. Let f: R™ — R™ be continuous and bounded on I x R™. Then
for every (tog,x) € I x R™ and 6 > 0 such that [ty,to+ 0] C I, the delay equation (1.4) has

a unique solution defined on [to,to + d].

13
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Proof.

Let (tg,x) € I x R™ and ¢ > 0 such that [to, to + 0] C I. Let n € N. Consider the delay integral

o .

equation with 4, = 45

X, te [t() - 5n7t0]
Yn(t) = (1.5)
T+ fp f(8,yn(s — 6,))ds, t € (to,to + 6]

By Lemma 1.2.4, this integral equation admits a unique solution:
yni[t0—5n,t0+6]—>Rn, Vn € N.

Consider the family F of restrictions of the solutions v, to the interval [to, ¢y + 0], also denoted
Yn. To prove that the solutions y, converge uniformly on [to, o + J], it suffices to apply the
Arzela-Ascoli theorem, which requires showing that the family F is equicontinuous and
uniformly bounded.

The family F is uniformly bounded: We show that all functions y,, are bounded by a

constant independent of n. Indeed, f is bounded on I x R™ (assumption of the lemma). Thus,
aM >0, VY(t,y)elIxR" | f(ty)l| <M.
From equation (1.5) we have:
Vn € N, Vt € [to,to + 0], [yn(®)| < ||| + (t —to) M < ||z|| + oM.

Hence, the family F is uniformly bounded on [to, ¢y + 4].

The family F is equicontinuous: We observe that
t
Ve, € ltosto+3l, alt) = () < | [ 1 on(r = 8.))dr| < bt = .

This shows that F is equicontinuous on [tg, ty + 0].

By the Arzela-Ascoli theorem, (y,), converges uniformly to a continuous function

14
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Yy : [to, to + 0] — R™. Moreover,

Jim (s~ 4,) = 5

uniformly on [to, tp + 0]. Since f is continuous on I x R™, passing to the limit in (1.5) as

n — 400, we deduce:

VtE [t o+, y(t) =+ /tjf<s,y<s>>ds,

so y : [to, to + 0] — R™ is a solution of the Cauchy problem.

e We now move to the proof of Peano’s main result.

Proof.

Let (tg,x) € Q. Since I and ) are open, there exist d > 0 and r > 0 such that
[to—d,to—i-d]cj, B(%r):{"leXyHﬁ_mHST}CQ
Define the function p : R — R" by

Y, y € B(x,r)
Py) =9

W —x)+x, yeR"\ Bz r)
ly — =]

The map p is continuous and p(R"™) C B(z,r). Define now g : (tg — d,ty + d) x R" — R" by
g(t,y) = ft,p(y), V(t,y) € (to —d,to+d) x R".

Since f is continuous, by Weierstrass’ theorem its restriction to (ty — d,tg + d) x R™ is bounded.

By Lemma 1.2.4, for any d' € (0, d), the Cauchy problem

y = g(t,y)

y(to) ==

15



Chapter 1. Generalization on Differential Equations

admits at least one solution y : [tg, to + d'| — R™. Since y is continuous at ¢, and y(tg) = =, for

any r > 0, there exists 0 € (0,d') such that

Vt € [to, to+ 6], |y(t) — x| <.

Hence, g(t,y(t)) = f(t,y(t)), so y is indeed a solution of the Cauchy problem. The proof is

complete.

Remark 1.2.5.

(i) Continuity of f is not sufficient to guarantee uniqueness of the solution. The example

below (constructed by G. Peano himself) illustrates this phenomenon.

(ii) The conditions of Peano’s theorem are sufficient to guarantee the existence of at
least one local solution to the Cauchy problem (1.3). It may happen that f is not
continuous on I x €, yet the Cauchy problem (1.3) still admits at least one local

solution (see exercises).

Example 1.2.1. It is easy to verify that the Cauchy problem
y'(t) = 3y°°
y(0) =0

admits two solutions: the zero function y; = 0 and the function 73 : R — R defined by

Y2 (t) = t3.

Cauchy—Lipschitz Theorem (Uniqueness of a Local Solution to a Cauchy Problem)

We are interested in the uniqueness of a local solution of problem (1.3) when it exists. As

already noted in Example 1.2.1, the continuity of f is not sufficient to guarantee uniqueness.

16



Chapter 1. Generalization on Differential Equations

For this purpose, additional conditions on the function f must be imposed.

Definition 1.2.3.
The Cauchy problem (1.3) is said to have local uniqueness if for every (to,x) € I x £,
whenever u and v are two solutions of problem (1.3), there exists § > 0 such that
[to, to + 6] C I and

Vt € [to, to + 6], u(t) = v(t).

The Cauchy problem (1.3) has the property of global uniqueness if for every (to, z) € I x (Q,

all solutions of problem (1.3) coincide on the common part of their domains of definition.

Proposition 1.2.3.
The properties of local uniqueness and global uniqueness of a Cauchy problem are

equivalent.

Proof.

We need to prove that the property of local uniqueness implies global uniqueness (the reverse
implication is trivial). Let (to,z) € I x §2. Consider two solutions u : J —  and v : K — Q of

problem (1.3). Define the set C(u,v) by

Clu,v) ={t € JNK: u(s) =v(s), Vs € [to,t].}

Since (1.3) has the property of local uniqueness, the set C(u,v) is nonempty. We show that

C(u,v) is closed: let (t,), C C(u,v) converge to i. Then i € C(u,v). We must show that

sup C(u,v) = sup(J N K).

For contradiction, assume sup C(u,v) < sup(J NK). Let b = sup C(u,v). Consider the Cauchy

17
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problem

The solution is defined on [b,§] C I. By the patching principle, we can thus define a solution of
the Cauchy problem (1.3) on [to, b+ d], which contradicts the maximality of the solution.

The proof is therefore complete.

Remark 1.2.6.
Since there is equivalence between the two uniqueness properties, we will henceforth

simply say that the Cauchy problem has the uniqueness property whenever it applies.

Definition 1.2.4.
A function f: I x Q — R" is said to be locally Lipschitz on € if for every compact set
K C I x €, there exists a constant L = L(K) > 0 such that

V(t, 1), (8 22) € Ky [|f(t, 1) = [ 22)[| < Lllzy — 2.

If the above condition holds on I x €2, we say that the function f is Lipschitz on €.

18



Chapter 1. Generalization on Differential Equations

Example 1.2.2.

1. Clearly, every Lipschitz function is locally Lipschitz.

2. The function f: R — R defined by f(¢,y) = |ty| is locally Lipschitz on R.
Indeed,

|f(t,y) — f(ty2)] = [t|lyr — y2| < L(E)|y1 — y2|, VE € [a,b] x R™.

3. The function f: R, x Ry — R defined by f(¢,y) = v/ty is not locally Lipschitz on
R, .

Remark 1.2.7.
If f:1xQ — R satisfies the Cauchy condition on €2, i.e., for all 4,7 = 1,2,...,n the

df;
Ly

partial derivatives

are continuous on I x €2, then f is locally Lipschitz on €.

19
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Proposition 1.2.4.
By virtue of Proposition 1.2.3, it suffices to prove that the Cauchy problem (1.3) has the
property of local uniqueness. Let (tg,z) € I x Q and let u: J — Q, v : K — Q be two

solutions of problem (1.3). Since I x €2 is open, there exist p > 0 and d > 0 such that
a+d <sup(JNK), and B(z,p) C Q.
The functions u and v are continuous at t,. We may therefore choose § such that
Wt € lto to-+ dl, Ju(®) — v(®) < [ 175 u(s)) = F(5,0(6))ds < [ Thuts) = o(s) s
Gronwall’s Lemma allows us to conclude that
Vit € [to, to +d[, [ly(t) — 2(t)]| = 0.

Consequently,
vie J, y(t) = 2(t).

Theorem 1.2.8.

If the function f : I x Q — R™ is continuous on I x 2 and locally Lipschitz on €Y, then for
every (to,x) € I x Q, there exists 6 > 0 such that [ty,ty + 0[C I and the Cauchy problem
(1.8) admits a unique solution defined on [ty,to + 0].

Proof. We apply Peano’s theorem. O

1.2.1 Maximal Solutions of a Cauchy Problem

In this paragraph we are interested in maximal solutions of problem (1.3).

20



Chapter 1. Generalization on Differential Equations

Recall that a solution y : J — €2 is said to be maximal if it cannot be extended to another
solution of the same problem.

Without loss of generality, we assume that y : [to, T) — Q, where [tg, T') C I, is a solution of the
Cauchy problem (1.3). We will study the possibility of extending y to another solution g
defined on the interval [to,7") where T' < T" and [to,T") C I. The following lemma will be of

great importance in what follows.

Lemma 1.2.9.

Let f: 1 x Q — R"™. Then the solution y : [to,T) — R™ of problem (1.3) is extendable if:
(i) T < supl.

(i) There exists y* € Q such that lim;_,7— y(t) = y*.

Proof.

If the solution y is extendable, then conditions (i) and (ii) are obviously satisfied.
Now suppose that y : [tg, T) — 2 is a solution of problem (1.3) satisfying conditions (i) and (ii).
We define an extension of y to the interval [ty,T] by:

A simple argument shows that w is a solution of problem (1.3) on the interval [to, 7).

Indeed, it suffices to show that

u(T) = f(T,u(T)) = f(T,y").

Let t € [ty, T'[ be arbitrary and h < 0 sufficiently small (so that ¢t + h € [tg, T[). Then

y(t+h) =y(t) + hy/'(t) + o(h) = y(t) + hf(t,y(t)) + o(h).

Taking the limit as t — 7'~ and using (ii) together with the continuity of f on I x Q, we

21



Chapter 1. Generalization on Differential Equations

obtain:

y(T+h) =y" +hf(T,y") + o(h).
It follows that:

uwT+h)—u(T) _y +hf(Ty")+o(h) -y

Now, letting h — 0, we obtain
u'(T) = f(T,y).

By Peano’s theorem, the Cauchy problem

admits at least one solution v defined on an interval [T,T7") C I. It follows, by the patching

principle, that the function y defined by:

y(t) =wu(t), te[to,T],

g(t) =o(@®), te[T,T),

is a solution of the Cauchy problem (1.3) defined on [tg, T7"). This completes the proof. O

Remark 1.2.10.
The previous lemma remains valid if we consider a solution y :|7, to] — €2, replacing (i)
with 7' > inf I, and in (ii) replacing ¢t — T~ by ¢ — T In this case, any extension of y

will be defined on an interval of the form |77, to] where inf I < T" < T.
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Remark 1.2.11.
From the previous lemma we deduce that if y : J — €2 is a maximal solution of the Cauchy

problem (1.3), and f is continuous on I X £, where I and  are open sets, then necessarily

the interval J is open.

The following lemma provides sufficient conditions for condition (ii) of Lemma 1.2.9 to be

satisfied.

Proposition 1.2.5.
Let y : [to, T) — € be a solution of problem (1.3) where T' < +00. Suppose there exists a

constant M > 0 such that:

Then, there exists y* € Q such that:

lim y(t) =y".

t—T—

Proof.

We deduce that:
t
s € 10, T, lu(®) = y() < | [/ 17 us))ds| < Mt =]
Thus, the Cauchy convergence criterion guarantees that:

li t) exists.
Jim y(t) exists
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Theorem 1.2.12.
Every solution y : J — Q of the Cauchy problem (1.3) can be extended to a mazimal

solution.

Proof.
Let y be a solution of problem (1.3). Suppose that y is not maximal. Let S be the set of all
solutions extending y. We endow S with a binary relation, denoted by <, defined as follows:

Vr,z €S, ©r < z <= z extends x.

The set S is nonempty (since y € S). Moreover, the set S endowed with the binary relation <
is ordered. Hence, Zorn’s lemma allows us to deduce that there exists a maximal element

y* € § such that y < y*. Therefore, y* is maximal. This completes the proof.

Remark 1.2.13.

(i) The previous theorem remains valid even if the function f is not continuous or if

one of the sets I or {2 is not open.

(ii) A Cauchy problem may admit several maximal solutions.

We conclude this section with a fundamental result concerning the existence of maximal

solutions of a Cauchy problem.
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Corollary 1.2.14.
Suppose that I and Q are open. If f: I x  — R™ is continuous on I x €, then for every
(to,x) € I x Q, the Cauchy problem (1.3) admits at least one maximal solution defined on

an open interval J containing t.

Proof.

The proof follows immediately from Peano’s theorem and Theorem 1.2.12.
If the Cauchy problem has the uniqueness property of the solution, for example if f is Lipschitz
continuous with respect to the second variable, then the maximal solution, if it exists, is unique.

More precisely, we obtain the following result: O

Corollary 1.2.15.
Suppose that I and 2 are open. If f : I x Q — R"™ is continuous on I X €2 and locally
Lipschitz on Q), then for every (to,z) € I x ) the Cauchy problem (1.3) admits a unique

maximal solution defined on an open interval J containing tg.

Proof. The proof follows immediately from the Cauchy—Lipschitz theorem (i.e. Theorem 1.2.8)
and Theorem 1.2.12.
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Example 1.2.3.
We seek all the maximal solutions of the ODE

(1.6)

In order to discuss the nature of the maximal solutions, we must declare the domain of

definition of the ODE dynamics. Let f : R x R — R and
V(t,y) eR xR, f(t,y)=1y"

Thus, the (trivial) zero solution is global. On the other hand, we have

df
_ = 2
a (t,y) = 2y,

which is continuous on R. We deduce that f is locally Lipschitz with respect to the second

variable. Consequently, the zero solution is unique.
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Example 1.2.4.

We consider the same previous problem, but with a different initial condition. Let
(1.7)

The dynamics are defined as before. Clearly, the zero solution does not satisfy the ODE
(1.7). Let us solve the problem explicitly. To this end, we use the method of separation of

variables. We obtain:

d d 1
%;1:/-‘2:/1:—=t+0
y y y

Hence, every solution of the ODE (1.7) is of the form:

The solution y is defined on | — oo, 1[. The solution y is maximal. Indeed,

Jim () = oo,

1.2.2 Global solutions of a Cauchy problem

This subsection is devoted to the study of the existence of solutions of the Cauchy problem

(1.3).
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Theorem 1.2.16. Let I be an open interval of R and let f : I x R — R" be

continuous on I x R™. Suppose there exist two functions h,k : I — R such that

V(t,y) € I xR [[f(& )] < k@)llyll + h(E).

Then, for every (to,x) € I x R™, the Cauchy problem (1.3) admits at least one global

solution.

Proof.

By virtue of Corollary 1.2.15, the Cauchy problem (1.3) admits at least one maximal solution

y : [to,b) = Q with [tg,b) C I. We deduce that the solution y satisfies

€ ftob), Iy(®) < ol + [ hs)ds+ [ k)ly(s)] ds.

We now show that b = sup I. For contradiction, assume b # sup I. Since h and k are

continuous on J and J is compact, we deduce that there exists a constant M > 0 such that
Vt € [a,b], h(t) < M and k(t) < M.
Applying Gronwall’s Lemma, we therefore obtain

vt € [a ], ly@)] < (] + M (b —a))eMC.

1.2.3 Study of differentiable and integrable functions in normed
vector spaces
Normed vector spaces, Banach spaces

An R-vector space X is said to be normed if it can be endowed with a norm N : X — R,. We

define the following.
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Definition 1.2.5. A norm on a vector space X is a mapping N : X — R

satisfying the following three axioms:
e For all x € X, we have N(z) = 0 if and only if x = 0.
e For all x € X and A € R, we have N(Az) = |A\|N(z).

e For all z,y € X, we have N(z + y) < N(z) + N(y).

Example 1.2.5.

1. The vector space X = R" can be equipped with three norms, namely:

o Ni(z) = Ny(x1,xa,...,2,) = D0 |xi]-

Jun

3
o Ny(z) = Na(z1,x9,...,2,) = (Z?_l xf) .
o Noo(r) =max{|z;| |i=1,2,...,n}.

2. The vector space of bounded real sequences, denoted [*°(R), is endowed with the

following norm: If z = (x,), is bounded, then

Noo() = [|2[|oe = suplan|.
neN

Definition 1.2.6. A normed vector space is called a Banach space if it is

complete.

A topological space is complete if every Cauchy sequence in the space converges.
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Example 1.2.6.

1. Let (E,||-||) be a Banach space. Let I be an arbitrary set. We denote by [*°(I, E)
the vector space of bounded functions defined on I with values in . We endow

[*°(I, E) with a norm, denoted by |||/, defined by:

Viel*(LE), |flle=sup{f(z), zel}.

It can be shown (as an exercise) that ({°°(I, F), ||-||») is a Banach space.

2. In the particular case where I = N and £ =R, [*°(/, E') becomes the vector space

of bounded real sequences, and we write:

1°(I, E) = I”(R),

which is a Banach space.

1.2.4 Differential of a mapping

Let X and Y be two normed vector spaces over a field K, and let 2 C X be an open set. We
consider the function F': Q — Y. We denote by L(X,Y’) the K-vector space of linear mappings
defined on X with values in Y.

Definition 1.2.7. The function f is said to be Fréchet differentiable at xqy € €2
if there exists a linear map denoted f'(xy) € L(X,Y) such that:

f(xo+h) = f(xo) + f'(xo)h + w(zo, h), where w(xg,h) = o(|h]), h — 0.

If f is differentiable in the sense of Fréchet at every point zy € €2, we say that it is Fréchet
differentiable on 2.
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Remark 1.2.17.

(i) If the function f : Q@ — Y is differentiable on X, then we define the derivative
function f': Q@ — L(X,Y).
If X =K, we can identify L(K,Y") with Y, and thus f’(zo) will be identified with a

vector.

(i) If the function f’ is continuous, then we say that f is continuously differentiable on

Q and we write f € C'(Q).

Example 1.2.7. Let the integral operator F': X — X, where X = C(J) and
J = [a, ], be defined by:

b

F(z)(t) :/ k(t,s)f(s,z(s))ds, telJ.

a

fk:JxJ—R, fand ? are continuous, then F is differentiable on X and we have:
x

Vh e X, (F'(z)(h))(t) = /ab k(t, s)g—i(s,x(s))h(s) ds.

Example 1.2.8. Consider the functional ¢ : C'(J) — R defined by:

vy = [ [ f(rs)dsr

where f :J x R — R is continuous. Then v is continuously differentiable and

Y@ = [ fra(r)hir)dr
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Proposition 1.2.6.

/ab f'(t)=y() —y(a) ifand only if y:[a,b] = X

is continuously differentiable.

Let X be a Banach space. If f:Q — Y then:

Proposition 1.2.7.

we have:

If f:Q — Y is differentiable at a € €, then for all h € X,

lim L@ = (@) ey

t—0 t

Proposition 1.2.8.

If f is differentiable at a, then it is continuous at a.

Remark 1.2.18.

exists a continuous linear mapping, denoted f’(zo) € L(X,Y), such that:

lim
P |z — o]

We show that f is differentiable at xy if and only if there

f(@) = flzo) = fzo)(x —20) _
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Example 1.2.9. Let X = C%and I = [0, 1]. We consider the function y : I — X

defined by:
1
Viel, y(t)=y,(t)= - sin(nt).

(i) Show that y is Lipschitz. Indeed,

(ii) Show that y is nowhere differentiable.

1.2.5 Solution in the sense of Carathéodory

The existence theorems studied so far require the continuity of the right-hand side defining the
ODE. If the continuity condition is relaxed, the existence of a classical local solution (of class

C1) is no longer guaranteed. The following example illustrates this phenomenon.
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Example 1.2.10. Let f: R — R be defined by:
1 if r <0,
fl@)={-1 ifz>0,
—1 ifx=0.

We consider the Cauchy problem:

(1.8)

Suppose that the problem (1.8) admits a C! solution y defined to the right of 0, i.e., y is
defined at least on an interval [0, T'[. Then:

Since y' is continuous at 0, we can choose 7" small enough such that:

vte[0,T], () <o.

It follows that y is strictly decreasing on [0, 7[. Hence,

vt €]0, T, y(t) < y(0) =0.

It then follows that:

Vi €]0, T, y'(t) =fu®) =1 = ' (0)=1,

which contradicts the fact that we already have 3/(0) = —1. Finally, we deduce that the
Cauchy problem (1.8) does not admit any C' solution.
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Remark 1.2.19. This phenomenon of non-existence of a C'* solution for problem
(1.8) is, in fact, due to the discontinuity of the function f with respect to the space variable
V.

Note here that the problem persists if the function f is discontinuous with respect to the
time variable .

Thus, following the same reasoning as before, the Cauchy problem:

admits no classical C! solution.
We are therefore led to broaden the class of functions that can be solutions of problem

(1.9). In other words, we slightly modify the notion of solution of problem (1.9).

More precisely, we say that y : J — Q is a solution of problem (1.9) if y(t) € Q, Vt €
J, y(0) =0, y is differentiable almost everywhere on J, and

y'(t) = f(y(t)) a.e. onlJ.

Thus, adopting the previous definition, the function y defined on R by:

y(t) = —|tl

becomes a solution of problem (1.9).
It is easy to check that y is defined and continuous on R, and satisfies the relation

y' = f(t) almost everywhere on R (excluding the value 0).

The aim of this section is therefore to define another concept of solution and establish its
existence. To this end, a particular class of functions f defining the right-hand side of the

ODE will be introduced.

35



Chapter 1. Generalization on Differential Equations

Definition 1.2.8.
A function f : I x 2 — R" is said to be of Carathéodory type if the following conditions

are satisfied:
(i) For almost every t € I, the mapping « — f(¢, x) is continuous on 2.
(ii) For every z € €, the mapping ¢t — f (¢, x) is Lebesgue-measurable on I.

(iii) For every (tg,z) € I x €, there exist p > 0 and ¢ > 0 such that

[to—0d,tg+0] C I and B(x,p) C Q.

Moreover, there exists a function h : [tg — 6,y + d] — R™, Lebesgue-integrable, such
that

Consider now the Cauchy problem:

y'(t) = f(t,y(t)),

y<t0) =7,

(1.10)

where f: I x Q — R" is of Carathéodory type.
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Definition 1.2.9.
A function y : J — R™ is said to be a solution of the Cauchy problem (1.10) if:

(i) Forallt € J, y(t) € €.

(ii) y(ty) = z, y is absolutely continuous on J, and

y'(t) = f(t,y(t)) a.e. on J.

Theorem 1.2.20.
Suppose f : I x Q — R"™ is of Carathéodory type. Then, for every (to,x) € I X §, the
problem (1.10) admits at least one local solution (in the sense of Definition 1.2.9).

To prove the theorem above, we proceed as follows. Let (o, x) € I x 2, and consider the

delayed integral equation with parameter A > 0, defined by:

X, ift e [to—)\,to],
u(t) = . (1.11)
x—l—/t Fls,un(s — A))ds, ift € (to, to+ 9],

Method of proof: The idea of the proof is as follows (analogous to Peano’s Theorem).
First, we show that the integral equation (1.11) admits, for every A > 0, at least one solution
Ux : [to— A\, to+A]. In contrast to the proof of Peano’s theorem, here we prove that the solution of
the integral equation is absolutely continuous (the variation of the function equals the primitive
of its derivative). Next, by letting A — 0, we show that the sequence (y,), converges uniformly
to a function y, where the Arzela—Ascoli theorem plays a fundamental role. Finally, we prove
that the limit y is a solution of the considered Cauchy problem.

To avoid technical complications, we assume f : I x R® — R". We now establish the

following lemma:
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Lemma 1.2.21.
Let f: I xR" — R" be a Carathéodory function. Suppose there exists h : I — R, locally

integrable, such that for almost everyt € I:

vy e R™, ||f(t,y)]| < h(2). (1.12)

Then, for every (to,x) € I x R™ and every § > 0 with [to,to + 0] C I, the integral equation

(1.11) admits a unique absolutely continuous solution defined on [to — A, to + 0].

Proof. If y : I — R™ is continuous on I, then the function ¢ — f(t,y(t)) is measurable on

I. From inequality (1.12) we obtain, for almost every t € I,

1F (& y (@) < hl2).

Thus, t — f(t,y(t)) is locally integrable on I. It follows that the function y, is defined
and continuous on every interval of the form [tqg — A, to 4+ i\ with ¢y + iA < t5 + §. Hence
s — f(s,yr(s—A)) is Lebesgue integrable on [ty — A, to+ (i +1)A], for i = 1,2,.... By induction,
yy is defined on [tg — A, to + (i + 1)A].

On the other hand, y, is clearly defined on [ty — \, to|. For t € [to, to + A], we observe that

s — A\ € [to — A, to], which implies y,(s — A) = z. Hence,

t

uA(t) =ax+ | f(s,z)ds.

to

Therefore vy, is well-defined on [ty, to+A]. Repeating this argument, y, is defined on [to+ A, to+2],
and so forth.
By induction, y, is defined on the whole interval [to, o + d]. Moreover, y, is absolutely

continuous (being the primitive of its derivative). The proof is complete. O]

We now proceed to another auxiliary result.
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Lemma 1.2.22.

Let f : I xR* — R"™ be of Carathéodory type, and suppose there exists a function
h: 1 — Ry satisfying property (1.12). Then, for every (to,x) € I x R™ and every § >0
such that [to,to + 0] C I, the Cauchy problem (1.10) admits at least one Carathéodory
solution defined on [tg,to + 0].

Proof. Let (to,z) € I x R™ and 6 > 0 with [tg, o+ 0] C I. Let n € N and consider the
delayed integral equation with step d,, = %H:
X, t e [t0—5n,t0],
yn(t) = (1.13)

t
:L'—i—/tf(s,yn(s—én))ds, t € (to, to + 6,].

By Lemma 1.2.21, for every n € N, equation (1.13) admits a unique absolutely continuous
solution y, : [to — Iy, to + 6] — R™.

Consider the family F of restrictions of the y, to [to, o + d]. To prove that (y,), converges
uniformly, it suffices to apply the Arzela—Ascoli theorem. Thus, we need to show that F is
uniformly bounded and equicontinuous.

Uniform boundedness. From (1.12), we have:
t to+o
Vn e N, Ve fto,to+ 3], ya(®)] < loll+ [ h(s)ds < izl + [ h(s)ds.
0 0

Thus F is uniformly bounded.
Equicontinuity. Again from (1.12):

Vn € N’ Vt7 S [t07t0 + 5]7 ||yn<t> - yn(S)H S

/St h(u) du’.

Since h is Lebesgue integrable on [ty to + 0], the map ¢ — [/ h(s)ds is absolutely continuous.
Hence F is equicontinuous.

By Arzela—Ascoli, there exists a subsequence (y,) converging uniformly to some function y.
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Moreover,

lim yn(s = dn) = y(s),

n—-+o0o

uniformly on [tg, o + d]. Since f is Carathéodory, it follows that for almost every ¢ € [to, to + 6],

lm  f(s,yn(s —0,)) = f(s,y(s)).

n—-+o0o

By the dominated convergence theorem, passing to the limit yields

VEE [toto+ 0], ylt) = + /t:f(s,y(s))ds.

Thus y is a solution of the Cauchy problem. n
We now proceed to the proof of the main result.

Proof. Let (t,x) € Q. Since I and € are open, there exist d > 0 and r > 0 such that
[to—d, to+dl C I, Blx,r)={neR":|n—-zf <r}cQ
Define p : R* — R" by

Y, y € B(z,r),

ply) = .

m(y —z)+z, y¢B,r).

The map p is continuous and p(R") C B(z,r). Now define g : (ty — d,to + d) x R" — R™ by

9(t,y) = f(t, p(y)).

Since f is continuous, the Weierstrass theorem ensures that f is bounded on compact subsets.

Thus, for every d’ € (0,d), the Cauchy problem

Y =g(t,y),

y(to) = ,

admits at least one solution y : [to, to + d'| — R™.
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Since y(ty) = = and y is continuous, for every r > 0 there exists d € (0,d’) such that
Vt € [to,to+ 6], |yt) —x| <.

Thus, g(t,y(t)) = f(t,y(t)), and hence y is a solution of the original Cauchy problem. The proof

is complete. O

3

Example 1.2.11.

Consider the Cauchy problem:

(1.14)

The Cauchy problem (1.14) has a unique solution y : R, — R in the sense of Carathéodory,

defined by:
Vt € Ry, y(t) = elt=H-1,

In this chapter, we are interested in Cauchy problems of the form:

yl - f(tv y(t))a

y(to) =,

(1.15)

where f: I x Q — X, X is a Banach space, 2 C X, and I C R is an open interval.
The concepts of integrability and differentiability in Banach spaces are detailed in Appendix A.

We begin by defining a solution of problem (1.15).
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Definition 1.2.10.
A function y : J — Q is called a solution of problem (1.15), where J is a non-empty

subinterval of I containing %, if:
o Vte ], y(t) € Qand y(ty) = z.

o y is differentiable on J and V¢ € J, v/(t) = f(t,y(t)).

Remark 1.2.23. The concept of solutions of ODEs in infinite dimensions is a

delicate subject. In infinite dimensions, ODEs rarely admit differentiable solutions.

As in finite dimensions, the following result is a characterization of (classical) solutions of

problem (1.15).

Proposition 1.2.9. Suppose that f is continuous on I x €. The function

y : J — Q is a solution of the Cauchy problem (1.15) if and only if y is continuous on J

and
@
vtel, y(t) =z + / £(s,y(s))ds.
to
Proof 1. We note that
t
/ f(s,y(s))ds is in the sense of Bochner.
to
Remark 1.2.24. The notions of global solution, maximal solution, right solution,

left solution, etc. are the same as in finite dimensions.
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1.3 Qualitative study of ODEs in infinite dimension (n)
(Peano and Cauchy—Lipschitz theorem)

Suppose that X = R™ and f is continuous on [ x €). Then Peano’s theorem guarantees that for
every (to,z) € I x €2, the Cauchy problem (1.15) admits at least one local solution defined on
an interval J containing ;.

The “naive” generalization of Peano’s theorem to infinite dimension is drastically false.

In 1951, Dieudonné constructed two examples showing that continuity of the dynamics (in our
case, the function f) is not sufficient to guarantee the existence of at least one local solution to
the Cauchy problem (1.15).

In particular, for every Banach space X of infinite dimension, there exists a Cauchy problem
(associated with a continuous function f : I x X — X)) that possesses no local solution.

Thus, to guarantee the existence of at least one local solution, an additional assumption on the

function f (redundant in finite dimension) must be imposed.

Definition 1.3.1.
The function f is said to be compact if it maps every bounded set in I x 2 to a relatively

compact set in X.

The theorem below is a variation of Peano’s theorem in infinite dimension.

Theorem 1.3.1.
If f is compact and continuous on I x§2 where Q. C R™ is open, then for every (to, x) € I X2,
the problem (1.15) admits at least one local solutiony : J C I — Q defined on a subinterval

J C I containing ty.
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Remark 1.3.2. In finite dimension, the assumption of compactness of f is
redundant. Indeed, if f is continuous then it maps every bounded set in I x €2 to a

bounded set in R™, which is relatively compact.

Before starting the proof of Theorem 1.3.1, let us first consider the special case where f is
continuous on I x X and f(I x X) is relatively compact in X. We choose A > 0 and § > 0 such

that [tg, %o + 0] C I, and consider the delay integral equation:

x ifte [to—A,to],
ya(t) = (1.16)
:c—l—ftf;) f(s,ya(s — A))ds if t € (tg, to + 4.

e Proof method: First, we show that for every A > 0, the integral equation (1.16) admits at
least one solution y, : [t — A, o + 0] — X.

Next, by letting A\ — 0, we show that the sequence (y,), converges uniformly to a function y.
Finally, we show that the limit y is a solution to the considered Cauchy problem. We note here
that the compactness of the function f is essential for the convergence of the approximate

solutions to a solution of the considered problem.

Lemma 1.3.3.
If f: I x X — X is continuous, then for every (to,x) € I x X, X >0 and § > 0 such
that [to, to + ] C I, the delay integral equation (1.16) admits a unique solution defined on
[to — A, to + ).

Proof.

First, we observe that the function y, is uniquely defined on the interval [ty — A, to] (yn = ).
Now let t € [tg — A, to). It is clear that if s € [to, t] then s — A € [tg — A, to], which gives

yx(s — A) = . Consequently,
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which shows that the function y, is also determined on the interval [t, — A, to].

Thus, in a similar manner, we can define y, by induction on the intervals

[to+ A, to + 2N, [to +2X, 60+ 3A], -+, [to + (n — 2)\, o + (n — 1) A] such that nA > t5 + 0.
Therefore, the function y, is defined on the interval [to, ¢y + 0] and is continuous. The proof is

thus complete.

We now move on to another auxiliary existence result.

s )

Lemma 1.3.4.
Let f: 1 x X — X be continuous and suppose f(I x X) is relatively compact. Then, for
every (to,z) € I X X and § > 0 such that [tg,to + 6] C I, the delay equation (1.16) has a

unique solution defined on [to, to + J].

Proof.

Let (tg,z) € I x X and § > 0 such that [to,to + ] C I. Let n € N. Consider the delayed
1

n+1:

integral equation with §,, =

z ift € [to - 5n7t0]
nlt) = (1.17)
T+ fp f(s,yn(s — 6,))ds if t € (to,to + 6.

By virtue of Lemma 1.3.3, for every n € N, the delayed integral equation (1.17) admits a
unique solution y,, : [tg — dn,t0 + 6] = X. In the sequel, we consider the family
F = {yn, n € N} consisting of the restrictions of y, to the interval [to, o + 6]. We now aim to
prove that the family F is relatively compact in the space C([to, to + d], X). This amounts to
showing that F satisfies the assumptions of the Arzela—Ascoli theorem, i.e., F is uniformly
bounded and equicontinuous.
The family F(t) = {y,(t), n € N} is relatively compact: We need to prove that for every
t € [to, to + 0], the set

F(t) = {yn(t), n € N}
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is relatively compact in X. This follows directly from the assumption that f(I x X) is

relatively compact in X. Therefore, we deduce that the set

F(t) ={yn(t), n e N} = {a: + /t: f(s,yn(s —0p))ds, n € N}

is relatively compact in X for all ¢ € [to, to + 9).

The family F is equicontinuous: The set F is equicontinuous. Indeed,

v(tWS) S [tU’tO + 5)7 Hyn(t) - yn(s)H < ’/:Hf(o-? yn(a - 6n))||da < M|t - S|7

for some constant M and for all n € N. Consequently, F is equicontinuous on [tg,to + ¢]. By
applying the Arzela—Ascoli theorem, we deduce that (y,), converges uniformly to a function
y: [to, to + 0] — X.

On the other hand, we have:

lim y, (s — d5) = y(s)

uniformly on [tg, to + 0]. Since f is continuous on I x X, by passing to the limit in (1.17), we

deduce that
t
Wt € [to,to + 0], y(t) = aH—/t F(s,y(s))ds.

It follows that y : [to, o + 0] — X is a solution to the Cauchy problem (1.15).

We now proceed to the proof of the main theorem of this section (Theorem 1.3.1).
Proof.

Let (tg, ) € Q. Since € is open, there exist d > 0 and r > 0 such that
[to — d,to +d| x B(xz,r) C D and B(z,r)={ne€ X, ||n—z| <r}.
Define the function p: X — X by:

Y if y € B(x,r)
ply) =

(y—x)+axifye X — B(x,r).
ly — ]
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Hence, p is continuous and p(X) C B(z,r). Now define g : (to — d,to +d) x X — X by:

V(t,y) € (to —d,to +d) x X, g(t,y) = f(t,p(y)).

The set f((to — d,to+ d) x B(z,r)) is relatively compact since f is b-compact. Therefore, g is
continuous and g((ty — d,ty + d) x X) is relatively compact. By virtue of Lemma 1.3.3, we

deduce that for every d’ € (0,d), the Cauchy problem

y = g(t,y)

y(to) = ,

admits at least one solution y : [to, to + d'] = X.
Since y is continuous at ty and y(tg) = x, we deduce that for any r > 0, there exists § € (0,d’)

such that for all t € [to, to + 0], we have ||y(t) — z|| < r. Thus,

g(t,y(t) = [t y(t))-

Consequently, the function y is a solution to the Cauchy problem (1.15). The proof is complete.

Remark 1.3.5.

We note here that the missing argument in Peano’s result is the impossibility of making
the local approximate solutions converge by means of Ascoli’s theorem. The latter itself
fails because the closed balls of X are not compact: by Riesz’s theorem, the closed unit
ball of an infinite-dimensional normed space is never compact. More precisely, one can
prove that in any separable infinite-dimensional Banach space X there exists a continuous

function f: X — X such that the ODE 3 = f(y) admits no local solution.
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Remark 1.3.6.

The results established in finite dimensions concerning the existence of maximal solutions
remain valid in infinite dimensions. More precisely, we have the above variation of Peano’s
theorem concerning the existence of a maximal solution of a Cauchy problem in infinite

dimension.

Theorem 1.3.7.
If f is compact and continuous on I x S, where  C R™ is open, then for every (ty,z) €
I x Q, problem (1.9) admits at least one mazximal solution y : J C I — Q defined on an

open interval J C I containing to.

1.3.1 Cauchy Problem and Integral Equation

We are interested in providing a result of existence and uniqueness of the solution of a Cauchy

problem in infinite dimension.
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Remark 1.3.8.

The proof of the Cauchy—Lipschitz theorem is analogous to that established in finite
dimensions.

In what follows, we will present and prove it in a different way, based on Picard’s
approximations. Broadly speaking, the method of proving the existence of a solution in

Banach spaces (including in finite dimension) proceeds in three steps:
e Construct a sequence of approximate solutions of the considered Cauchy problem.
e Show that the sequence built in the first step converges uniformly.

e Finally, prove that the limit obtained in the second step is indeed a solution of the

Cauchy problem.

We now collect the following assumptions on the function f:

(H1) The function f : Ry = [to,to + 0] x B(x,r) — X is continuous and
aMy > 0, V(t,y) € Ry, ||f(t,y)|| < M.
(H2) There exists a function g : [tg, to + a] x [0,20] — R, such that
V(t,u) € [to, to+ a] x [0,2b], 0 < g(t,u) < M.

Moreover, g(t,0) = 0, for all ¢ € [ty,to + d] the function g(¢,-) is strictly increasing, and the zero
function is the unique solution of the Cauchy problem

u' = g(t,u), u(ty) = 0. (1.18)
(H3) f satisfies the following relation (an extension of the Lipschitz condition):

V(t,9), (t,2) € Ro, [|f(t,y) = F(t,2)] < g(t, lly = =]

The above result (Cauchy-Lipschitz theorem in infinite dimension) extends in a natural way the

one already established in finite dimension. More precisely, we have the following theorem:
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Theorem 1.3.9.
Suppose that assumptions (H1) ~ (H2) are satisfied. Then the successive Picard approxi-

mations (in infinite dimension) defined by:

Ynt1(?) :x—k/t:f(s,yn(s)) ds, n=0,1,2,--- (1.19)

exist on [to, to+a], where o« = min{a, =} and M = max{Mo, M}, and converge uniformly

to a function y, which is the unique solution of the Cauchy problem (1.9).

Proof.

eExistence of the solution: We prove by induction that the successive approximations (1.19)

are defined and continuous on [ty, ty + a]. Moreover, we have:
Vt € [to,to+ @], [|[yns1(t) — ]| <b, n=0,1,2,---.
We now consider the following approximations:

Uo(t) = M(t — to),
Uni1(t) = Ji g(s,ua(s))ds, t € [to,to + al.

Again, by induction, we show that the successive approximations above are well defined, and we

have:

0 < unia(t) Sunlt), € [to,to+al.

By the Ascoli-Arzela theorem, we deduce that the sequence (u,,) converges uniformly to a
function u on [tg, to + «]. From assumption (ii), we deduce that u = 0 on [to, ty + .

On the other hand, we show by induction that

Vt € [t07t0 + a]v ||yn+1(t) - yn(t)H < un(t)y n = 07 17 27 e
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As a consequence,

Vit € [to, to + al, [[y41() — yp (DI < g(t, unr(2)).

Now, let n < m. We then have:

Vt € [to,to + o], |y () — yn(O] < g(t un1(t) + 9t un-1(t)) + g (&, lya(t) — ym(B)I]).

Since u,11(t) < uy,(t) on [to, to + af, it follows that:

d

2 (l9a(0) =y (1) < 9t 19 (D) =y (DI + 29(2, 1o (1)):

Consequently,
Vit € [to, to + o, [[yn(t) — ym (D) < a(t),

where r,(t) is the maximal solution of the Cauchy problem:
v =g(t,v) + 29(t,up_1(t)), wvalte) =0, n=0,1,---.

But 2¢(t, u,—1(t)) tends uniformly to 0 on [tg, o + a] as n — +oo. This implies that y,
converges uniformly to y as n — +o00. Finally, we show that y is a solution of the Cauchy
problem.

e Uniqueness of the solution: To show that the solution y is unique, suppose that z is

another solution of the Cauchy problem. Define
vt € [to, to + af, m(t) = [ly(t) — z(1)]]
Thus, m(ty) = 0. Moreover, we have:
Vi € [to, to + o, m'(t) < [ly(t) — z(t)]| < g(t, m(t)).
From assumption (iii), we deduce that:

Vit € [to, to + ], m(t) < r(t),
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where r is the unique maximal solution of (1.18). From assumption (H2) we obtain r = 0,

which implies that y = z. The proof is thus complete.

Remark 1.3.10.

We note here that if assumption (H3) is weakened, the result may fail.

1.3.2 Solved Exercises

Exercise 1:

Let F be a function of class C? on R™ with values in R such that

lim F(z) = +oo,

l|#]|—=+o0

and let (tg, o) € R x R™. Consider the Cauchy problem

—ux(t) = —VF(z(t)), teR,
Za(t) (1)), te .

x(to) = g, XoE R™.
1. Show that (1.20) admits a unique maximal solution defined on an interval |7, T, [C R.

Solution:

1. Since F is of class C?, we have

oF
VFE(z)= |-
0=(5r@)
Jj=1,..,n
which is of class C*. Moreover, {2 = R" is convex, hence V F is locally Lipschitz continuous
in x, uniformly with respect to ¢t. By the Cauchy—Lipschitz theorem, the problem

(1.20) admits a unique maximal local solution defined on an interval J =|T~, T [C R.
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2. For all t € J and for any solution z(t) = (z1(),...,z,(t)) of (1.20), we have

Since 2/(t) = =V F(x(t)), it follows that

8F8(i§t)) "o

d n
SF@) ==Y

J=1

Thus, F(z(t)) is decreasing, and so for all t > to, F(x(t)) < F(xo).

To show that T+ = 400, suppose on the contrary that T+ < +oco. By the finite-time
blow-up theorem, we would have lim,_,7+ ||z(t)|| = 4+00. But since lim g 100 F(z) =
+o0o and F'(z(t)) is decreasing, this leads to a contradiction. Therefore, necessarily

T = +o0.

3. Special case n = 1: Take F(z) = %. Then F'(z) = 2* and the ODE becomes
2'(t) = —2°(t), 2(0) =9 #0.

This problem admits a unique maximal solution defined on |7, T*[ with TF = +oc.

If there exists t; €]T,4o00[ such that x(¢;) = 0, then by uniqueness we would have
z(t) = 0 for all ¢, contradicting xy # 0. Hence z(t) # 0.

We write:

Integrating with respect to t:

Thus,
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Therefore, the solution is defined on |7'~, +o0[ with

1

T_:tO—Tx(Q).

Exercise 2:

Consider the Riccati equation

d 2
%{L‘(t> =z%(t), teR, (1.21)

z(0) = o, zo € R.

1. Show that (1.21) admits a maximal solution defined on an interval J C R containing

to = 0.

2. Let y(+) be a continuous function defined on J satisfying
y(t) < elo ve) b vtel

Using (1), show that

1

3. Now consider the non-homogeneous Riccati equation

d
—z(t) =2%(t)+t*, tER,
dt (1.22)

z(0) = 0.
(a) Let x(-) be the maximal solution of (1.22). Define
At) = e Jywls)ds
Write a second-order differential equation for z(-) and show that:

2(0) = 2"(0) = 2*(0) = 0.

o4



Chapter 1. Generalization on Differential Equations

(b) Solve the differential equation in z(-) by seeking a solution in the form of a power

series.

(¢) Deduce that z(-) is defined on an interval | — a, a[ with a €]2, +o0[.

Correction: The existence of a unique maximal solution z(¢) of (3.5.2) on an interval J is
guaranteed by the Cauchy—Lipschitz theorem. Let us determine the interval of existence J.

To this end, let us first observe that the Riccati equation in (3.5.2) is an autonomous
ODE (here f(z(t)) = 2%(t), t € R and Q = R). Hence, only the zero solution is global, and
consequently z(t) # 0, Vt € R. We may then write

=1.
z3(t)
By integrating with respect to ¢, we obtain
! + t—t
TN — L7 00,
xz(t)  x(to)
or equivalently
1 (1 1)
x(t)  x 0
Thus,
1 1
t—to < —, le t<ty+ —.
Zo To
Therefore,

In this exercise, ty = 0. Hence:

if o9 < 0, then the maximal solution x(t) is defined on [1—10, +oo{,

if o > 0, then the maximal solution is defined on ]—oo, :710 [

If we set

h(t) = elo Vs,
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we see that h is well-defined since y is continuous on J. Moreover, h is differentiable and
H(t) = y(t)h(t) < P*(1).

Since h never vanishes, we have

<1

Integrating with respect to ¢, we obtain (noting that h(0) = 1):

1
—— 1<t
o ="
which yields
1
ht) < —— t<1
) <1 :

since h is positive by definition. Finally, by assumption y(t) < h(t), therefore

b

y(t) < T3

Since

At) = e fotm(s)ds’
where z(-) is a maximal solution of (3.5.3) (i.e. z'(t) = x2(t) + t2, z(0) = 0), we have
Jt) = —x(t)z(t),  2(t) — 2/ ()z(t) + 22 (t)2(t) = —t22(t),  2O(t) = —2t2(t) — t22(1).
The second-order differential equation in z(-) is
pe

@z(t) = —t?2(t), teR,

with initial conditions
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We seek a solution of the ODE
Z'(t) = —t22(t),

under the initial conditions z(0) = 1, 2/(0) = 0, in the form of a power series
+00
2(t) =Y ant", t€]—R,R|
n=0

with R the radius of convergence and

(k)
W20
k!
We find that
an 3) 0
ap=2(0)=1, a;=2(0)=0, ag—zé ) =0, agzz 6< ) = 0.
Moreover, for all t €] — R, R|[:
+oo
2'(t) = (n+2)(n+ 1)anat",
n=0
and
+o00 +o0o +oo
—t%2(t) = —t? (Z a,ﬂf") == apt"? == a, ot"
n=0 n=0 n=2
By identification:
(n+2)(n+1)apre = —a,_o, or equivalently a, = 71(6:—41)’ n > 4.

This last relation shows that the coefficients a,, vanish if n # 4k, k € N*.

Therefore, we can write

i (—1)*
" ak(4k — 1)(4k — 4)(4k —5)---4-3°

In particular,
1

’a4k| < W7
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hence

k

This implies that R = 4-00.

Exercise 3:

Consider the Cauchy problem:

5
t
) cos(te*®), t€R,

d e
() =2te™" + - ) )

dt
z(0) = 1.

1. Show that (1.23) admits a unique maximal solution z(-) defined on an interval |7", T, | of

R containing t, = 0.

2. Let ¢(-) denote the maximal solution of (1.23). Using the integral formulation of (1.23),
show that:
t
e <2+ [ lp(s)ds, Vel

3. Deduce that:
lp(t)| < 2eM, vt e

Solution: Let
5

_ —t?
f(t,x) = 2te +1+m4

cos(te”), (t,r) € R*.

We see that f is well-defined and of class C! on the convex set R?, hence it is locally Lipschitz
with respect to x, uniformly in ¢. Therefore, by the Cauchy—Lipschitz theorem, problem (3.5.4)
admits a unique maximal solution defined on J =]T~, T taking values in R, with ¢, =0 € J.
Moreover, this solution is of class C? since f is of class C*, hence the solution is C*.

For all ¢t € [0, 7], we have

o(t) = ¢(0) + /Ot ¢'(s)ds =1+ /Otf(s,w(s)) ds,

(since @ is a solution of (3.5.4), so ¢'(t) = f(t,p(t)) and ¢(0) = 1).
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Thus,

by g te(s)?
) <1 /2 “d ds.
lo(t) <1+ ; se s+ ) T+ oi(s) s

Using the fact that
Jal®

1+at

< lal,

we obtain

e <1+ [ =]t + [l ds <2+ [ fols)] ds.

Similarly, for ¢ €]7~, 0], we obtain:

[ sts.enas <1+ [ oo as

Hence, for all ¢ €T, T*[ we have

el <2+ | [ o)l ds

Applying Gronwall’s lemma to the inequality

o) <2+ [ lols)]ds,

we find
lp(8)] < 2edo = = 2t

By contradiction, suppose T < +o00. Then, by the blow-up criterion in finite time, we would

necessarily have

lim |¢(t)] = +o0.

t—T+

But from part (3), we have
[p(t)] < 2€M,

which implies

lim |p(t)] < lim 2ell = 27" < +o0.
t—>T+ t—>T+

This is a contradiction. Therefore, we conclude that T+ = +oco. Similarly, one obtains

T = —o0.
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Hence J = R, i.e. the maximal solution of (3.5.4) is global.

Exercise 4:

1. Give the maximal solutions of the following Cauchy problems:

/() =2%t), 2(0) =0 and 2'(t)=——, 2(0)=1.

2. Show that every maximal solution of the Cauchy problem

() =t/ 12+ 22(t), x(to) = zo

is global.

Solution: Let us give the maximal solutions of the following Cauchy problems:

— The function f(x) = 2? is locally Lipschitz; hence the associated Cauchy problem admits a

unique maximal solution x(t), t € J C R. Suppose this solution never vanishes for all ¢, then

Integrating over [to, t], we find

Thus
)

) = T 000t —ta)

From the initial condition z(0) = 0, it follows that x?(t) = 0. Hence, the zero function

x(t) = 0, Vt is the unique maximal solution satisfying x(0) = 0.

1
— The function f(z) = — is locally Lipschitz; hence the associated Cauchy problem admits a
x
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unique maximal solution x(t), ¢t € J C R. Suppose this solution never vanishes for all ¢, then
' (t)x(t) = 1.
Integrating over [to, ], we find
22 (t) — 2% (tg) = 2(t — to).

Therefore

22 (t) = 2°(t) + 2(t — to).

But z(0) =1, so
z(t) =vV1+2t

is the unique maximal solution of this Cauchy problem with x(0) = 1.

(2) Show that every maximal solution of the following Cauchy problem is global:
2(t) = 1/ + 22(0),
x(tg) = .

— Let f(t,z) = tv/t?> + 22 and show that this function is globally Lipschitz. Indeed, for all ¢ € R

and (z,y) € R?, we have:

[f(t,x) = f(ty)] = (VI + 22 = /1 + 3)|

|z° — y?|
< |t]
VI + 22 + P
x| + [yl
< |t T —
< |\/t2+a:2+\/t2+y2| ul
< |tz —yl.

This means that f is globally Lipschitz with Lipschitz constant

k(t)=t|, VteR.
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By the Cauchy—Lipschitz theorem (for global solutions), the above problem admits a unique

global solution.

1.3.3 Unsolved Exercises

Exercise 5:

We consider the differential equation:

a'(t) = f(t x(t)),

where f: R? — R is a C* function. Suppose that ¢ and v are two solutions of this equation

such that there exists t; € R with
P(to) < P(to).

Show that:
o(t) < (t), VteR.

Hint: Use proof by contradiction.

Exercise 6:

Consider the differential equation

where a and b are two real constants with a < b.

1. Show that for any fixed initial data xy € R, this equation admits a unique maximal

solution x(-) such that z(0) = .
2. What is this solution if 25 = a or x¢ = b?

3. Suppose that a = b.
Find all solutions of the differential equation. Sketch the shape of these solutions

depending on a and z.

4. Suppose that a =1, b =2, xy # a and zy # b.
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Determine in this case the solution in terms of x(0) = x¢ and then sketch the shape of the

solution depending on x.

Exercise 7:

Consider the Cauchy problem

d 3
%x(t) = (1 +cost)z(t) —2°(t), teR, (1.24)

z(0) = x9, x9 € RY.

1. Show that (1.24) admits a unique local maximal solution ¢ defined on an interval J of R

and that ¢ is of class C? on J.
2. Show that if there exists ¢; € J such that ¢(t;) = 0, then ¢(¢) =0 for all ¢t € J.

3. Show that there exists C' > 0 such that for t € J, we have:

0 < ¢(t) < ¢(0)e.

4. Show that the maximal solution ¢ is global.

5. Let ¢(t, z) be the flow associated with problem (1.24) at ¢ = 0. We set
P(z) = ¢ (27, x), where x € R,.

Verify that P(0) = 0 and P’(0) = €°, then deduce that P is a solution of the differential

equation

P'(z) = e—4ﬂ<P(“’”))3.

X

6. Solve this differential equation, then deduce that ¢ is 27-periodic.

63



Chapter 2. Ordinary Differential Equations under Constraint

Chapter 2

Ordinary Differential Equations under

Constraint

We consider the ODE:
y'(t) = f(t,y(t)) (2.1)

where f: I xQ —R" I CR, QCR"™

For various reasons (physical, chemical, - - -), the solutions of the ODE (2.1) must satisfy
certain requirements called “viability constraints.”

The theory of viability aims to establish a link between the dynamics (in our case the ODE
(2.1)) and a given constraint, which in this context is considered as a nonempty subset K of

I x Q. More precisely, we have the following definitions:
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Definition 2.0.1.

(i) A solution y of the Cauchy problem

y'(t) = [t y(t)),

y(to) =

(2.2)

with (to,z) € K is said to be viable with respect to the constraint "K” if there exists

T > to such that [ty,T] C I and

Yt € [to, T], (t,y(t)) € K.

(ii) The constraint K is said to be viable with respect to (2.1) if for all (to,z) € K, the
Cauchy problem (2.2) admits a viable solution y : [to, T] — Q with [to, T] C I.

Remark 2.0.1. In this chapter, we only consider C! solutions. Nevertheless,

the viability of a solution can also be defined if it is of Carathéodory type or weak...

We note here that in the case where K = I x €2 and € is an open subset of R", Peano’s theorem
guarantees that if f is continuous on /C, then for all (¢y,z) € K, there exists T" > ty such that
[to, T] C I and a solution y : [tg, T] — Q to the Cauchy problem ' = f(t,vy), y(to) = .

Thus, if €2 is an open set and f is continuous on K, then K is viable with respect to the ODE
(2.1).

In the case where () is not open, the previous result is no longer valid.

The following example will illustrate this possibility.
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Example 2.0.1. We consider the Cauchy problem

y'(t) = f(ty(t) = e’ (2.3)

where f:[0,1] x [0,1] = R, and f is continuous on [0, 1] x [0, 1]. The unique solution y
of the problem (2.3) satisfying y(0) = 1 is given by

vt € [0,1], y(t) =€’

We immediately observe that V¢ € (0,1), y(t) ¢ €. That is, the solution graph leaves
(immediately after its start) the set IC = [0, 1] x [0, 1]. Hence, K is not viable with respect
to (2.3).

The first viability theorem was announced by Nagumo in 1942. In fact, Nagumo discovered the
missing condition required to ensure the viability of a set that is not necessarily open. In order

to understand it properly, we will focus in the next section on the notion of the tangent cone.

2.1 Bouligand-Severi Tangent Cone

The notion of a tangent vector to a set at a given point was introduced simultaneously and
independently by Bouligand and Severi in 1932. In what follows, let 2 be a nonempty subset of
R"™. Recall that the distance between a point v € R" and the set €2 is defined by:

dist(:2) = if [ —wl.

Definition 2.1.1. We say that the vector 7 is tangent to () at x if:

1
lim inf —dist(z + hv, Q) = 0.
h—0t h

The set of all tangent vectors to €2 at x is denoted by T ().
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Example 2.1.1. Let © = [a,b] C R. We compute the set To(a). Two cases are
distinguished:

o If v € Ry, then

SR
hli}r(r)l+ inf Edlst(a + hv, [a,b]) = 0.

It follows that
R+ C 7?)(01)

o If v € R*, then

1 . la+hv—q|
hlgg1+ inf ﬁdlst(a + hv, [a,b]) = hlg(l)lJr . = |v| # 0.
Hence,
To(a) =Ry
Example 2.1.2. Let @ = {(z,y) € R? 22 +¢* = 1} C R%. We want to

determine all tangent vectors n to Q at x = (1,0). Let n = (1, 72). Then:

dist(z + hn, Q) = /(1 + )2 + (hpe)? — 1
2hn + h*n? + hPn? (2.4)
V@ + k)2 + (hp)? + 1

Consequently,
S
]1113% inf ﬁd1st(x + hn, Q) = n.

Thus, the vector 7 is tangent to  at x = (1,0) if and only if 7; = 0. Hence we can write:

To((1,0)) = {(m.m2) € R?, my = 0}
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Proposition 2.1.1. The set To(z) is a closed cone.

Proof.

Recall that Tg(x) is a cone if:

e 0 € To(z). Indeed,

h—0t

N T B
lim inf Edlst(az + hv, Q) = hligh Edlst(x, Q) =0.
o Vs e R, sveTg(x). If veTo(x)and Vs € R, then:

1 1
lim inf —dist(z + hsv, Q) = lim inf s—dist(z + 6v, Q) = 0.
h—0+ h 6—0+ 0

This proves that sv € To(x).

It remains to show that 7o (x) is closed. Let (v,), be a sequence in To(x) converging to .

For all n € N and h > 0, we have:

1. _ _ L.

Edlst(:v +h1,Q) < ||v, — || + Edlst(:v + hvy, Q). (2.5)
Since v,, — U, passing to the limit as n — 400 gives:

1
lim inf Edist(a: + hv,Q) = 0.

h—0t

Thus the proof is complete.

Proposition 2.1.2. If = belongs to the interior of 2, then To(z) = X.
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Proof.

If  belongs to the interior of (2, then there exists an open ball centered at x with radius r such
that B(x,r) C . For any v € X, we can choose h sufficiently close to 0 such that

xz+ hv € B(z,r). Indeed,
|z + hv — || = hjv||.

To ensure x 4+ hv € B(x,r), i.e., h||lv|]| < r, it suffices to choose h € (O, HTH) Thus,
v
NP
lim inf —dist(z + hv, Q) = 0.
h—ot  h
O
Proposition 2.1.3. Let Q € R™ and x € (). The following assertions are

equivalent:
(i) v is tangent to Q at z, (v € To(x)).

(ii) For all 9,€ > 0, there exist h € (0,0) and p, € B(0, €) such that

x + hv + hpy, € Q.

(iii) There exist three sequences:
(ha)n C Ry, limh, =0,
(Un)n C R™, lign v, = 0,

such that Vn € N, = + h,v, + h,p, € .
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Proof.

(i)==(ii): Suppose v is tangent to €2 at z. From Definition 2.1.1, we have:

1
lim inf Edist(oc + hv, Q) = 0.

h—0+

This is equivalent to:

1
Vo >0, Ve >0, 3h € (0,0), Jwy, € Q, EH:C—FhU—whH <e.

—x — hv 4+ wy,

Setting pj, = .

, we obtain:

x4+ hv + hpp, = wp, € €,

with p, € B(0,¢).
(ii)==>(iii): it suffices to choose d =e =1 n=1,2,....

(iii)==(i): follows immediately from the definition.

2.2 Other Types of Tangent Cones

2.2.1 Bouligand-Severi Tangent Cone

Definition 2.2.1. Let 2 C R™ and = € Q. The Bouligand-Severi tangent cone (or

contingent cone) at x is defined by:

N
To(z) = {v eR™: hlgg+ Edlst(a: + hv, Q) = O}.
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Example 2.2.1. Let @ =R% = {(z,y) : @ >0, y > 0} and x = (0,0). Then:

Tq(0,0) = R?.

2.2.2 Interior Tangent Cone

Definition 2.2.2. The interior tangent cone at x € (2 is defined by:

Ti(x) = {UGR":EIhkiOJF, Elvk—>vwithx+hkvk€QVk}.

Example 2.2.2. For Q = R? and x = (1,1) (interior point), we have:
TH(1,1) = R2.
For x = (0,1) (boundary point):

T5(0,1) = {(v1,v2) € R? 1 vy > 0}.

2.2.3 Exterior Tangent Cone

Definition 2.2.3. The exterior tangent cone at x € () is defined by:

Té(r) = {v e R : —v € TH(x)}.
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Example 2.2.3. For Q =R? and z = (0,0):

T5<070) =R = {<01,U2) tvp < 0,09 < 0}.

2.2.4 Clarke Tangent Cone

Definition 2.2.4. The Clarke tangent cone at = € () is defined as the convex closure of the

Bouligand cone:

TS (z) = @ To(x).

Example 2.2.4. Let Q = {(z,y) € R?: y > |z|} and z = (0,0). Then:

75 (0,0) = {(v1,v2) : vp > |oa]}.

2.2.5 Proximal Tangent Cone

Definition 2.2.5. The proximal tangent cone at = € () is defined by:

TE (z) = {v € R" : Ja > 0 such that (v,y — z) < afy — =|)?, VyGQ}.

Example 2.2.5. Let Q = {(z,y) : * + y* < 1} (unit disk) and z = (1,0). Then:

Tg(l,O) — {(Ul,UQ) U1 S O}
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2.3 Comparison Between Types of Tangent Cones

Main Differences

« Contingent cone (Bouligand-Severi): directions accessible by small perturbations.

May be non-convex.

o Interior cone: directions where one immediately stays inside €2. Always included in the

contingent cone.

o Exterior cone: outward directions, defined as the opposite of the interior cone.

o Clarke cone: convex closure of the contingent cone, always convex.

o Proximal cone: defined by a quadratic condition, used in optimization.

Relations Between Cones

T4 (2) € Th(w) € Talz), T (x) =co(Ta(r)), Tg(r) = —Th(w).
Summary Table
Type of cone Definition Relation

Contingent Tq(x)

lim infy, o+ +dist(z + hv, Q) = 0

General, not always convex

Interior T¢(x)

Directions remaining in €2 right from the start

Th(x) € To(r)

Exterior T§(x)

T (x) = =To(x)

Cone of outgoing directions

Clarke T§ ()

co(Ta(x))

Convex, larger than T ()

Proximal TZ (z)

(v,y —x) < ally — |

T3 (x) € To(z)
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2.4 Nagumo’s Theorem

As previously mentioned, Nagumo discovered in 1942 the missing condition to ensure the
viability of a set with respect to an ordinary differential equation (ODE). More precisely, we

have the following result:

Theorem 2.4.1 (Nagumo). Let Q C R™ be a closed set and
f:IxQ—R"

a continuous mapping.

A necessary and sufficient condition for
K=1xQ
to be viable with respect to the ODE (1.22) is the tangential condition:
Y(to,z) € K, f(to,x) € Ta(x),

where To(x) denotes the tangent cone (or contingent) to ) at x.

Remark 2.4.2. o Nagumo’s theorem ensures that if f : I x  — R" is continuous and €2
is closed, then K = I x ) is viable with respect to (1.21) if and only if the tangential
condition (TC) is satisfied.

o Nagumo’s theorem generalizes the one established by Peano in 1890. Indeed, if € is open,

the tangential condition becomes redundant.

2.4.1 Proof of Nagumo’s Theorem

This paragraph is devoted to the proof of Nagumo’s theorem.
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Proof of the necessary condition

Let f: 1 xQ — R™ We need to show that if IC = I x Q is viable with respect to (2.2) then the

tangential condition (TC) is satisfied.

Proof.

Let (to,x) € I x Q. Since K = I x Q) is viable with respect to (2.2), there exists 7' > ¢, such
that [to, 7] C I and a solution y : [to, 7] — 2 of the Cauchy problem:

y = f(t,y)

y(to) = .
A first-order Taylor expansion of y near t, gives:
y(to +h) = y(te) + 9/ (to)(h) +o(h) = x + f(tg,z)h + o(h), h ~0T.
Consequently,

dist(z + f(to, z)h, Q) = dist(y(to + h) — o(h), )

< dist(y(to + h) — o(h),y(to + h)) + dist(y(to + h), ) 20
Knowing that h is sufficiently close to 0, we have y(to + h) € Q and thus:
1. 1
dist(z + f(to, 2)h, ©2) < 5 (|o(h)] +0) < [o(1)].
Taking the limit as h — 07:
lim inf ldist(ac + f(to, x)h, Q) = 0.
h—0+t  h
Conclusion: f(tg,z) € To(z). Therefore, the necessary condition is satisfied.
0

Proof of the sufficient condition

We present a sketch of the proof of Nagumo’s theorem.
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Let (tg,x) € I x Q. Consider the Cauchy problem:

y = [t y(0)

y(ty) = x.

(2.7)

We aim to construct, from the tangential condition (TC), a viable solution of the problem (2.7).

In this part, the continuity of f is crucial, and the proof proceeds in three steps:

(i) The first step is to construct, from the tangential condition (TC), a sequence of

approximate solutions to the Cauchy problem (2.7).
(ii) Show the convergence of the constructed sequence to a continuous function y.
(iii) Show that the limit function y is viable.

e Step 1: Construction of a sequence of approximate solutions to the Cauchy problem (2.7).
Let (tp,x) € K and consider the Cauchy problem (2.7). We fix in advance the domain of
definition of the approximate solutions. In fact, the domain must be uniform for all solutions (it
does not depend on the chosen approximation). This will help in the limit passage step.

Since  is closed and x € €, there exists p > 0 such that B(z, p) N Q is closed.

The function f being continuous is thus bounded on B(x, p) N Q, so let:

M= sup |f(to,y)l- (2.8)
yEB(z,p)NQ
We choose T such that:
(T —t0)(M +1) < p. (2.9)

The following lemma is constructive and allows us to build a sequence of approximate solutions

for (2.7).

76



Chapter 2. Ordinary Differential Equations under Constraint

Lemma 2.4.3.
Let T,p and M > 0 be fixed as above. For any e¢ > 0, there exist three functions
o [to, T) — [to,T] (Lebesgue integrable) and y : [ty,T] — R™ satisfying:

(i) o(t) <t andt—o(t) <e, forallt € [to, T].
(78) llg(®)ll < e for allt € [to, T).

(iii) y(o(t)) € B(z,p) N for allt € [to,T] and y(T') € B(z, p) N Q.

(iv)
t t
y@) =z + [ flo(s),y(0(s)))ds + / g(s)ds, for allt € [0, T]-
to to
Proof. Initialization of the problem: This step initializes the construction of the

functions in the previous lemma.
This means constructing the functions o, g, and y on the interval [t, o + h] while satisfying the
lemma’s statements.
Let (to,z) € K and € € (0,1). Since f(to, ) is tangent to K, there exist 6 > 0,h € (0,6), and
p € X such that ||p|| < e and

x+ f(to,z)h + hp € Q,

we define the functions
g . [to,to + h] — [to,to +h], g [to,to + h] — Rn, and Y [to,to + h] — R"

as follows:
Vt - [t(]?t() + h], U(t) = to,

Vt € [to, to + ], g(t) = p,

V€ [to, to + B), y(t) =z + (t — to)f(to, 7) + (£ — to)p.

We check that the functions o, g, and y satisfy statements (i)—(iv) of the above lemma. Indeed,

conditions (i), (ii), and (iv) are satisfied. We show the truth of condition (iii).
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Using relations (2.8) and (2.9) we immediately deduce:

e Step 1: Now we show the existence of the functions o, g, and y on the interval [to, T]. We define
the set S of all triplets (o, g,y) satisfying the lemma (2.4.3) on the interval [ty,to + h] C [to, T].
We equip § with a binary relation < defined as follows:

Let (01, 91,%1), (02,92,92) € S defined respectively on [tg,to + hi] and [tg, to + ha]. Then:

hi < hy
(01,91, 11) = (02,92, 92) &
Vt € [to, to + hal, (01(t), 91(2), 41 (1)) = (02(1), ga(t), y2(1)).-

Thus, we show that the set S admits a maximal element 7 : [ty, T] — R™. The next step is to
prove that T = T. We reason by contradiction and assume that 7' < T'. The tangential condition
is satisfied for all (7,&) € K, which allows us to construct a solution defined on [T, T + §] C I.
The patching principle then allows us to define a solution of problem (2.7) on [tg, T + 4], which
contradicts the maximality of 7.

e Step 2: By setting € = %, n=1,2,..., we construct a sequence of approximate functions
(yn). The Ascoli-Arzela theorem plays a crucial role in showing that the sequence (y,) converges
uniformly to a function y solving problem (2.7).

e Step 3: We show that the solution y : [to, T] — R™ is viable, i.e.

Vit € [to, T, y(t) € .

m
2.4.2 Application
In this paragraph, we present some applications of viability theory.
Lipschitz dependence of solutions on initial conditions
Consider the ODE:
y' = fy)) (2.10)

where f: Q — R" and Q C R" is open. We show that the solutions of ODE (2.10) depend in a

Lipschitz manner on the initial conditions.
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Theorem 2.4.4.

Assume that f is Lipschitz on €1, i.e., there exists a constant k > 0 such that:

V(y,2) € Q, £ (y) = FEI < Elly — =]-

Let yo,z0 € Q. If y : [to, T] = R™ is a solution of ODE (2.10) with y(ty) = yo, then there
exists z : [to, T] — R™ solution of ODE (2.10) with z(ty) = zo such that:

vt € [to, T], Ily(t) — 2(8)]] < ") lyo — 2.

Proof.

We present a sketch of the proof. Consider the Banach space X = R" x R.
Let
K={(y,2) e Xyl <=z}

Consider the ODE:
u' = F(u), (2.11)

where F': X — X is defined by:

Vu € X, F(u) = (f(y),2), u=(y,2).

The idea is to show that the set K is viable with respect to ODE (2.11).

Banach fixed-point theorem

We provide an extension of Banach’s fixed-point theorem.
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Theorem 2.4.5.
Let € be a closed subset of R™ and g : Q2 — R™ a Lipschitz function with constant L < 1.
If:

Vz € K, hli)r(r)l+ inf ;Ldist(x +h(f(z) —x),K) =0,

then g has a unique fized point.

Proof.

Consider F': K — R" defined by:

Ve e K, F(z) =g(x) — .

Counsider the ODE:
u = F(u). (2.12)

We show that K is viable with respect to ODE (2.12). Let 7" > 0 and consider the operator
Q : K — K defined by:
Ve e K, Q(z) = u(T).

We show that the operator QQ is contractive, hence it admits a fixed point. A simple calculation

gives g(x) — x = 0. The proof is thus complete.

2.5 Solved Exercises

e Exercise 01: [Contingent — square at the corner| Let Q = {(z,y) e R : x >0, y > 0}
(first quadrant). Compute T (0,0) (Bouligand tangent cone at the origin).

e Solution:

Intuition: from the origin, one can only approach points of (2 along directions with nonnegative

components.
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Quick proof: Let v = (vy,vy). If v <0, then for small h > 0, z + hvy < 0, so
dist((0,0) + hv, ) > —hwvy; > 0 proportional to h, hence the fraction is nonzero and
v ¢ To(0,0). Same reasoning if vy < 0.
If v1 > 0 and ve > 0, then for all A > 0, (0,0) + hv = (hvy, hvg) € €, so dist = 0 and the limit
is 0. Thus,
Ta(0,0) = {(v1,v9) : v >0, vy > 0} = R%.

e Exercise 02: [Interior cone — half-space] Let 2 = {(z1,x2) : 1 < 0} (closed half-space).
Find T§(z) for (i) x interior (z; < 0) and (ii) z on the boundary (z; = 0).

e Solution:

(i) If z1 < 0, then z is interior: there exists a neighborhood around z included in €2, so for all

small vectors v we have x + hv € €2 for h small enough. Thus
TH(r) = R?.

(ii) If 21 = 0 (boundary), for x + hv € Q for all small » > 0, the first component must be

nonpositive: v; < 0. Hence,
TH(x) = {v = (vy,v3) 1 v <0, vy € R},

Remark: T¢,(z) C To(z) (general inclusion).

e Exercise 03: [Exterior cone — interpretation] For the same 2 as in Exercise 2.5, give T§(z)
at = on the boundary (z; = 0) and comment.
e Solution:

By definition, T§(z) = —T¢(z). So, for z; = 0,
T5(x) ={v:—v <0} ={v:v, >0},

which is the cone of directions that “exit” the half-space (toward z; > 0). Intuition: if we move

backward along v, we remain in 2 (since —v is an interior direction).
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e Exercise 04: [Clarke cone — V-shaped region| Let Q = {(z,y) : y > |z|} (region above the
absolute-value parabola, V-shaped) and z = (0,0). Compute T5(0,0) (contingent) and then
T§(0,0) (Clarke cone).

e Solution:

Contingent: a direction v = (v, v) is admissible if, for small A > 0, hv can be approximated by

points of 2. The exact condition is:
Ta(0,0) = {v : vy > |v1|}.

Indeed, for small h > 0, hv = (hvy, hvg) must satisfy hve 2 |hvy|, giving v > |vy| in the limit.
Clarke cone: it is the closed convex hull of the contingent. Here the contingent is already

convex and closed (verifiable), so
TS(0,0) = TQ(0,0) = {(Ul,Ug) . Vo 2 ‘Ul‘}.

Remark: in other examples (more complex corners), 7¢ may be the strict convex closure of 7.

e Exercise 05: [Proximal cone — unit disk] Let Q = {(z,y) : 2% + y* < 1} (unit disk) and
z = (1,0) (boundary point). Show that

Té)(l,()) = {(v1,v9) : v1 <0}

using the proximal definition (quadratic inequality).

e Solution:

At (1,0), the outward normal to the disk is (1,0). The admissible directions via the proximal
definition are those without a positive outward component at x.

Formally, take v such that the proximal condition exists with o > 0:
(vy—2) <aly—z|* vye.
Choose y = (1 —£,0) € Q (small € > 0). Then y — z = (—¢,0) and the inequality gives

(v, (—¢,0)) = —ev; < ag’.
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Dividing by € > 0 and taking ¢ | 0 yields —v; < 0, hence v; > 0. But this describes
outward-pointing vectors, contradictory to intuition.
Conclusion: the proximal formulation must be applied with the correct convention. A common

equivalent formulation (for smooth convex sets) is:
TE(z) = {v: 3a >0, x € projo(z + av)},

i.e., x is a projection of x + awv onto §2; for boundary points of the disk, this imposes v pointing
inward: v; <0.

Intuition and final result (for the disk): admissible directions point inward radially. Thus,
75 (1,0) = {(v1,v2) : v1 < 0},

consistent with the usual tangent cone at smooth boundaries (T(1,0) = {v; < 0}).

2.5.1 Solved Exercises on Nagumo’s Theorem

e Exercise 06: Consider the simple ODE:

and the set Q =R, ={z € R:x > 0},
1. Show that € is closed in R.

2. Check Nagumo’s tangency condition at the boundary 02 = {0}.

3. Conclude on the viability of {2 for this ODE.

Solution:
1. Ry is closed because its complement (—oc,0) is open.

2. At the boundary z = 0, we have f(¢,0) = —0 = 0. The tangent cone at z = 0 is
To(0) = R,. Since 0 € R, the tangency condition is satisfied.
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3. By Nagumo’s theorem, € is viable for this ODE. Hence, any trajectory starting from

o > 0 remains in R, .

e Exercise 07: Consider:

and 2 =R,.
1. Check the tangency condition at the boundary = = 0.
2. Conclude on the viability of 2.

Solution: At the boundary z =0, f(¢,0) =0 € T(0) = Ry. Thus, the tangency condition is

satisfied. Hence, (2 is viable: if xy > 0, the solution z(t) = x¢e’ remains nonnegative for all .

e Exercise 08: Consider the ODE:

and Q) =R,.
1. Check the tangency condition at the boundary z = 0.

2. What can be concluded about the viability of 27

Solution: At the boundary z =0, f(¢,0) = —1 ¢ T(0) = R,. The tangency condition is not
satisfied. Therefore, €2 is not viable for this ODE: solutions starting from zy > 0 leave R, in

finite time.

e Exercise 09: In dimension 2, consider:

w0 =) a0 =

I’Q(t)
and the set Q = R2 = {(@1,22) : 21 > 0,29 > 0}.

1. Check Nagumo’s tangency condition on the boundary 0f2.
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2. Conclude on the viability of 2.

Solution: - If x; =0, then f(t, (0,22)) = (=0, x2) = (0, x5), which is in the tangent cone
Ta(0,22) = {(v1,v9) : v1 > 0}. - If 2y =0, then f(¢, (x1,0)) = (—x1,0) belongs to

Ta(z1,0) = {(v1,v2) : v3 > 0} only if x; = 0.

Thus, €2 is not globally viable. The tangency condition fails on the boundary portion where

T9 =0 and z; > 0.
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Chapter 3

Notion of Stability

In this chapter, we study the behavior of solutions of an ODE. Generally speaking, a solution is
said to be stable if solutions starting from nearby initial values remain close to the considered
solution for all future times. For linear differential systems, the stability of solutions is governed
by the sign of the real parts of the eigenvalues of the matrix associated with the linear part of
the ODE.

We conclude this chapter with a brief introduction to Lyapunov functions, which, under certain

conditions, are very useful tools for studying the stability of ODEs.

3.1 Generalities: Stability of Linear Differential Systems

Consider the ODE:
y'(t) = ft,y), (3.1)

where f: R, x €2 — R" is continuous on R, x 2 and 2 C R" is an open set. We further

assume that f is locally Lipschitz on . Suppose that the ODE (3.1) has a global solution:

o :RT = Q.
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Definition 3.1.1.

The solution ¢ of (3.1) is said to be stable if the following two conditions are satisfied:

(i) For every a > 0, there exists p(a) > 0 such that for every € € B(¢(a), u(a)), the

maximal solution y of the Cauchy problem

y =rty),
yla) =¢
is defined on [a, +00).

(ii) For every a > 0 and every € > 0, there exists d(a,€) € [0, u(a)) such that for every
¢ € B(¢(a),d(a,€)), the maximal solution of the Cauchy problem (3.2) satisfies:

vVt € [a,00), ly(t) — p(B)]| <.

Remark 3.1.1.

Condition (i) of the above definition ensures that for any a > 0, there exists a unique
solution of the Cauchy problem (3.2) defined on [a, 00), provided that ¢ is sufficiently
close to ¢(a). Moreover, condition (ii) guarantees that for any ¢ > 0 and for ¢ sufficiently
close to (a), the graph of the solution y of the Cauchy problem (3.2) (whose existence is

ensured by condition (i)) remains sufficiently close to the graph of the solution .
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Example 3.1.1. Consider the ODE 3’ = 0. We study the stability of the zero
solution, i.e.,

p: Ry =2 R ¢=0.

e a > 0: for any ¢ € R, the unique maximal solution of the Cauchy problem

is defined on [a,+00) and satisfies y = £. Therefore, pu(a) can be chosen arbitrarily.

Condition (i) of Definition 3.1.1 is satisfied.

e ¢ > 0 fixed but arbitrary. We have:

vt > a, [y(t) — ()] = [y(t)] <e =[] <«

It follows that we can choose 0(a, €) = €. Hence, condition (ii) of Definition 3.1.1 is satisfied.

Conclusion: the zero solution is stable.
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Example 3.1.2. Consider the ODE 3’ = y. We study the stability of the zero

solution.

e Let a > 0. The unique maximal solution of the Cauchy problem

Thus, p(a) can be chosen arbitrarily, so condition (i) of Definition 3.1.1 is satisfied.

e However, condition (ii) is not satisfied since

lim |y(t)| = +oo0.

t—+00

Conclusion: the zero solution is unstable.

Other concepts of stability can also be defined.

7~

Definition 3.1.2. The solution ¢ of (3.1) is said to be uniformly stable if it is
stable and the constants p(a) and 6(a, €) in Definition 3.1.1 do not depend on a and e.

Definition 3.1.3. The solution ¢ of (3.1) is said to be asymptotically stable if it
is stable and, for every ¢ € B(¢(a), u(a)), the maximal solution y of the Cauchy problem
(3.2) satisfies

lim {|y(¢) — @(t)]| = 0.

t——+o0
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Remark 3.1.2. The notions of stability defined above are relative to a particular
solution of the ODE (3.1). Therefore, two different solutions of the same ODE may differ

in their stability properties.

Example 3.1.3. Consider the ODE;, called the population dynamics model:

/

y = by(p —y),

where b > 0. We study the stability of the solutions ¢ = 0 and g = p.

e Let a > 0 and £ € R. The Cauchy problem
y' = by(p—y),
yla) = ¢

admits a maximal solution defined on [a, +00) given by

pgebp(t_a’)
y(t) = Gali=c) :
p+E(etrlt=a) — 1)

Condition (i) of Definition 3.1.1 is satisfied.

e We notice that
lim_Jy(t)] = p* £0.

t—4o00

Thus, condition (ii) of Definition 3.1.1 is not satisfied. Conclusion: the zero solution ¢y is

unstable. As for the solution ¢s, we have

. . ebp(t_a‘)
lim_Jy(t) - ea(t)] = lim |—L

t——+o00 t—+oo [p + g(ebp(t—a) — 1) P = 0.

Conclusion: ¢, is asymptotically stable.
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Remark 3.1.3. Consider the ODE (3.1) and let ¢ : Rt — Q be a global solution

of (3.1). The change of unknown function

y=r—@

leads to the following ODE:

r'(t) = f(t,2(t) + o (t) — (D). (3.3)

In this chapter, we are only interested in the stability of the zero solution of the ODE
(3.1). For this purpose, we assume that 0 € Q and V¢t € R, f(¢,0) = 0.

Considering the zero solution, we rewrite Definitions 3.1.1, 3.1.2 and 3.1.3 as follows:

Definition 3.1.4. The zero function of the ODE (3.1) is said to be stable if:

(i) For all a > 0, there exists pu(a) > 0 such that for every £ € B(0, u(a)), the maximal

solution y of (3.2) is defined on [a, +00).

(ii) For all € > 0, there exists d(a,€) € [a, u(a)) such that for every £ € B(0,0(a)), the

maximal solution of the Cauchy problem (3.2) satisfies:

vt € [a,+00), [ly(B)ll <

Definition 3.1.5. The zero solution of (3.1) is said to be uniformly stable if it

is stable and the constants p(a) and d(a, €) in Definition 3.1.4 do not depend on a and e.
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Definition 3.1.6. The zero solution of (3.1) is said to be asymptotically stable
if it is stable and for every £ € B(0, u(a)), the maximal solution y of the Cauchy problem
(3.2) satisfies:

lim_ly(t)]| = 0.

t—-+o0

Next, we establish a connection between equilibrium points of an ODE and the stability of the

zero solution.

Definition 3.1.7. A point z* € € is called a stationary point or equilibrium
point of the ODE (3.1) if:
\V/t < R+, f(t, x*) =0.

Remark 3.1.4. It is clear that if «* is a stationary point of the ODE (3.1), then
the constant function y = z* is a constant solution of the ODE (3.1), called a stationary

solution. Moreover, it is clear that the identically zero solution is also a stationary solution

of the ODE (3.1).

We assume that the ODE (3.1) is autonomous, i.e., the function f does not depend on t. We

have the following result.

Theorem 3.1.5. Let f: Q — R™ be continuous, and let y : [a,+00) — € be a
solution of the ODFE

y'(t) = fly(t)). (3.4)

If
lim y(t) =y* and y* €9,

t——+o0

then y* is an equilibrium point of the ODE (3.4).
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Proof.

Let f = (f1, fo,-.., fn). Suppose y = (y1, Y2, ..., ¥ys) is a solution of the ODE (3.7). Consider a
component y; where ¢ € {1,2,...,n} defined on an interval [m, m + 1] with m € NN [a, +00).
Apply the mean value theorem to y; on [m, m + 1].

Then, there exists a real number 6,, € (m, m + 1) such that:
yi(m +1) —yi(m) = y;(0m) = fi(y(0m))-

Since

lim (yi(m +1) = yi(m)) =0,

m—-+00

and

lim  fi(y(6m)) = fi(y"),

m—+00
we deduce that
lim f;(y(t)) = fi(y")

t—+o0

for all i € {1,2,...,n}. Thus, f(y*) =0.

O
3.1.1 Stability of Linear Systems
We first study the simplest case, namely a linear system without forcing term:
y'(t) = Ay(t), (3.5)

where A € M, +,,(C). The previous theorem will be useful.

Theorem 3.1.6. The zero solution of the ODE (3.1) is stable (asymptotically
stable, uniformly stable) if and only if every maximal solution of the ODE (3.5) is stable
(asymptotically stable, uniformly stable).
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Proof.

Suppose y = p is a maximal solution of the ODE (3.5). Using the change of variable x =y — ¢,
we deduce that ¢ corresponds to the maximal solution x = 0.

Thus, it suffices to notice that ¢ satisfies the conditions of Definitions 3.1.1, 3.1.2, and 3.1.3 if
and only if the zero solution x = 0 satisfies the conditions of Definitions 3.1.4, 3.1.5, and 3.1.6.

]

N\

Remark 3.1.7. By the previous theorem, all maximal solutions of the ODE
(3.5) have the same type of stability. Hence, we will speak of the stability of the entire

differential system.

To study the stability of the ODE (3.5), recall that for any ¢y > 0, the solution of the Cauchy
problem

y = Ay,
y(to) =&

is defined on [y, +00) and given by
y(t) = elt-t0Ag,

Thus, condition (i) in Definition 3.1.4 is satisfied. To understand what happens, consider the

particular case: n =1 and A = (a) where a € C.
Vt € [to, +00), |ly(t)| = eltto)Re@)

Hence, condition (ii) in Definition 3.1.5 is satisfied if and only if Re(a) < 0.

Conclusion: the zero solution of the ODE ' = ay is stable if and only if Re(a) < 0. Moreover,

lim _[y(t)] =0

t——+o0

if and only if Re(a) < 0.
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Conclusion: the zero solution of the ODE ¢y’ = ay is asymptotically stable if and only if
Re(a) < 0. The following theorem characterizes the stability of solutions of the ODE (3.5).

Theorem 3.1.8. Let \;, i € {1,2,...,n}, be the eigenvalues of the matriz A.
Then the ODE (3.5) is:

(i) Stable if and only if for every i € {1,2,...,n} either Re()\;) < 0 or Re(\;) =0 and

the Jordan block corresponding to \; is diagonalizable.

(ii) Asymptotically stable if and only if Re(\;) < 0 for alli € {1,2,...,n}.

Proof.

We distinguish the following cases:
e The matrix A is diagonalizable:

In this case, after a linear change of coordinates, A reduces to the matrix

MO 0
A=[0 X 01,
0 0 -\,

where A, ..., \, are the eigenvalues of A. Thus, the ODE (3.5) reduces to the linear ODEs:

vi=XNyi, yilto) =&, JE{L2,....n}

The solutions are

y; = &N e (1,2, n}.

The solutions are stable if and only if Re();) < 0 for all j, and asymptotically stable if and only
if Re();) < 0 for all j.

e The matrix A is non-diagonalizable:
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In this case, we treat each block in a triangularization of A. Specifically, suppose
=M + N,

where NN is a nonzero upper-triangular nilpotent matrix. Then

(ot A (it (—to)N _ A(t—ty) = (t — )"
€ =e e =e Z T

k=0

NE.

The result follows from the properties of the Jordan blocks and the growth of elt—t0)A,

3.1.2 Stability of Perturbed Linear Systems

Consider the system:

v =Ay+ f(t,y(t), (3.6)
where A € M,,«,(C) and f : R, x Q — R™ with {2 an open subset of R" containing 0. Consider
the following conditions:
On the matrix A:
(A) There exist constants M > 1, w > 0 and L > 0 such that:

vt >0, | < Me™v

On the function f:

(Hy) f is continuous on R, x Q and locally Lipschitz on €.
(Hy) YVt e Ry, f(t,0) =0.

(Hs) V(t,z) € Ry x Q, [|f(t, 2)]| < L=,

We start with the following fundamental result.
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Theorem 3.1.9. Suppose that conditions (A), (Hy) ~ (Hs) and (D) are satisfied.

if
LM —w <0,

then the zero solution of the ODE (3.6) is asymptotically stable.

Proof.

Let £ € Q, ty € R,. Consider the Cauchy problem:

y' = Ay + f(t,y(t)),
y(to) = &.

Recall that this Cauchy problem admits a unique maximal solution defined on [ty, T},) given by:

(t) = g 4 [ eI (s, () ds.

We first show that if ¢ is sufficiently close to 0, then the solution y is defined on [ty, +00), and

we have:

t
vt € [to, Tn), Iy < [le" " [l +/t =411 £ (s, y(s)) I ds.

Using hypotheses (H3) and (A), we get:
t
v e fto, T, Iy(O)l < Me g + [ LMe 0= y(s) s,
to
Multiplying both sides by e“!, we obtain:
¢ ¢ !
Ve lto, T),  e!ly(®)] < Mellg] + [ Late” |y(s)llds.
0

Define the function x : [ty,T},,) — R, by:

z(t) = e [ly()])-

97



Chapter 3. Notion of Stability

Then
t
2(t) < Me*™||¢]| + / LMz (s)ds.
to

By Gronwall’s inequality, we get:
o(t) < Me"o||g|e=M "),

hence

ly(@®)]] < M]jg[jet-M e,

Choose p > 0 such that B(0, p) C Q and define u(p) = p/(2M). Then
ly@OIl < p/2, Vit € [to, Tn).

Suppose T, < co. Then
lim y(t) =y" € B(0,p/2) C ©,

=T,
which contradicts maximality of y.
Conclusion: T,, = oo, satisfying the condition in Definition 3.1.6. Condition (ii) is also
satisfied: if ||&|| < u(p), then

lim y(t) =0.

t—-+o0

The proof is complete.

The following result is a consequence of the previous theorem.
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Theorem 3.1.10. Let A € M, (R). Suppose all eigenvalues of A have negative
real parts. Suppose conditions (D) and (Hy) ~ (Hs) are satisfied. If there exists a function
a: Ry — Ry such that

V(t,z) e Ry xQ,  |[f (&, 2)[| < eflz])),

and
lim M

r—0t r

=0,

then the zero solution of the ODE (3.6) is asymptotically stable.

Proof.

Since all eigenvalues of A have negative real parts, there exist constants M > 1 and w > 0 such

that condition (A) is satisfied. Choose L > 0 such that

ML —w < 0.

Let 0 > 0 satisfy
Vr e (0,0), «afr) < Lr.

Thus, the matrix A and function f satisfy the assumptions of the previous theorem on
Ry x{z e Q] [|lz]| <6}

The proof is complete.

We now consider the stability of the zero solution of the autonomous ODE:

y=1rw, B9

where f : 2 — R". We have the following result:
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Theorem 3.1.11. Let Q be an open subset of R containing 0. If f is C* on Q,
f(0) =0, and all eigenvalues of the Jacobian matriz A = f,(0) have negative real parts,

then the zero solution of the ODE (3.7) is asymptotically stable.

Proof.

Since f is C! on , we can write
b

f(x) = £(0) + fz(0)z + g(z) = Az + g(z),

with

Define a: Ry — R, by
a(r) = sup{[|f(0) = f=(0)[| : 0 € 2, [|0]] <r}.

Then the hypotheses of Theorem 3.1.10 are satisfied. The proof is complete.

3.1.3 Stability in the Sense of Lyapunov
Consider the ODE

y = [fty), (3.8)

where f: R, x 0 — R" with €2 an open subset of R” containing 0. We assume that f satisfies

the following two conditions:
(i) f is continuous on R, x © and locally Lipschitz on €.

(i) f(t,0) =0, Vt € R,.
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Remark 3.1.12. The first condition guarantees the existence and uniqueness of
a solution to the Cauchy problem associated with the ODE (3.8). The second condition
shows that the function ¢ = 0 is a solution of the ODE (3.8).

Definition 3.1.8. A function V : Ry x 2 — R, is said to be positive definite on
R x Q if there exists a continuous, increasing function w : Ry — R, such that w(r) =0

if and only if r = 0 and

Vit,z) eRy x Q, V(t,z) > w(||z])). (3.9)

A function V : R, x €2 — R_ is negative definite on R, x € if —V is positive definite on
R, x Q.

Definition 3.1.9. A function V : R, x 2 — R, is called a Lyapunov function
of the system (3.8) if it satisfies the following conditions:

(i) Vis of class C' on Ry x Q and V¢t € Ry, V(¢,0) = 0.
(ii) V is positive definite on Ry x €.

(iii) For all (t,z) € Ry x Q,

ov " oV
—(t,z) + > filt,z)=—(t, ) <0. (3.10)
ot =il €T;

Theorem 3.1.13. If the ODE (3.8) possesses a Lyapunov function, then the

zero solution s stable.

Proof.

101



Chapter 3. Notion of Stability

Let a e Ry, £ € Q, and y : [a,T,,) — 2 be the unique maximal solution of the ODE (3.8)
satisfying y(a) = £. We first show that if £ is sufficiently small, then T}, = +oc.
Define the function g : [a,T},) — R, by

g9(t) = V(t,y(t)),

where V' is the Lyapunov function corresponding to the ODE (3.8). The function g is of class
C' on [a,T,,) and by (3.10) we have

9(1) = T y(8)) + 3 il yl) T (0 y(e)
i=1 i (3.11)

<0.
Hence, g is decreasing on [a, T,,), so that
Vi€ a,Tn), g(t) < gla) = V(tyt)) <V(a,§).
From (3.9), it follows that
wlly®l) < V(a,8), Vi€ la,Ty).

Let p > 0 such that B(0, p) C Q. Since V(a,-) is continuous at 0 and V' (a,0) = 0, there exists
r=r(a) € (0, p) such that
V¢ € B(0,r), V(a,§) <w(p).

Thus,
vt e [a,Tn), w(ly®l) <wlp) = lly@)] < p-

Since B(0, p) C 2 and y is maximal, we conclude that
VEeQ, €| <r(a) = T, = +o0.
Similarly, for any a > 0 and € > 0, there exists d(a,€) > 0 such that

vEeQ [l <0 = [y@®)] <e
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Hence, the zero solution is stable. The proof is complete.

Theorem 3.1.14. If the ODE (3.8) possesses a Lyapunov function V' and there
exist two continuous, strictly increasing functions A\,n : Ry — Ry such that A\(r) = 0 if

and only if r =0, n(s) =0 if and only if s =0, and

V(t,z) < M||z])), V() eR, xQ, (3.12)
S0+ AT (D) < —allel), Ven) eRex R (319

then the zero solution is asymptotically stable.

Proof.

From Theorem 3.1.13, it follows that the zero solution is stable. The inequalities (3.12) and
(3.13) further imply that the zero solution converges to zero as t — 400, hence it is

asymptotically stable.

3.1.4 Solved Exercises

e Exercise 01:

Find the equilibrium points of the differential equation

dx .

— =sinx

dt
Solution:

Equilibria satisfy sin(z) = 0.

Thus, there is an infinite number of equilibria:

x, =km, ke
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e Exercise 02:

Consider the function
Viz,y) =" +y°

Use 2 methods to study the stability of the system

dt (1)
dy
dt 4

Solution: Lyapunov method

. V(0,0)=0%+0%=0.
e V(z,y)=2*+y*> 0 for all (z,y) # (0,0).

dV dx dy
RS WL Wi A 2(—x —
o Idt+ U r(—x+y)+ 2y(—x —y)

= 227 4 22y — 2wy — 2y* = —2(2* +4°) <0

Hence, the system is asymptotically stable.
e Exercise 03:

Consider the system
dx 5

dt

2
& &)
dt

1. Can we study the stability of system (2) using linearization?

2. Consider the function V(z,y) = 222 + y*. Study the stability of system (2).

Solution:

1. The Jacobian matrix is

0 —3y2 00
Df(z,y) = , Df(0,0) =
1 0 10

104



Chapter 3. Notion of Stability

Eigenvalues: \; = Ay = 0, so linearization gives no information. Hence, stability cannot

be studied by linearization.
2. Lyapunov method: V(0,0) =0, and V(z,y) = 222 + y* > 0 for all (z,y) # (0,0).
Compute derivative along solutions:

V(z,y) = 4(—y*) + 4’ (x) = —day® + 42y’ = 0 < 0

Hence, the system is stable.

e Exercise 04:
1. Cite 3 methods for studying stability of nonlinear autonomous systems.

2. Let a € RY.. Study the stability of the system

v 0 a
a 0

3. Use the Lyapunov function V(z,y) = 22 + y? to study the stability of

W =y~ (a4 )
Y =—x—y(a® +y°)
Solution:

1. Using the definition of stability, linearization method, and Lyapunov function method.

a
2. Eigenvalues of the matrix AL =a, Ay = —a.
a 0

Since one eigenvalue has strictly positive real part, the system is unstable.

3. Lyapunov function:

(a) V(0,0) =0, V(z,y) > 0 for (z,y) # (0,0).
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(b) Along solutions:
V(w,y) = 2a(y — 2(a® +y)) + 2y(—2 — y(@® + y)) = —2(2* +y°)* <0

Hence, the system is asymptotically stable.

e Exercise 05:
Consider the system

¥ =x— 2+ 2y

(£)
Yy = —2zy + 2x
Study the nature of the origin of system (F).
Solution:
The Jacobian matrix at (0,0) is
oft  9f
Eram 1 2
A=Df0,0)=|% ¥ =
f> 0f2 2 0
3.1.5 Unsolved Exercises
e Exercise 01:
Study the stability of the zero solution of the ODE
y = —2y + siny. (3.14)
e Exercise 02:
Consider the ODE
y' = al(t)y, (3.15)

where ¢t > 0 and a :)0, +00[— R is continuous. Show that:

(i) The ODE (3.15) is stable if and only if there exists a function K : [0, +oo[— R such that

/ "a(s)ds < K (to).

to
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for all t5 > 0 and ¢ > ¢,.
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