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This course manual enti “Function of a Complex Variable" is intended for second-year
undergraduate students in physics, within the field of material sciences. It is part of the
fundamental teaching unit UEF4 and is scheduled for the second semester. The study of
functions of a complex variable occupies an essential place in the scientific training of stu-
dents in both theoretical and applied physics. Indeed, complex analysis provides a powerful
mathematical tool for addressing and solving a wide variety of problems, ranging from the
study of oscillatory phenomena, the resolution of differential equations, and the evaluation
of integrals, to concrete applications in quantum mechanics, electromagnetism, signal pro-
cessing, and the analysis of dynamical systems.

The course begins with an in-depth study of complex numbers in order to provide stu-
dents with a solid foundation for the subsequent material. General properties of complex
numbers are recalled, along with their geometric interpretation in the complex plane, and
their different representations: algebraic, trigonometric, and exponential forms. This chap-
ter also introduces the study of complex functions and develops the notions of limits and
continuity in the complex plane, including the particular role played by the point at infin-
ity. These fundamental concepts allow a rigorous understanding of the behavior of complex
functions and lay the groundwork for the analysis developed in later chapters.

The second chapter of the course is devoted to elementary functions. We start with the
study of simple algebraic transformations such as translations z + a, homotheties az, the
inversion 1/z. These functions are elementary but fundamental because of their remarkable
geometric properties in the complex plane. The study continues with functions defined by
power series, in particular exponential, trigonometric, and hyperbolic functions, which play
a central role in analysis and have direct applications in physics. This part also introduces
the notion of multivalued functions such as the argument, powers, and logarithm, which
raise important questions regarding multivaluation and the necessity of introducing branch
cuts in the complex plane to ensure coherent definitions. These considerations pave the way
for a deeper reflection on the structure of the complex plane and the analytical complexity
of definitions.

The third chapter of the course introduces holomorphic functions, which form the true
core of complex analysis. To understand the specificity of complex differentiability, we begin
by recalling the framework of real functions of two variables. It is then shown that complex
differentiability requires stronger conditions than real differentiability, conditions which are
expressed through the celebrated Cauchy-Riemann equations. These equations provide a
necessary and sufficient criterion for a function to be holomorphic, i.e., differentiable at
every point of a domain in the complex plane. The study of holomorphic functions also
reveals their connection to harmonic functions, which appear as their real or imaginary
parts. This relationship opens the way to numerous applications of complex analysis to



domains such as electrostatics, fluid mechamcs or heat propagatl
equations naturally arise.

are introduced, followed by the definition of the hne mtegral of a complex functlon along a
contour. From this, Cauchy’s theorem is developed, leading to Cauchy’s integral formula,
which constitutes a fundamental tool of complex analysis. This chapter highlights profound
results such as the existence of primitives for holomorphic functions, Morera’s theorem,
and remarkable properties such as the identity principle, the mean-value property, and the
maximum modulus principle. Classical theorems such as those of Liouville, D’Alembert, and
Rouché illustrate the power of the theory and its direct applications to concrete problems.

Subsequently, the course examines power series and their central role in the definition of
analytic functions. The study of complex power series explains why holomorphic functions
are also called analytic functions. It is shown that these functions can be locally expanded
as Taylor series within their domain of regularity, which provides an essential tool for local
analysis. The notion of analytic continuation is then introduced to extend the domain
of validity of these expansions beyond their circle of convergence. Laurent series are also
presented for the study of functions with singularities, allowing for a rigorous classification
of isolated singular points. This part of the course demonstrates the richness of possible
behaviors of complex functions and sets the stage for the introduction of residues.

The residue theorem represents a decisive step in complex analysis. This theorem offers
an elegant and highly efficient method for the computation of integrals and the summation
of series. Students learn how to exploit the poles and residues of complex functions to obtain
results that would otherwise be very difficult to establish using the methods of real analysis.
The practical applications of this theorem emphasize the elegance and power of the complex
approach, showing how it often far surpasses classical real-variable tools.

The last chapter illustrates the main applications of complex analysis, using fundamental
theorems to compute integrals and study the zeros of analytic functions.

Finally, I would be very grateful to all readers-both students and instructors-who wish to
share their feedback, comments, or suggestions regarding the content or the form of this
manuscript. You may contact me at: souad.ayadi@univ-dbkm.dz



Chapter 1

Generalities on C

1.1 General Review of Complex Numbers
1.1.1 Properties of Complex Numbers
We define the imaginary unit 7 by the property

¢ =1

This definition allowed mathematicians to propose imaginary solutions to quadratic
equations with a negative discriminant, that is, equations of the form

az? +bzr+c=0, a#0.
Recall that the discriminant of a quadratic equation is given by
A = b — 4ac.

Definition 1.1 (Complex Number) A complex number is any number that can be
written in the form
z=a+1b,

where a,b € R and i is the imaginary unit defined by i2 = —1.
We denote

a=R(z) (the real part of z), b=(z) (the imaginary part of z).
Remark 1.1 Any multiple of the imaginary unit i is called a purely imaginary number.
Definition 1.2 (Zero Complex Number) The zero complex number is defined as

0 + 10.
It is usually denoted simply by 0, and it is the additive identity in C, that is,

z4+0=2 VzeC.



Definition 1.3 (Conjugate of a Complex Number) Let z =a+ib e C, with a,b € R.
The conjugate of z is defined as

Z=(a+1b)=a—1b.

Note that

Nl

= Z.

Definition 1.4 (Equality) Two complex numbers z; = a; + ib; and 2, = ay + iby are said
to be equal if and only if

a1 =R(21) = a2 = R(z) and b =S(21) = by = S(2).

Definition 1.5 (Arithmetic Operations) Let z = a; + iby and 2o = ay + 1by. The
following operations are defined:

o Addition:

21 —+ Ry = (CLl + ’Lbl) + ((1,2 + 'ng) = (al + a2) + Z(bl —+ bg)

z+2z=2R(2)
e Subtraction:

L1 — k29 = (CLl + ibl) — (CLz + ibg) = (a1 - a2) + ’i(bl = bg).

o Multiplication:

2129 = (0,1 + ’I;bl)(ag + Zbg) = (a1a2 — blbg) + i(albg + agbl).

z-Z=2]> = a® 4 b?

Ezercise 1.1 Let z = a+ib € C with a,b € R. Calculate the product z - z.
Solution. We have
z-Z=(a+1ib)(a—ib) = a® — iab + iab — 12

Since i = —1, this simplifies to

Therefore,



o Division:

21

22

21 22
2929

£l (a1 + ibl) (a2 - ib2) ajag +biby  bias — a1by
P = b 0).
% (Gt (m—ib) @18 T arg 0 @bk 700

Remark 1.2 These operations satisfy the usual algebraic rules: commutativity, asso-
ciativity, and distributivity.

+ Distributive Properties of Conjugation:
For all 21, z, € C, the conjugation satisfies:

(214 2) =71+ 73,

(21 - Zz) = 21 — 29,

(21 20) =71 - 73,

(E)-I aso

22 22

Example 1.1 Let 2y =3+ 4i and 20 = 1 — 2i. Then:

Z10 2 =(3-1—4-(=2))+i(3-(=2)+1-4) =11 -2,

2z 3+4  3+4 1+2i_11+2¢_£+gi
z 1—-2 1-2% 1+2% 5 5 5~

Example 1.2 Let
21 =3+ 41, 2y =1 —21.

21+ 2= (34+4) + (1 — 2) = 4 + 24, Z1+ 20 =4 — 24,
Z1 =3 — 44, Zz =1+ 2i, Zi+Z=03—-4)+(1+2)=4-2.
Hence
(1+2)=71+7.
For subtraction:
21— 29 = (3+4i) — (1 —2i) =2+ 61, 21 — 29 = 2 — 61,
1—Z=(3—4i) — (1 +2) =2 — 6i.

8



Thus
(21— 2) =21 — Z.

For multiplication:
2122 = (34+41)(1 —20) =3 — 61+ 45 — 82 = 11 — 24, Zizg = 11 + 21,

Z1Zg = (3 —4i)(1+2i) =34 65 — 46 — 8i* = 11 + 2i.
Therefore

(2122) = 21 R9.

For division (use conjugates to rationalize):

2 3+4i (3+44)(1+ 2) =5+ 10¢ PPy
z  1-2 (1-2)(1+2) 5 ’
50 o
A v s=-1-2
)
On the other hand
Zi_3—-4i  (3-44)(1—2) _ —5—10¢ —_1_o
zZ 142 (1+20)(1-2) 5 '
Hence -
ﬂ)zﬂ
(22 Z
Finally, double conjugation:
Z1i=3—-4di=34+4i=z, Z=1+21=1—2{ =z,

So Z = z 1is verified.

Definition 1.6 (Additive Inverse) In the system of complex numbers, every number z €
C has a unique additive inverse 2’ such that

z+ 2 =0.

This inverse is given by
z =—z.

Definition 1.7 (Multiplicative Inverse) In the system of complex numbers, every nonzero
number z € C has a unique multiplicative inverse 2" such that

z-2"=1
This inverse is given by
1 _
Z” =2 = 1
z

1

The number 2~ is also called the reciprocal of z.



Thus
(21 — 29) =71 — Za.

For multiplication:
212 = (3+44)(1 — 26) = 3 — 60 + 4i — 8i* = 11 — 2i, Z12o = 11 + 24,

7% = (3—4i)(1+2i) = 3+ 6i — 4i — 8 = 11 + 2i.

Therefore
(2122) = 71 72

For division (use conjugates to rationalize):

n 3+4i (3+40)(1+2)  —5+10i

o 1—2i (1—2i)(1+20) 5 T
S0 _
Z -
AT 42i=-1-2i
)
On the other hand
Z7 3—41 (3—4i)(1—21) —5—10¢ 19
— = g = = —1 — Z1.
Z 1420 (1+2i)(1—2) 5
Hence -
ay_ A
(22) Zo
Finally, double conjugation:
Z1=3—4i=3+4i==2, Zo=14+2i=1—2i= 2.

So Z = z is verified.

Definition 1.6 (Additive Inverse) In the system of complex numbers, every number z €
C has a unique additive inverse 2z’ such that

242 =0.

This inverse is given by
2= —z.

Definition 1.7 (Multiplicative Inverse) In the system of complex numbers, every nonzero
number z € C has a unique multiplicative inverse z” such that

22" =1.
This inverse is given by
ZH — } _ Zﬁl.
z

1

The number z=* is also called the reciprocal of z.



Application Compute the following powers of i:

Then, deduce a general rule for ;" depending on the parity of n.

Solution 1.1 Recall that

Step 1: Compute the powers successively.

.3 22

1° =1 =—1-1= —1,

Step 2: Observe the pattern.
The powers of i repeat every four steps:

Step 3: General rule. For any integer n > 1, there exists an integer k € N
such that:
1, if n =4k,

1, if n =4k + 1,
-1, ifn=4k+ 2,

—1, ifn=4k+ 3.

1.1.2 The Complex Plane

Definition 1.8 (Complex Plane) Since every complexr number z can be repre-
sented by a pair of real numbers (a,b), we use a plane to represent complex
numbers.

This plane is defined by two perpendicular axes:

o the real axis, denoted by R or r-axis,

o the imaginary axis, denoted by & or y-axis.

10



Thus, any complex variable can be written as
=z + iy, z,y € R,
where x = N(z) and y = J(z).

We can also interpret each pair of real numbers (z,y) as the components of a
2D vector. Thus, a complex number

z=x 41y

can also be seen as a two-dimensional vector whose initial point is at the origin
of the axes, and whose terminal point is the point (z,y).

Definition 1.9 The vector representation of a compler number z = x + iy is the
directed vector

Z=(z,y),

where © = RN(z) is the projection on the real axis, and y = 3(z) is the projection
on the imaginary axis.

S or y

Rorzx

r=V@IF
0 =arg(z) = arctan()
x

Figure 1.1: Complex plane (Argand plane): representation of z = = + iy, modulus r and
argument 6.

Example 1.3 Let z = 3 + 2i. Its vector representation is
7= (3,2),

which is a vector starting from the origin (0,0) and ending at the point (3,2)
in the plane.

11



Definition 1.10 (Modulus of a Complex Number) Let z = x + iy with =,y € R.
The modulus of =z is the positive real number defined by

|z| = /22 + 2.

Proposition 1.1 (Properties of the Modulus) For any z, z1, 2o € C with z, # 0, the
modulus satisfies the following properties:

o 2|2 =27,

o |z =27,

o |z120] = |21] [22],
21 |21|

° —| =
Z9 ‘22’

. |27 = 2P

Definition 1.11 (Distance Between Two Complex Numbers) Let z; = z; +iy; and
Zy = X9 + 1Yo be two complex numbers. The distance between z; and z, in the
complex plane is defined as

d(z1,20) = |22 = 21| = /(= 22)? + (32 — )2,

1.1.3 Polar and Exponential Form of Complex Numbers

Polar Form

From a simple geometric viewpoint, the components r and y of a complex number

z=x+1y
can be expressed in terms of the polar parameters » and 0 as
r =rcosb, . o ..
. = z=x+1iy=rcosf+irsinf =r(cosf + isinfh).
y =rsind,
Here:

r=|z| = /22 +y? € RY, —m <6<

The angle 0 of the vector z is measured in radians, positive in the counter-
clockwise direction. This angle 0 is called the argument of 2z and is denoted
by

0 = arg(z).

12



Remark 1.3 The argument arg(z) is not unique because of the 2mw-periodicity of
the trigonometric functions cosf and sinf.

&

z =r(cosf +isinf)

|

|

. |
rsin 6 !
|

|

|

|

rcos
Exercise 1.2 Write the complex number

z= —\/g —1
in polar form.
Solution 1.2 We are given the complex number

z=—V3—1i.
Step 1: Compute the modulus r.

=l = V(=B + (-1 = VBT = VE=2

Step 2: Determine the argument 0. We know that

tanf = 2 !
anf == = —— = —.

r =3 V3
Thus, the reference angle is

0 ¢ 1 T
= arctan| —— = —.
0 \/g 6

Since r <0 and y < 0, the point lies in the third quadrant. Therefore,
Step 3: Write z in polar form.

z=r(cosf +isinf) = 2<COS<— %”) —|—isin(— 56“))

Final Answer:

13



r=—v3—i (@y=(=V3-1

1. Principal Argument

Definition 1.12 (Argument and Principal Argument) Let z € C\ {0} and write
z =r(cos +isinf) with r > 0 and 0 € R. The set of all possible values of 0 is
called the argument of z and is denoted by arg(z).

The principal argument Arg(z) is the unique argument chosen in the interval

—m < Arg(z) < .

Remark 1.4 Because cos(f) and sin(f) are 2n-periodic, the argument is not unique:
if 0 is an argument of z then 0 + 2kw is also an argument for every k € Z. The
principal argument selects the representative in [—m, 7).

2.Multiplication and Division in Polar Form
Let
zlzr1<00391+isin01), z2:r2(00802+isin02>,

with i,y > 0.

Proposition 1.2 (Product and Quotient in Polar Form) The product and the quo-
tient are given by

2129 = T1T2(COS(91 +6y) +isin(f; + 92)>7

and, for z, # 0,

2T .
Z—; = r—;(cos(é’l — 0s) + isin(f; — 6’2)).
Equivalently,
z
arg(s120) = ang() +arg(z2),  arg( ) —arg(z1) - arg(z2),
2

up to addition of integer multiples of 21 (and taking principal arguments when
needed).

3. Integer Powers and De Moivre’s Formula

14



Proposition 1.3 (Integer Powers) Let z = r(cosf +isinf#) and n € N. Then
=" ( cos(nf) + isin(nﬁ)).
In particular, if r =1 then the classical De Moivre formula holds:
(COS 6 + isin 9>n = cos(nf) + isin(nh).

Remark 1.5 The formula extends to n € 7 (negative integers) by using z " =

(271)" and the polar expression of »71.

4. Nth Roots of a Complex Number
Let z = r(cosf + isinf) with r > 0. We seek all w such that w" = z.

Proposition 1.4 (Formula for the nth Roots) All solutions w of w" = z are given
by
wk—P<COS<Pk+iSin90k>, k=0,1,...,n—1,

where

1/n 0+ 2km

PYr = .
n

p=r

Thus there are exactly n distinct nth roots:

0 + 2k 0 + 2k
wk:rl/"(cos( * ”)HSm( i ”)) k=0,....n—1

n n

The root corresponding to k =0 (with argument taken in the principal branch)
is called the principal nth root of z.

Exercise 1.3 Find all fourth roots of
1+
(That is, compute w such that w' =1+1.)
Solution 1.3 We seek all complex numbers w such that
w' =1+1.

Step 1: Put the right-hand side in polar form. Write 1+ i in polar (expo-
nential) form. Its modulus is

I1+i| = V12 +12 =2,
and a principal argument is
Arg(1+1i) = %

Hence .
1+i=+2e"4,

15



Step 2: Apply the formula for n-th roots. If w*=1+1i and we set w = pe'?,
then

ot =2, 4¢:%+2k7r, ke Z.
Thus Y L
p=(V2)Vt =218, @IW/ZW:;G_;_;, keZ.

Step 3: List the four distinct roots. Taking k = 0,1,2,3 gives the four distinct
fourth roots:

T km

i| —=+—=
k k
wy, = 218 ¢ (16 2 ) :21/8<Cos(17;+27r> +isin(17r6+27r)>, k=0,1,2,3.

Remark (principal root). The principal fourth root corresponds to k = 0:

wy = 218 ¢im/16.
Check. For any k,

w% _ (21/8)461’(4(7r/16+k7r/2)) _ 21/26i(7r/4+2k7r) _ \/§em/4 =141,

as required.

Exponential Form and Euler’s Formula

Definition 1.13 (Exponential Form) Using FEuler’s formula (see below), any com-
plex number can be written in exponential form as

z=re?,

where r = |z| and 0 = arg(z) (or Arg(z) for the principal value).

Proposition 1.5 (Euler’s Formula) For every real 0,

9 — cosf +isinb.

o
Remark 1.6 From FEuler’s formula the polar and exponential forms are equiv-
alent:

2z =r(cos +isinf) = re.

Multiplication then becomes particularly simple:

ref - ryet®? = (7"17”2)6i<61+62),
and similarly for powers and roots. Endeed, w = p(cosp + ising) = pe’ and
w" = p"e™?. Hence, when w" = z = re? identify moduli p" = r and arguments

ny = 0 + 2km, then solve for p and ¢.

16



1.1.4 Application: Quadratic Formula in Complex Numbers

Consider a quadratic equation with complex coefficients:
az?+bz+c=0, a#0.

We can solve it in a manner similar to real numbers. First, compute the
discriminant:

A =b* — dac.
In general, the roots are given by:

 —bEVA

ZA
! 2a

i=1,2.

Exercise 1.4 Solve the following quadratic equations in the set of complexr num-
bers:

1. 22 4+42+5=0
2. 22+ (1-i)z2—3i=0

Solution 1.4 1. Solve z>+4z+5=0:
The discriminant s

A= —dac=4>—-4-1-5=16—20 = —4.
Since A <0, the roots are complex:

C—bEVA AL —4E2

=—2+1.
2a 2 2

z

So the solutions are:

’21:—2+i, 22:—2—2

2. Solve z*+ (1—i)z—3i=0:
The discriminant s

A=b—4dac=(1—14)?—4-1-(-3i).
Compute (1 —i)*:
(1—i)P=1-2i+i*=1-2i—1=—2i.

Then:
A =—27—4(=31) = —2i + 121 = 10i.

Now, compute the square root of 10i:

10i = 10 <cos72T +isin g) — V10i = V10 (COSZ +isin D = V5(1 +9).

17



The roots are:

L —b:i:\/Z: _(1—i):i:\/5(1+i) _ _1+i:i:\/5(1_|_z‘)
2a 9 5 .

Separating the two roots:

e I &L “1-v5  1-WV5

2 R

So the solutions are:

—1+¢5+.1+\/5 —1-v5 1-+/5
= VA .

2 R

21

21

1.1.5 Sets of Points in the Complex Plane

In this section, we introduce the essential definitions and terminology for sets of
points in the complex plane.

1. The Circle

Let
20 :x0+iy0 e C.

Recall that the distance between any point z = x + iy and zj is

|2 — 20| = \/(z — 20)2 + (y — y0o)2.

Definition 1.14 (Circle in the Complex Plane) The set of all points z that sat-
isfy

|Z_ZO|:p7 P>07
is called a circle with center zy, and radius p. In other words, it is the set of
all points at a fized distance p from z.

18



Im

Center: zy = o + iy, Radius: |z — zo| = 1.2

2. Disk and Neighborhood
Definition 1.15 (Disk) Let zo € C and p > 0. The disk of radius p centered at z,

is the set of all points z satisfying
|z — 20| < p.
This includes all points on the circle |z — z| = p as well as all points inside the

circle.

Definition 1.16 (Neighborhood of a Point) Let 2, € C and p > 0. The neighbor-
hood of 2z, or open disk with radius p and center z, is the set of points

|z — 20| < p.

These points lie strictly inside the disk, excluding the boundary circle.
A punctured neighborhood (or deleted neighborhood) excludes the center it-

self and is defined by the strict inequalities

0<|z— 2| <p.
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Im

2 € punctured ncighbox oode

Disk: |z — zg| < 1.2, Neighborhood: |z — zy| < 1.2, Punctured Neighborhood: 0 < |z — z| < 1.2

Remark 1.7 ”Punctured neighborhood" mean neighborhood with the center punc-
tured/excluded.

3. Open Sets, Interior, Boundary, and Exterior Points

Definition 1.17 (Interior Point) A point z € C is called an interior point of a
set S in the complex plane if there exists a neighborhood of z that is entirely
contained in S.

Definition 1.18 (Open Set) A set S is called open if every point of S is an
interior point.

Definition 1.19 (Limit Point and Boundary) A point 2, is called a limit point of
a set S if every neighborhood of 2, contains at least one point in S and at least
one point outside S.

The set of all limit points of S forms the boundary of S, denoted by 0S.

Definition 1.20 (Exterior Point) A point = € C is called an exterior point of S
if it is neither an interior point nor a boundary point of S.

20



Im

Exteriore

Boundary
[ ]

(Open Set) ® Exterior

Re

Figure: Open set S, interior points (green), boundary points (red), exterior points (black).

4. Annulus (Circular Ring)

Definition 1.21 (Annulus) Consider two sets of points around a center z, € C:

e S1={2€C||z—2]|>p}, representing points outside the circle of radius
p1 centered at z.

e Sy ={2€C||z— 2| < p2}, representing points inside the circle of radius p,
centered at z.

If 0 < p; < p2, then the set of points satisfying the strict inequalities simul-
taneously,

p1 < |z = 20| < po,

is the intersection of S| and S, and it is called a circular annulus.

Remark 1.8 If we take p; = 0, we recover the definition of an open disk with
the center excluded, i.e., a punctured neighborhood.
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Figure: Circular annulus (blue area) with inner radius p; (red)
and outer radius p (blue), centered at z.

5. Domain

Definition 1.22 (Domain) Let S be a set of points in the complex plane. If any
two points zy,29 € S can be connected by a polygonal line composed of a finite
sequence of line segments joined end-to-end, and this line lies entirely within
S, then the set S is said to be connected.

An open connected set is called a domain.

Connected domain S (blue) with a polygonal om z; to 2o

Non-connected set (green) example

Region

Definition 1.23 (Region) A region in the complex plane is any set of points that
may include all, some, or none of its boundary points.
According to this definition:

o« An open set, which contains none of its boundary points, is a region.
o A closed region contains all its boundary points. For example, the closed
disk
|z =20 <p

is a closed region.
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o An open region such as the disk
|z —Z0] <p
is called an open disk.

o If the center zy is excluded, the set is called a punctured region or punc-
tured disk.

Bounded Set

Definition 1.24 (Bounded Set) A set S in the complex plane is said to be bounded
if there exists a real number R > 0 such that

|z| <R forall z€S.

Otherwise, the set is called unbounded.

Im

Bounded set S: |z| < R Unbounded set

In the figure above:

e The blue disk represents a bounded set S. Its center is zp = 2+ ¢ and all
points inside satisfy
|z — 20| < R.

The dashed line shows the radius R from the center z; to a point on the
boundary. All points of this set are within a finite distance from z,.

e The arrows indicate an unbounded set S. They illustrate that the set ex-
tends beyond the visible portion of the plane. Since the points can continue
indefinitely in some directions, there is no finite R that contains all points,
making it unbounded.
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Bounded set S: |z| < R Unbounded set S

-

_

In the figure above:

o The blue disk represents a bounded set S. Its center is z; and all points
inside satisfy |z — z)| < R, so there exists a finite radius R containing all
points.

o The red arrows represent an unbounded set S. The arrows indicate that the
points in this set can extend indefinitely in the complex plane. Therefore,
no finite R can contain all points, making the set unbounded.

e The dashed line in the blue disk shows the radius R from the center z, to
a point on the boundary.

1.2 Complex Functions, Limits, Continuity, and the
Complex Infinity

1.2.1 Definition of a Complex Function

Definition 1.25 A complex function f is a mapping from a subset D of the
complex plane C to C:

f:DCC—C, 2z f(2),
where z =x+1y € D and
f(z) =u(z,y) +iv(z,y), with u(z,y),v(z,y) €R.

-The set D is called the domain of definition of f.
- u(z,y) is the real part of f(z)

- v(x,y) is the imaginary part of f(z)

- f(2) = u(z,y) + iv(x,y) is the Algebric form of f(z).
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Example 1.4 Consider the function
f(z)=2* zeC.
Its domain of definition is the entire complex plane C. If z = x + iy, then

f(z) = (z +1y)* = 2 — y* +i(22y),
where
w(z,y) =2 — 9%, v(z,y) = 2uzy.
Example 1.5 Consider the function
1

This function is not defined for the values of z that make the denominator
zero. Solving
22 +1)=0 = 2z=0,2=14, 2= —i.

Hence, the domain of definition of f is

D =C\ {0, i, —i}.

1.2.2 Uniform and Multiform Complex Functions

Definition 1.26 In the strict mathematical sense, a function [ defined on a
domain D C C is a mapping that assigns to each point z € D one and only one
value w = f(z) € C.

A complex function is said to be uniform (or single-valued) if it satisfies
this property throughout its domain.

However, in complex analysis, we sometimes encounter expressions such as
V7, log z, or /", which can take several possible values for the same z. These
are not functions in the strict sense, but are called multiform functions (or
multi-valued functions). FEach distinct determination (or branch) of such an
expression defines a true single-valued function on a suitable subset of C.

Example 1.6 (Uniform function) The function
flz) =2
is uniform, because for each z € C there exists exactly one value of f(z).
Example 1.7 (Multiform expression) The expression
flz) = V=
is multiform because for each z # 0, there are two possible values:
Vz=+Vre??  where z = re?.

To obtain a true function, one must choose a branch - for example, by re-
stricting the argument to —m < 0 < w, defining the principal branch of /.
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1.2.3 Limit of a Complex Function

Definition 1.27 Let f : D C C — C be a complex function, and let zy be a limit
point of D. We say that f(z) tends to a limit wy € C when z — 2, if, for every
e >0, there exists 6 > 0 such that

0<|z—2z2] <0 = |f(z) —wo| <e.

Symbolically, we write

fip, /(=) = wo.
Remark 1.9 Geometrically, this means that when the point > approaches z
from any direction in the complex plane, the image point f(z) approaches wy
in the image plane. This definition extends the concept of limit from real
functions (where z and f(z) lie on R) to complex functions (where both belong
to C).

T — xq T —x

Realoaxis

I
W !
7.< j(’

|

I

I

I

I

from any direction

Approach of the variable: real vs. complex

Im(z)
ot lz— 2l <o
AN ’
! /Y 4
- —— Re(z)
Domain (z\-pl'lé/ne) Image (w-plane)
f(z) = wo
as z — 2p
Meaning of lim f (z) = wo
Z—20

Example 1.8
f(z)=2* z=1+i

lim f(z) = (1 +14)* = 2.

z—1+1
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Criterion for the Non-Existence of a Limit

If a function f approaches two distinct complex numbers L; # L, along two
different paths passing through z,, then

Ji £(2)

does not exist.

Example 1.9 Show that lim, 0 £ does not exist.

Solution 1.5 Let us examine the limit along two different paths approaching the
origin.

1. Along the real axis: If z =1z (with y=0), then

1 = lims=1
z—0 7

z X
z T

2. Along the imaginary axis: If z =iy (with t =0), then

l
i =—-1 = lim-=-1
—1Y y—=0Z

ISIIIRNY

Since the two limits obtained by approaching the origin along different paths
are distinct (1 # —1), the overall limit does not exist.

.= .
lim — does not exist.
z—0 7

Im(z)

f(z) = -1

* Re(z)
path 1: z €|z flz) > 1

path 2: z =1y

Two different limits along distinct paths
= limit does not exist.

In the case where a complex function f(z) can be expressed in terms of its
real and imaginary parts as

f(z) = f(z,y) = u(z,y) +iv(z,y),

then, by using the properties of real limits, one can derive a rule that allows the
computation of the limit of f(z) when the limits of u(x,y) and v(x,y) are known.
In this situation, the real functions u and v are considered as functions of two
real variables.
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Theorem 1.1 ( Real and Imaginary Parts of a Limit) Let
f(z) =ulz,y) +iv(z,y), 20=x0+ 1y, and L =uy+ivy.

Then,
lim  u(x,y) = up,

lim f(z) =L if and only if (z,y)—f(zo,yo)
o lim U(%, y) = Vo-
(Ivy)ﬁ(IOJJO)

Example 1.10 Calculate, using Theorem 1.1, the following limit:

lim (22 + ).

z— 141

Solution 1.6 We first write z = v + 1y. Then,
f)=2+i=(z+w)?+i= (" —y") +i(2zy +1).

Hence we can identify:

2

’LL(ZL’7y) =T _y27 U(l’7y) :2xy+1

According to Theorem 1.1, we compute the two real limits:

lim u(r,y) =1°—1°=0, lim  o(z,y) =2(1)(1) + 1 =3,
(m,y)%(l,l) ( y> (:r,y)%(l,l) ( y) ( )( )
Therefore,

lim (2% 44) = 0+ 3i = 3.
z—1+1
Theorem 1.2 (Properties of Complex Limits) Let f and g be two complex func-
tions. If
lim f(z) =L and lim g(z) = M,
Z—20

Z—r20

then the following properties hold:

(i) lim cf(z) = cL, where c is a complex constant;
Z2—20

(i) lim [f(z) £ g(2)] = L+ M;

Z—rZ20

(4) lim [f(2) g(2)] = L M;

Z—r20

L
(iv) lim fEZ; = provided that M # 0.
z=z20 g(z

Basic results from Theorem 1.2:

lim ¢ =¢, where cis a complex constant,
Z—r20

lim z = 2.
Z— 20
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Example 1.11 Using Theorem 1.2 and its two basic results, compute the fol-
lowing limits:

(3+1i)2* — 22+ 22

I
(a) zlgzl‘ z+1
(b) lim 22— 22414

etV 2z — 1 — i3
Solution 1.7 (a) By the properties of complex limits (Theorem 1.2):

lim B+t =22 422z (3+)@)" — (1)*+2(2)
2 z+1 B i+1 '
We compute step by step:

it=—-1, i*=1
Then:
Numerator: (3+14)(1) —(—1)+2i=3+i+1+42i =4+ 3.
Denominator: i +1=1+41.
Hence:

443 (44+30)(1—i) (44 3d)(1 —1)

1+4i  (1+i)(1—i) 2

Expanding the numerator:

(A4+3)(1—i)=4—-4i+3i—3>=4—i+3=7—1.

Therefore:

B+ =22 4+22 T—id
l

im = )
z—i z+1 2

(b) We apply the same rule:

22 =22+44  (1+40V3)2—2(1+iV3) +4
lim - = . ‘ )
amltivE 2 — 1 — /3 (1+4v3) —1—1iV3

Compute the numerator:

(14+iv3)? =14 2iV3 + (iV3)? = 1+ 2ivV/3 — 3 = -2+ 2iV/3.

Then:
—2+4+21V3—-2(1+iV3)+4=—-2+2V/3-2-2iV/3+4=0.

Denominator:

(1+iv3)—1—iv3=0.
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0
So we get the indeterminate form 0 To evaluate the limit, we simplify the

exrpression:

22— 22414

z— (14+14V3)

Factorizing the numerator:
=2 4+4=(z—(1+4V3))(z— (1 —iV3)).

Hence: 2 g A
2zt =224+
T — . (1—1iV3).
z— (1+1iV3) ( )

Now taking the limit:

lim [z —(1—iV3)] = (1+iV3) — (1 —iV3) = 2iV3.

z—1+iV/3

Therefore:

22— 2244
lim —— =2~ —9i/3.
sltiv3z — 1 — i3

1.2.4 The Complex Infinity

Unlike the real number system, which contains two distinct infinities +0co0 and
—o00, the complex number system has only one infinity. This distinction arises
because the field of complex numbers C is not an ordered field. Recall that in
the real number system, +0o and —oo serve respectively as the upper and lower
bounds of every subset of the extended real line - that is, the set of all real
numbers together with +0o0 and —oo.

Example 1.12

lim — =0
z—)ooz

1. Extended Complex Plane

To simplify the study of complex functions, it is often useful to extend the
complex plane by adding a single point at infinity, denoted by oco. The resulting

set
CU{oc}

is called the extended complex plane.
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1. Algebraic rules involving oo

The basic operations with oo are defined as follows:

z4+ 00 =00, forall z€C,
= oo, for all z € C\ {0},

=0, forall z€C,

= oo, for all z € C)\ {0}.

O\Ng‘l\zg

In particular, —1- 00 = oco. However, the expressions 0 - co, 22, oo & oo, and 8

are undefined.

2. Topological interpretation

From a topological point of view, any set of the form
{z:|z| >R}, R>0,

is called a neighborhood of cc.
A set D C CU{oo} is said to contain the point at infinity if there exists a real

number M > 0 such that D includes all points z with |z]| > M.

Examples 1.1 o The open half-plane Re(z) > 0 does not contain the point at
infinity, since it includes no neighborhood of cc.

e The open set
D={z:|z+1]+]z—-1]>1}

does contain the point at infinity.

3. The Structure of Infinity in the Complex Plane

When we extend the complex plane by adding the point at infinity, we obtain
the extended complex plane, denoted by

C=CU{cx}.
This set is also known as the Riemann sphere.

e The usual complex numbers are the points z = x + 1y € C.

e The symbol ~ is not a number but an additional point. It cannot be
manipulated by ordinary arithmetic operations.
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4. Topological structure

To make sense of the point at infinity, we define a topology on C: a neighborhood
of c© is any set of the form

{z€C:|z| > R} U{o0},

for some R > 0. In this sense, saying that z is “close to infinity” means that |z|
is very large.

The definition of limit at infinity becomes:

lim f(z) =L <= Ve>0, 3R>0, [z| > R=|f(z) - L| <e.

Geometric structure (Riemann sphere) The extended complex plane can be
visualized as a sphere in R?, called the Riemann sphere. We imagine a sphere of
radius 1 centered at (0,0,1) in space. Each point z = = + iy of the complex plane
(lying on the plane z = 0) is mapped to the sphere by stereographic projection.
The point oo corresponds to the North Pole of the sphere.

Thus, topologically:

~

C~ S§2.

5. Partial algebraic structure

Arithmetic operations involving co are defined by convention:

z+00=00, 2z€C,

z-00=00, z#0,

=0, zeC,

oled | ®

=00, z#0.

However, the following expressions are undefined:
0-00, 00—00, —, —.

o0 0

Therefore, C is not a field but a compact topological space endowed with a
useful partial algebra.

6. Summary

Aspect Description

Set C=CU {0}

Nature of co | A point added, not a number

Topology Neighborhoods of oo: {z:|z| > R} U {c0}

Geometry Topologically equivalent to a sphere (Riemann sphere)
Algebra Partial arithmetic: z + oo = 00, z/00 = 0, etc.
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1.2.5 Continuity of Complex Functions

The definition of continuity for a complex function is analogous to that of a real
function. In other words, a complex function is continuous at a point if its value
approaches the function value at that point as the variable approaches it.

Definition 1.28 (Continuity at a point) Let f : D C C — C be a complex function
and let zo € D. We say that [ is continuous at z, if

lim £(2) = f(20).

Z— 20

Equivalently, using the ¢ definition:
Ve >0,3d > 0 such that if |z — zy| <, then |f(z) — f(z)] < e.

Remark 1.10 This definition is identical in form to that of real-valued func-
tions, but the variable z now approaches z, from all possible directions in the
complex plane.

1. Criteria for Continuity

Just as in the real case, for a complex function f to be continuous at a point,
the following three conditions must be satisfied.

Definition 1.29 (Continuity criteria) A complex function [ is continuous at a
point zy € C if and only if the following conditions hold:

(i) The limit lim f(2) exists.
2—20
(ii) The function f is defined at z.

(iii) The limit equals the function value:

lim f(2) = f(=0).
If a complex function does not satisfy one or more of these conditions at a point,
it is said to be discontinuous at that point.

2. Branches of Multivalued Functions

A branch of a multivalued function F'(z) defined on a domain D is any complex
function f;(z) that is defined and continuous on a certain subdomain D; C D and
that assigns ezxactly one value of F(z) to each point z € D;.

In the definition of the branches f;(z) of a multivalued function, a point that is
common to the different cuts used to define the domain D; of a branch is called
a Branch Point.
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Example 1.13 The function
fe) =
Z)=——
14 22

is discontinuous at z =1 and z = —1i, since it is not defined at these points.
Example 1.14 (Continuity verification) (a) Verify whether the function
f(z) =22 —iz +2

ts continuous at zp =1 — 1.
(b) Show that the function

ts discontinuous at zp = —1.

Solution 1.8 (a) The function f(z) = z?> —iz + 2 is a polynomial in z. Since
polynomials are continuous everywhere in C, f is continuous at zyp =1 —i.

(b) Why /2 is discontinuous at zy = —1
We must first fix what we mean by /2. The complex square root is naturally
multi-valued:

VzZ==EVre??  when z=re? (r > 0).

To obtain a single-valued function we choose a branch. The usual principal
branch of the square root is defined by

\/E = \/Fei0/27 0 S (_ﬂ-?ﬂ-]a

which forces a branch cut along the negative real axris (—oo,0]. On this branch
the function is single-valued and continuous on C\ (—o0,0], but it is not defined
on the cut itself; in particular it is not defined at zp = —1.

There are two natural ways to conclude non-continuity at zo = —1:

(A) The function is not defined at zy = —1 on the principal branch. By the
continuity criteria, a function that is not defined at z, cannot be continuous
there.

(B) The one-sided limits (approaching from two sides of the cut) are dif-
ferent. This shows there is no possible single-limit value at —1 even if we try
to take limits from different directions.

We illustrate (B) by taking two explicit approach paths that tend to —1 from
opposite sides of the negative real axis.

Path 1 (approach from above). Take
21 (t) = e, t>0,t—=0"

Then z(t) - —1 as t — 0. Using the principal branch (argument 6 =1 —1t €
(—m,7m]) we get

/zl(t) — /1T 0/2 — gin/2 =it/2 oiT/2 —

t—0t+
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Path 2 (approach from below). Take

2(t) = ™), t>0, t—0".
Then z(t) - —1 as t — 0. On the principal branch the argument 0 = —7w + ¢
(note —m +t is just inside the interval (—m, 7]), so

/ZQ(t) — /1™ H0/2 — o=im/2 it/2 o2 —

t—0t

Thus the limits along the two paths exist but are different:
lim Vz =1, lim Vz = —i.

z——1 from above z——1 from below

Because these one-sided limits are unequal, the two-dimensional limitlim, , |/
does not exist. Hence \/z is discontinuous at 2o = —1 (on the principal branch).

Remark 1.11 e The non-existence of a single-valued, continuous square root
on any domain that encircles the origin is a consequence of the branch
point at 0: analytic continuation around 0 changes the sign of \/z. Any
branch cut must connect 0 to oco; if the chosen cut passes through —1
(as the usual negative-real-axis cut does), then —1 lies on the cut and the
principal branch is not defined there and shows the discontinuity described
above.

o If one chooses a different branch cut that does not pass through —1, then
one can define a single-valued branch of \/z that is continuous in a neigh-
borhood of —1. So the discontinuity at —1 is not an intrinsic property of
the point —1 alone but depends on the chosen branch (equivalently: on the
domain where the single-valued branch is defined). The usual statement
-\/z is discontinuous at —1- refers to the common principal branch with
cut along (—o0,0].

Conclusion. On the principal branch (argument in (—r,x|) the square root

is not defined at —1 and the limits from the two sides of the negative real axis

give i and —i respectively. Therefore \/z is discontinuous at zo = —1.

R

-7 “dessus — i

‘coupure= —1 .
. dessous — —i
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3. Properties of Continuous Functions

As for limits, we study the continuity of a complex function expressed in terms
of its real and imaginary parts:

f(z2) = f(2,y) = ulw,y) +iv(z,y)
Theorem 1.3 (Real and Imaginary Parts of a Continuous Function)
Let f(z) =u(z,y)+ww(zr,y) and z) = x¢+ iyo.

Then the complex function f is continuous at zy if and only if the two real
functions u and v are continuous at the point (xg, ).

Example 1.15 Using Theorem 1.3, show that the function
flz) ==

is continuous on C.
Theorem 1.4 (Properties of Continuous Functions) If f and g are two complex

functions continuous at z,, then the following functions are also continuous at
the same point:

1. ¢f(z), where ¢ is a complex constant,

2. f(2) £9(2),
3. f(2)-
f(2)

4. @, provided g(zy) # 0.

- Polynomial functions are continuous over the entire complex plane C.
- Unlike complex polynomial functions, complex rational functions
p(2)
fe) =22
( q(z)
are not always continuous on the entire complex plane C, but they are contin-
uous only on their domain of definition, that is, where q(z) # 0.

9(2),
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- Boundedness Property:
If a complex function f is continuous on a closed and bounded region I', then f
is bounded on I'. Thus, there exists a real constant M > 0 such that

If(z2)] <M forall z€eT.

1.3 Solved Exercises

Exercise 1.5 Let zy =3+ 4i and 2o =1 — 2i. Compute the following:

(a) 21+ 2, (b) z21—2, (c)z1-2, (d) 2, (e) zi, (f) |l (9) V7,
(h) Solve z* +1 = 0.

Solution 1.9 (a) Sum:
(b) Difference:

(¢) Product:

(d) Quotient:
2 344 142 ,
== - - - = —14 24
29 1—2¢ 1+2

(e) Conjugate:
7 =3 — 4.

(f) Modulus:
|21] = V32 4+ 42 =5.

(g) Square root of z; using the polar identification method:
Step 1: Write z; in polar form:
n=3+4i = p=|u|=VR+42=5¢= arctan§ ~ 0.927 radians.
Step 2: Let z = r(cosf +isinf) such that z*> = z,. Then
2* = 1r%(cos 20 + isin 20) = p(cos ¢ + isin ¢).
Step 3: Identification gives:
r?=p = r=/p=5~ 2236,

20 = ¢ + 2kn — in#—/ﬁr, k=0,1.
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Step 4: Compute the two roots: For k = 0:
¢

0y = 5 ~ 0.464 radians, zy = r(cosfy+ isinby).

For k=1:
o

0, = 5 + 7 &~ 3.606 radians, 2z, = r(cosf; + isinb,).

- Square root of z; using the algebraic method with modulus:

Let z = x + iy such that 2> = 2 = 3 + 4i.
Step 1: Expand 2*:

22 = (v +iy)? = 2* —y* + 22y
Step 2: Identify the real and imaginary parts with z; = 3 + 4i:
{x2 —y? =3,
20y = 4.
Step 3: Add the modulus condition:

Pyt = = a = V3 2 =5

Step 4: Solve the system:
.1'2 _ y2 _ 3’
z? +y? =5.

22 =8 — 22 =4 — 1 = +2.

Add the two equations:

Then from 2° + y? = 5:
Y =5-4=1—= y==1.
Step 5: Determine compatible signs from 2xy = 4:
2.2.1=4 and 2-(-2)-(—1)=4.

Step 6: Conclude the two square roots:

:=2+i and 2=-2-i|

(h) Solve z* +1=0:

=1 = 2= +i.

Exercise 1.6 Express the complex number > = —1 +i\/3 in polar form and expo-
nential form.
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Solution 1.10 Step 1: Compute the modulus r of z:

r=lel= V(12 + (VB2 = VIF3 =2,

Step 2: Compute the argument 0 of z:

f = arctan (@) .

Since z is in the second quadrant, we have

T 2T
=7 — — = —.
T3

3

Step 3: Write z in polar form:

2 2
z=r(cosf +isinf) =2 (cos;T —I—isin;>.

Step 4: Write z in exponential form:
z=re? =27
Exercise 1.7 (a) Given the set of points defined by |z — 1| = 2, describe the set

geometrically.
(b) Given the set of points defined by |z — 1| < 2, describe the set geometri-

cally.
(c) Given the set of points defined by 1 < |z — 1| < 2, describe the set geo-

metrically.

Solution 1.11 Part (a): Circle
Step 1: Write z in Cartesian form:

z=z+1y, x,yeR
Step 2: Express the modulus:
2z = 1] = |(z +iy) — 1| = /(x — 1)% + ¢
Step 3: Apply the condition |z — 1| = 2:
(z-1241y2=2 = (z—1)°+y° =4
Step 4: Geometric description: - Circle with center (1,0) and radius 2.
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Part (b): Disk
Step 1: Condition |z — 1| < 2 implies:

(x—1)2+y* <4

Step 2: Geometric description: - Closed disk (including the boundary) with
center (1,0) and radius 2.

Part (c): Ring (Annulus)
Step 1: Condition 1 < |z —1| <2 in Cartesian form:

r=x+iy = 1</(z2-12+92<2 = 1< (z-1)*+¢y* <4
Step 2: Explanation of the left-hand side:
1<|z—1] = (z—-1)*+¢y*>1.

- This represents all points whose distance from the center (1,0) is at least
1. - Geometrically, it is the **exterior of the inner circle** of radius 1.
Step 3: Explanation of the right-hand side:

|z —1]<2 = (z—-1)*+¢y* < 4.

- Restricts points to **inside the outer circle** of radius 2.
Step 4: Geometric description: - The set is a **ring (annulus)** centered
at (1,0), with inner radius 1 and outer radius 2.
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X

Exercise 1.8 Complex functions: evaluation and separation of real and imagi-
nary parts

(A) Ewvaluate the following complex functions at the given points:
(i) f(z)=2z24+22—1i, z={1+2i,—2+41,3—3i}
(it) f(z) = |z +3R(zi) — 2, 2={2-3i,1+1i,—1+2i}
(iii) f(z) =In|z|+iArg(z), 2z={2,2i,—1+i}
(iv) f(z)=2*—y*+i2x+y), z={1+142—3i,—2+2i}, where z=1x+ 1y
(v) f(z) =¢e*, z={im,1—i,In3+in/4}

(B) Find the real part u and imaginary part v of the following functions:

(i) f(z) =52+2—3i
(ii) f(z)=—2z+Z+1
(iii) f(z) = z+1

(iv) f(z) =

(C) Express the real part u and imaginary part v in terms of r and 0 for the
following functions:

Solution 1.12 Part (A): Evaluation of complex functions
(i) f(z)=22+2z—1

e 2 =1+42i: 2z =(1+2)1-2) =1+4=05, 2 =2+4i, —i = —i
FA42) =5+ 2+4i)—i=T7+3i
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e 2= —24i: 2m=(—2+4i)(-2—4) =4+41=5, 22 = —4+2, —i = —i
F(=2+4i) =5+ (—4+2) —i=1+i
e 2=23-3i: 22 =949 =18, 22 = 6—6i, —i = —i f(3—3i) = 184+6—6i—i = 24—7i

(ii) f(z) = |z +3R(iz) — 2
e 2=2-3i: |2 =4+9=13, iz =1i(2—3i) = 20 + 3, R(iz) = 3, 3R(iz) =9,
= 243 f(2-3)=13+9—2+3i=20+3

o z=1+i: |2>=2,iz=1i(1+i) =i—1, R(iz) = -1, 3R(iz) = -3, —z = —1—i
Fl+i)=2-3-1—i=-2—i

o 2= —1+2i: 22 =1+4=5, iz =i(-1+2i) = —i —2, R(iz) = -2,
3R(iz) =—6, —2=1—-2i f(-14+2i)=5—-64+1-2i=0—2i=—2i

(iit) f(z) =In|z| +iArg(z)

o 2=2: |z =2, Arg(2) =0 ? f(2)=In2+i0=1In2

o z=2i: |2| =2, Arg(z) =7/2 2 f(2i) =In2+in/2

e z=—1+i: |z| =2, Arg(z) =3n/4 ? f(—1+i)=1ln2+i3m/4
(iv) f(z) =2 —y*+i(2z +y)

e z=1+i,z=1Ly=12 f=1-14i2+1)=0+3i=3i

e 2=2-3i,r=2,y=-3 % f=4-94+i(4—-3)=—-5+il=-5+1i

e z2=-"2+42i,x=-2y=2 2 f=4—-4+i(-442)=0—2i=—-2i
(v) f(2) =

o z=1m: ¥ = cos(27) + isin(2w) = 1
o z=1—1i: 7)) = 272 = ¢?(cos 2 — isin 2)

e z=1In3+ i7T/4.’ 62(1n3+iﬂ'/4) — 621n3€i7r/2 — 961'71'/2 =0
Part (B): Real and imaginary parts u and v
(i) f(z) =52+2-3i=>5(z+iy)+2—3i = (bx+2)+i(by—3) = u=>5x+2,v=>5y—3

(ii) f(z)=—-2z24Zz2+i=2@+wy)+(@x—w)+i=—ar—iy+i=—as+i(-y+1) =
u=—x,v=—-y+1

_ xtiy z+14iy _ x(z+1)+y? +zy x(x+1)+y> o y
(,“'Z) f( ) z+1 T az—iy+l  atltiy  (@+1)24y2 — u= (x+1)2+y2’v T (z+1)2+y2
(iv) f(z) = = "Wt — 7ol — e%(cos(y 4+ 1) +isin(y + 1)) = u = e®cos(y +

1),v= sm(y +1)
Part (C): Real and imaginary parts in terms of r and 0
(i) f(z) =z =r(cosf —isinf) = u=rcosf,v=—rsinf
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(ii) f(2) = 2% =133 = r¥(cos 30 +isin30) = u =1r3cos30,v =r’sin30

(iii) f(z) = 2 = 2"’ = ¢ (cos(2r sin 0)+isin(2r sin 0)) = u = €2 %% cos(2rsin ), v =

2 <030 gin (27 sin 0)

(iv) f(z) = 2 — 1)z = re® — (1/r)e”® = (r — 1/r)cos® + i(r + 1/r)sinf =— u =
(r—1/r)cos@,v = (r+1/r)sinf
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Chapter 2

Holomorphic Functions

2.1 Derivative of a Complex Function

Definition 2.1 Suppose that a complex function f is defined in a neighborhood
of zy. The derivative of f at z,, denoted by f'(z)), exists and is given by:

f(z0+ Az) — f(20)

Az—0 Az

In this case, the function f is said to be differentiable at z.
Example 2.1 Apply Definition 2.1 to find the derivative of the function
f(z) =2* -5z

Solution 2.1 We compute the derivative using the definition:

vy (2 Az =5(z+ Az) — (2* —52)
)= dm, Az

Simplify the numerator:
(z4+A2)2=5(2+A2)— 22452 = 22422A2+(A2)*—52—5A2— 22452 = 22A2+(A2)?*—5Az = Az(224+Az-

Divide by Az:
Az(2z + Az —5)

s =224+ Az—-5

Take the limit as Az — 0:
f'(z)=22-5

2.1.1 Rules of Differentiation for Complex Functions

Definition 2.2 (Differentiable Functions) Let f(z) and g(z) be two functions de-
fined and differentiable at 2. Then the following rules of differentiation hold:

Theorem 2.1 (Rules of Differentiation) f(z) and g(z): two functions defined and
differentiable at z
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1. Constant Rule:

2. Sum Rule:

3. Product Rule:

4. Quotient Rule:

5. Chain Rule: y

S = 1(9(2)d (2)-

Example 2.2 Use the differentiation rules to compute the derivatives of the
following functions:

(a) f(z)=32"—523+22

2,’2

(b) f(z) =

4z 41
Solution 2.2 (a) f(z) =32* —52% + 22
Using the constant and power rules:
fl(z) =3-42° - 532 +2 =122 — 152* + 2

22

() 1) =

Using the quotient rule:

(22)/(4z 4+ 1) — (2*)(4z + 1) 2z2(4z+1) — 2*(4)

I = (4z + 1)2 T Azt

Simplify the numerator:
2242+ 1) —42° = 82" + 22 — 42 = 42* + 22
Factorize if desired:

22224 1)
f2) = (4z +1)?
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2.2 Analytic Function

Definition 2.3 (Analyticity at a Point) A complex function w = f(z) is said to
be analytic at a point z, if it is differentiable at zy and at every point in a
netghborhood of zj.

A complex function f(z) is said to be analytic in a domain D if it is an-
alytic at every point of this domain. In this case, the function is also called
holomorphic or regular.

A function that is analytic on the entire complex plane C is called an entire
function.

Theorem 2.2 (Polynomial and Rational Functions) 1. A complex polynomial
function
p(2) = ap2™ + ap 12"+ a1z + ag,

where n € N and a,,a,_1,...,a1,a9 € C, is an entire function.

2. A rational function

p(2)
fz) =22
( q(2)
is analytic in any domain D that does not contain any point z, for which

q(z0) = 0.
Here, p(z) and ¢(z) are two polynomial functions, and z, is called a sin-
gular point of f(z).

2.2.1 Differentiability and Cauchy-Riemann Equations

Theorem 2.3 (Differentiability Implies Continuity) If f is differentiable at a point
20 tn a domain D, then f is necessarily continuous at z.

Theorem 2.4 (L’Hépital’s Rule for Complex Functions) Suppose f and g are two
functions analytic at zy with f(z)) =0 and g(z) =0 but ¢'(z)) # 0. Then:

) _ f(z0)
= 9(2) ()

Example 2.3 Use L’Hopital’s Rule to compute the following limit:

. 22 —4z+5
lim ——MM—.
z=2+i 23 — 2 — 1048

Solution 2.3 Let f(z) =2*—42+5 and g(z) = 2* — z — 10i.

fl(2)=22—4, ¢(2)=3"-1

FEvaluate at zo =2+ i:

FR+i)=202+i)—4=4+2—4=2
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J2+i)=32+i) > -1=34+4i—1)-1=3B8+4)—-1=9+12 —1=8+12i
Thus, using L’Hopital’s rule:

po Amdets  f2+0) 2i 2i(8 — 12i) 244160 _3 2. 3 1.
24 23— 2 — 100 g'(2+i)  8+12i  (8+12i)(8 — 12i) 208 26 260 26 13

Theorem 2.5 (Cauchy-Riemann Equations) Let f(z) = u(z,y) + iv(z,y) be differ-
entiable at a point z = x + iy. Then the first-order partial derivatives of u and
v exist and satisfy the Cauchy-Riemann equations at z:

ou  Ov ou ov

or  dy oy  ox
Analyticity Criteria
Example 2.4 Verify that the function
fE) =2+
satisfies the Cauchy-Riemann equations.
Solution 2.4 Write f(z) = u(z,y) + iv(z,y) with z =z + iy:
f(z) = (x+iy)? + (z +iy) = 2°> —y* + v +i(2vy +¥)

So, u(x,y) = 2> —y* + 2 and v(z,y) = 22y + y.
Compute the partial derivatives:

ou ou B

%:2x+1, a—y——Qy
g:: = 2y, g =2z +1
Check Cauchy-Riemann equations:
gZ:gZé2x+1:2x+l ?
gZ:—gZ:>—2y:—2y ?

Thus, the Cauchy-Riemann equations are satisfied everywhere, so f(z) is
analytic in C.

Theorem 2.6 (Non-Analyticity Criterion) If the Cauchy-Riemann equations are
not satisfied at every point z in a domain D, then the function

f(2) = ulz,y) +iv(z,y)

cannot be analytic on D.
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Example 2.5 Show that the function
f(z) = 22° +i(y” — )
is not analytic at any point.

Solution 2.5 Identify u(x,y) = 22? and v(x,y) = y* — z.
Compute the partial derivatives:

gz = 4x, (;Z =0
Check Cauchy-Riemann equations:
gz — g: = 4r =2y (not true for all x,y)
gZ = _g;}- =0=1 (false)

Since the Cauchy-Riemann equations fail everywhere, f(z) is not analytic
at any point.

Theorem 2.7 (Analyticity Criterion) Suppose the real functions u(x,y) and v(z,y)
are continuous and have first-order partial derivatives in a domain D.
If v and v satisfy the Cauchy-Riemann equations at every point of D, then
the complex function
f(2) = u(z,y) +iv(z,y)

ts analytic in D.

Example 2.6 Let
f() = g — i

22 + y2 72 + y2’
Determine the domain D = Dom(f) and show that f is analytic on D.

z=x+1y

Solution 2.6 We can write f(z) = u(z,y) + iv(x,y) with
z Y

Domain: z* +y*#0= D =C)\ {0}.

Compute partial derivatives:

u(z,y) =

Ju  y*—a? Ju 2wy
Ox (22 +y2)? Oy (2 +y?)?
v 2zy ov y? — 2?

o @R by P
Check Cauchy-Riemann equations:
ou Ov ou ov
o oy and ay =~

Thus, f(z) is analytic on D = C)\ {0}.
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2.3 Theorems on Differentiability and Harmonic Func-
tions

2.3.1 Theorems on Differentiability

Theorem 2.8 If the real functions u(z,y) and v(z,y) are continuous and have
first-order partial derivatives in a neighborhood of a point z, and if they satisfy
the Cauchy-Riemann equations at z, then the complex function

f(z) = u(z,y) +iv(z,y)
is differentiable at z, and its derivative is given by:

_8u _81}_81} Ou

f(z)—%—l—z%—a—y—za—y.

Theorem 2.9 Let f(z) = u(z,y) +iv(z,y) be an analytic function on a domain D.
If f'(z) =0 on D, then
f(z)=c¢ on D,

where ¢ is a complex constant.
When and Why We Use the Theorem f/(z) = u, + iv,?

Remark 2.1 There are two different ways to compute or study the derivative
of a complex function f(z):

(a) The direct (formal) method, which uses the usual differentiation rules
(sum, product, chain rule, etc.);

(b) The analytic (fundamental) method, which starts from the definition

f(2) = u(z,y) +iv(z,y), z =z +1y,
and uses the theorem
() = up + ivy,

under the condition that the Cauchy-Riemann equations
Uy = Uy, Uy = —Uy
are satisfied.

Example 2.7 (a) Direct Method (formal differentiation).

When f(z) is written only in terms of z (for example ¢, 2%, 23, etc.), we
can apply the usual differentiation rules, because such functions are known to
be holomorphic everywhere.

For instance,

3

d
£(22) = 2z.

In this case, there is no need to express f(z) in terms of u(zr,y) and v(z,y).
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Example 2.8 (b) Analytic Method (definition via partial derivatives).
The theorem
() = uy + v,
is fundamental, because it allows us to determine whether a function is actu-
ally complex differentiable. That is, it provides a test for holomorphy using
the Cauchy-Riemann equations.
If v and v satisfy
Uy = Uy, Uy = =y,
and u,v are continuous, then f(z) is differentiable (holomorphic) at that point,
and
1'(2) = ug + iv,.

Remark 2.2 The theorem ['(z) = u, + iv, s particularly useful in the following
sttuations:

(1) When we do not know whether f(z) is holomorphic or not.

Example: f(z) = Z or f(z) = Ze*. These look simple, but they are not
holomorphic. To check this, we must write f = u+iv and verify the Cauchy-
Riemann equations.

(2) When we need to prove that a function is entire (holomorphic on all of

C).

In such cases, we show that u,v satisfy the Cauchy-Riemann equations
everywhere.

(3) When we study the local geometric behavior of a complex function.

The quantities u,,v,,u,, v, describe how f transforms small neighborhoods
(rotations, dilations, conformality, etc.). This relies directly on f'(z) =

Uy + 10U, .

Method Purpose Advantage When to Use It
Usual rules | Compute f'(2) | Simple and fast | When f(z) is ex-
(direct) quickly for known pressed only in

holomorphic func- terms of 2z, e.g.
tions e*, 2", sin z, cos z
Analytic defi- | Check if  f(z) | Fundamental for | When f depends
nition f'(z) =|is holomorphic | analytic verifica- | on Z, or when one
Uy + 10, (Cauchy-Riemann | tion must prove holo-
test) morphy

Remark 2.3 In short:

The formula f'(2) = u, +iv, is essential for proving holomorphy,

while direct rules are used to compute derivatives of already known entire
functions.
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2.3.2 Harmonic Functions

Definition 2.4 A real-valued function ¢(z,y) of two real variables is said to be
harmonic in a domain D if it possesses continuous first and second partial
derivatives in D and satisfies the Laplace equation:

P 0%

2.3.3 Harmonic Functions and Their Conjugates
Theorem 2.10 Suppose the complex function
f(z) = u(z,y) +iv(z,y)

is analytic on a domain D. Then, the real functions u(z,y) and v(x,y) are
harmonic on D.

Example 2.9 For the entire function

f(z) = 2%,
find u(z,y) and v(z,y), and show that they are harmonic on C.
Solution 2.7 Let z = x +iy. Then:

f(2) = (& +1y)* = 2 — y* + 2ixy.

Hence,
u(z,y) =2 —y?,  o(x,y) = 2y
Compute the second partial derivatives:
2 2
Gu_o Fu_
0x? 0y?
Po_, 0
oxz T Oy
Then: o2 52
u u
— 4+ —=2-2=
Ox? + Oy? ’
v v
—+-—=0+0=0.
0x? + 0y? +

Thus, both u and v satisfy Laplace?s equation and are harmonic on C.

Definition 2.5 (Conjugate Harmonic Function) Suppose the real function u(z,y)
is harmonic on a domain D. Then, it is possible to find another real harmonic
function v(x,y) such that u and v satisfy the Cauchy-Riemann equations.

In this case, the complex function

f(2) = u(z,y) +iv(z,y)

is analytic on D.
The function v(z,y) is called the harmonic conjugate of u(zx,y).
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Example 2.10 1. Verify that u(z,y) = 2° — 3xy? — by is harmonic.
2. Find the harmonic conjugate v(z,y) of u(x,y).

Solution 2.8 1. Compute the second partial derivatives:

ou s Ou
0%u 0*u
Then: o2 52
Uu Uu
@+a—y2:6x—6x:0,

so u(z,y) is harmonic. ?
2. To find v(x,y), use the Cauchy-Riemann equations:

ou  Ov ou ov

dxr oy dy Oz

Substitute: P 5
322 — 3> = 20, Gy —5=—2".
Hence,
v ov
— =6 5, — =37° — 3y°.
5y = 02y +5, oy ST

Integrate the first equation with respect to x:
v(x,y) = 32%y + 5z + h(y),

where h(y) is a function of y only.
Differentiate with respect to y:

v 2 /

Compare with % = 322 — 3y%:
W(y)=-3y> = h(y) =-y"+C.
Therefore:
v(x,y) = 32%y — y* + 5z + C.
Conclusion:
u(z,y) = 2° — 3zy® — 5y, v(x,y) = 32%y —y* + 5z + C,

and the analytic function is

f(z) =u+iv=(2* - 3zy* — 5y) +i(32%y — y* + 52 + O).
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2.4 Solved Exercises

Exercise 2.1 Continuity of a Complex Function at a Point
Let the complex function
22 -1

fe) ==

1. Determine the domain of definition of f(z).
2. Study the continuity of f at the point z; = 1.

3. Determine whether f can be made continuous at zy = 1 by defining a suitable
value f(1).

Solution 2.9 1. Domain of definition.

The function is given by:
22 -1
z—1"

f(z) =

The denominator vanishes at z = 1, hence the function is not defined at this
point.

Therefore, the domain of definition is:

D=C\{1}.

2. Continuity at zy = 1.
To check continuity, we compute the limit of f(z) as z — 1.

We have: )
flo) =221 E=DEHD ) fors 2l

z—1 z—1

Then:
lim f(z2) = 11_1}1?(2 +1)=2.

z—1

However, f(1) is not defined.

Thus, [ is discontinuous at zy = 1 because it is not defined there.

3. Possible extension of continuity.
If we define f(1) =2, then for all z € C:

22 -1
1
ey =z F7h
2, z=1,

we obtain a continuous function on C.
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Indeed, the limit at 2y = 1 equals the defined value:

lim f(z) =2 = f(1).

z—1

Hence, the extended function is continuous on the whole complex plane.

Exercise 2.2 Study of Differentiability at a Point

Let the complex function
f(2) =2 +iy*, where z =z +iy.

. Write f(z) in the form f(z) = u(z,y) + iv(x,y) and determine the functions
u(z,y) and v(z,y).

. Study whether f is differentiable at the point 2y =0 by using the definition:

F(20) = lim f(z0+Az) — f(Zo)'

Az 0 Az

. Verify differentiability at zo = 0 by applying the Cauchy-Riemann equations.

4. Conclude whether f is analytic on any domain of C.

Solution 2.10 1. We have:
f(z) =2 + iy,
hence
u(z,y) = 27, v(z,y) =y

2. Differentiability by definition.
Let zy = 0, and constder the limit

£(0) = lim LBD SO _ ) F(42)

Az—0 Az Az—0 Az '

Since Az = Ax +iAy,
f(Az) = (Az)? +i(Ay)*.
Thus,
f(Az)  (Az)* +i(Ay)®
Az Az +iAy

We test the limit along two different paths:

o If we approach along the real axis: Ay =0= Az = Ax,

f(Az) _ (Az)®
N = Az — 0.
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o If we approach along the imaginary axis: Ax =0 = Az = iAy,

F(A2) _i(Ay)?

N Ay = Ay — 0.

Both give 0. However, to be sure the limit exists, let us take the general
path Ay = kAx:
f(Az)  (Az)® +i(kAz)* 14k
Az Az(l+ik)  1+tik

As Az — 0, the expression tends to 0 independently of k. Hence, the limit
exists and

f1(0)=0.
Therefore, [ is differentiable at z, = 0.

. Using the Cauchy-Riemann equations.

We have
u(z,y) =2, v(z,y) =y

Compute the partial derivatives:

At 2y =0 (i.e. 2=0,y=0):
u, =0, v,=0, wu,=0, wv,=0.
Then, at zy = 0, the Cauchy-Riemann equations
Uy =Vy and Uy = —v,

are satisfied.

Thus, [ is differentiable at zy =0, and its derivative is

£1(0) = uy +iv, = 0 4(0) = 0.

. Analyticity on a domain.

For f to be analytic, the Cauchy-Riemann equations must hold at every
point.

In general,
Uy = 2z, v, = 2y,

so u, = v, only when v = y. Therefore, the C-R equations are not satisfied
everywhere in C.

Hence [ is not analytic on any domain of C, but it is differentiable only at
the single point z; = 0.
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Exercise 2.3 Let u(z,y) = 2* — y°.
1. Verify that u(x,y) is harmonic.
2. Find its harmonic conjugate v(z,y).

3. Construct the analytic function f(z) = u(x,y) + iv(z,y).

Harmonic and Analytic Functions
Exercise 2.4 Let f(z) = 2°.

1. Write f in terms of z,y.

23 = (z +iy)® = 2® + 32 (iy) + 32(iy)? + (iy)* = 2° — 3vy® +i(32%y — ).

So
U(l’,y) = $3 - 31’y2, U(l‘,y) = 3$2y - yS.

2. Show u and v are harmonic on C.

Compute second partials for u:

* 4 2 >’ 4 2
Upy = @(x — 3zy°) = 6z, Uyy = 8—y2(m — 3zy°) = —6ux.
Hence
Ugy + Uyy = 62 — 62 = 0.
For v:
0 2 3 0 2 3
Var = 55 (307y —y°) = bay, vyy:@(Bw y—y°) = —6xy,
so

Vg + Vyy = 62y — 6y = 0.

Thus u and v satisfy Laplace’s equation everywhere, so they are harmonic
on C.

Exercise 2.5 Let u(z,y) = 2* — y>.

1. Verify u is harmonic.

Ugpye = 2, Uy = —2 = Ugy + Uy =2—2=0.

So u is harmonic.
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2. Find a harmonic conjugate v(zx,y).

We seek v such that the Cauchy-Riemann (C-R) equations hold:

Uy = 20 = vy, Uy = =2y = —Vp = U, = 2.

Integrate v, = 2x with respect to y:
v(z,y) = 2zy + h(x),

where h(x) is an arbitrary function of x.

Differentiate this with respect to x:
v, =2y + N (),

but from C-R we need v, = 2y. Hence h'(z) = 0 so h is constant. We may
take constant 0 (it only changes f by an additive constant).

Thus one harmonic conjugate is
v(z,y) = 2xy + C.

3. Construct the analytic function f(z) = u+iv.
Choosing C' =0,
f(z) =2* —y* +i(20y) = (x +1y)* = 2,

which is analytic (indeed entire).

Exercise 2.6 Let u(x,y) = e* cosy.
1. Prove that u(z,y) is harmonic.
2. Find its harmonic conjugate v(zx,y).

3. Write the corresponding analytic function f(z).
Solution 2.11 Let u(x,y) = e” cosy.

1. Prove u is harmonic.
Compute second partials:
_ T __ T
Uy = €7 COSY, Uz, = €¥ cosy,

— T o1 _ x
u, = —e’siny, U, = —e’cosy.

Hence
Upg + Uyy = € cosy — e* cosy = 0.

So u is harmonic.
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2. Find a harmonic conjugate v(zx,y).

We need v satisfying C-R:
Uy = €7 COSY = Uy, u, = —e’siny = —v, = v, = e"siny.
Integrate v, = e” cosy with respect to y:
v(z,y) = e"siny + h(x).
Differentiate this with respect to x:
vy = € siny + ' (x).

Equate to required v, = ¢"siny so h'(z) =0. Thus h is constant. Take h = 0.

Therefore a harmonic conjugate is
v(x,y) =e"siny + C.

3. Write the analytic function f(z).
Choosing C = 0,

2) =u+iv = e cosy +ie’siny = e*(cosy + isiny) = Y = ¢*
Y Y Y Y )

so f(z) =e€* (analytic on C).

Exercise 2.7 Let f(z) = i = xﬁfgg .
1. Express f(z) = u(z,y) +wv(z,y).
2. Verify that v and v satisfy the Cauchy-Riemann equations.
3. Show that u and v are harmonic on C\ {0}.

Exercise 2.8 Let u(z,y) = 2° — 3xy? — 5y.
1. Verify that u(z,y) is harmonic.

2. Determine the harmonic conjugate v(zx,y).

3. Deduce the corresponding analytic function f(z).

. .
Solution 2.12 Let f(z) = — = S
z x4 y?
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1. Express f as u+ iv.

__r .Y
f(z>_x2+y2 ng—l—y?'

So

- (2,9) = ———
o . 9 v w, — T T T 9>
x2+y2 y :B2+y2

defined for (x,y) # (0,0), i.e. on D =C\ {0}.

u(z,y) =

2. Verify Cauchy-Riemann equations.

Compute partial derivatives (for (x,y) # (0,0)):

B (22 + y?) — 222 B y? — 22
r (x2 +y2)2 o (x2 4 y2)2’
—2zy
2xy y? — a?

Uy = —5—5, Uy = .
(22 + y?2)? Y (a2 +y?)?

Thus

Uy = Uy, Uy = — Uy,

so the C-R equations hold on D.

3. Show v and v are harmonic on D.

Compute Laplacians (one gives the idea; the other is analogous):

B 2 y? — a? B 2 —2zy
BT on @) T oy )
After simplification (algebraic but straightforward), one finds
umx+uyy:O fO’l" (1‘173/)#(070)

Likewise for v, v, +v,, =0. Hence u and v are harmonic on D = C\ {0}.

For u:

(Alternatively: 1/z is analytic on C\ {0}; therefore its real and imaginary
parts are harmonic there.)

Exercise 2.9 Let u(z,y) = 2* — 3xy? — 5y.
1. Verify u is harmonic.
Compute second partials:
Uy, = 322 — 3y%, Uy, = 6z,

uy = —6xy —5, 1w, = —6x.
Thus
Ugy + Uyy = 62 — 62 = 0,

so u 18 harmonic.
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2. Determine the harmonic conjugate v(zx,y).
Use C-R:

ux:3x2—3y2:vy, uy = —bry — 5 = —v, = v, = 6y + 9.

Integrate v, w.r.t. x:
v(x,y) = 32%y + 5z + h(y),

where h(y) is a function of y only.

Differentiate w.r.t. y:
v, = 32° + W (y).

Compare with required v, = 32* — 3y* to get
W(y)=-3y> = h(y) =-y"+C.
Therefore a harmonic conjugate is
v(z,y) = 32%y — y* + 5z + C,
where C' is an arbitrary real constant.

3. Deduce the analytic function f(z) =u+ iv.
Taking C' =0 for simplicity,

f(z) = <x3 — 3ay® — 5y> + z’(3$2y — P+ 517).

One may check this f is analytic on the domain where u is defined (all C).

Remark 2.4 In each exercise the harmonic conjugate is determined up to an
additive real constant. When constructing the analytic function f(z) = u +
v, that constant adds an imaginary constant iC' to f, which does not affect
analyticity.
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Chapter 3

Elementary functions

3.1 Complex Exponential Function

Definition 3.1 For any complex number z = x + iy, the complex exponential
function is defined by

e =e"(cosy + isiny).

It is denoted by exp(z) as well.

Remark 3.1 The complex exponential has the same properties as the real ex-
ponential function. In particular, it is differentiable everywhere and satisfies

Theorem 3.1 The function ¢* is entire (holomorphic on the whole complex
plane), and its derivative is

Verification of the Cauchy-Riemann equations.
Let
e = ¢e"(cosy + isiny) = u(x,y) + iv(z,y),

where
u(z,y) = e” cosy, v(z,y) = e siny.

Compute the partial derivatives:

U, = €* cosy, u, = —e’siny,
v, = e*siny, v, = e’ cosy.
We observe that
Uy =v, and u, = —v,,
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so the Cauchy-Riemann equations are satisfied everywhere. Therefore, e* is
analytic (entire) and

Exercise 3.1 Compute the complex derivative (where it exists) of each of the
following functions:

(1) f(z) = e*,
(2) 9(z) = e,
(3) h(z) = z¢€7,
(4) p(z) = €7,
(5) ¢(z) =z ¢,
(6) E(z) = €.

Solution 3.1 (1) f(z) = e**.
Since 2z is holomorphic with derivative 2, we apply the chain rule:

d? 2
e = 02
dze e

(2) 9(z) = e

The inner function 2*> is holomorphic with derivative 2z. Hence:

d 2 2
z — 2 z .
€ ze

(3) h(z) = ze*.
Both z and e* are entire, so by the product rule:

B (z) =e*+ze* = (1+2)e.

(4) p(z) = e
Let z =x+1y. Then Z =z — 1y, and

p(z) =€ =" = e"(cosy — isiny).

Thus
u(z,y) = e” cosy, v(x,y) = —€*siny.
We find
— T i T o3 — X o3 _ x
u, = e*cosy, u,=—e"siny, v, =—e"siny, v, = —e"cosy.
The Cauchy-Riemann equations require v, = v, and u, = —v,, which give
e"cosy = —e“cosy = cosy=0.
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These are satisfied only on isolated lines y = 7 + km, mot on any open set.
Therefore p(z) is not holomorphic on any open domain, and does not possess
a complex derivative.

(5) q(z) =z e*.

Since Z is not holomorphic, the product zZe* fails to satisfy the Cauchy?Riemann
equations. Hence q(z) is not holomorphic and has no complex derivative.

(6) E(z) = €.
For completeness, we recall that ¢* is entire and satisfies
d z z
—e” =¢°.
dz
Summary of derivatives (where defined):
d
(1) %623 — 2€2Z,
d
(2) %622 =2z¢",
3) () = (14 2)e"
—(ze*) = z)e
dz ’
(4) €* is not holomorphic,
(5) Ze* is not holomorphic,
d
(6) %ez =€

3.1.1 Properties

1. Module, Argument, and Conjugate of ¢*

Definition 3.2 Let
w = e =e"(cosy + isiny),

which can also be written in polar form as
w = r(cosf + isinb).
Proposition 3.1 By identification, we obtain:
r=e", 0=y+2nm, n=0,£1,4£2,...
Since e > 0 for all real x, we have:
le*| = e, arg(e®) =y +2nm, n€Z.
Remark 3.2 An important consequence is that for all z € C:

Proposition 3.2 (Complex Conjugate) The conjugate of ¢* is obtained as fol-
lows:

-~z T r—1y z

e =e®(cosy + isiny) = e”(cosy — isiny) = e”(cos(—y) + isin(—y)) = Y = e°.

Hence,

e? = ¢e”.
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2. Algebraic Properties of ¢*

Proposition 3.3 For any complex numbers z,, 2z, and integer n € 7.:

eV =1,
Al . e*2 — 6z1+z2,
21
€ — pR1—22
e ’

(621 )n — enzl .

3. Periodicity of ¢*

Proposition 3.4 Since e = e”(cosy + isiny) involves the trigonometric functions
cosy and siny, which are both 2rm-periodic, it follows that:

6z—|—127r — e~

Therefore, the function e* is periodic with period 2.

Hence, the function ¢* is periodic with period 27 and therefore not one-to-one

(not single-valued). Different complex numbers correspond to the same image

under ¢e*.

3.1.2 Transformation under ¢*

Since z = z + iy, we study the image of different types of lines under the trans-
formation
w = e”.

Definition 3.3 In complex analysis, the w-plane is the image plane correspond-
ing to the complex variable

w = f(2),

where z = x +iy is a complex variable in the z-plane (the domain).

1. The z-plane: The z-plane represents the domain of the complex function f(z).
Each point in this plane corresponds to a complex number z = x + iy, where

r = R(2), y = ().

2. The w-plane: The w-plane represents the image (or codomain) of the
function f(z). Each point corresponds to a complex number w = u + iv, where

u = R(w), v = (w).
Example 3.1 If f(z) = ¢*, then
w=e* ="t = "(cosy +isiny).

Hence,
u = e” cosy, v =e"siny.

This means that each point (r,y) in the z-plane is mapped to a point (u,v) in
the w-plane.
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Remark 3.3 Geometrically:
o Vertical lines x = constant in the z-plane are transformed into circles in

the w-plane.

e Horizontal lines y = constant in the z-plane are transformed into rays
(half-lines) in the w-plane.

w=e*
z-plane ——  w-plane.

Case 3.1 Case 1: z represents a vertical line in the z-plane.
Let
z=a+ i, a = constant, —mw <t <.

Then

In polar form:
r=e, 0=t+2nm, ne€.

Remark 3.4 This shows that every vertical line x = a in the z-plane is trans-
formed by ¢* into a circle in the w-plane centered at the origin, with radius

r=-e*>0.

Hence, periodic regions in the z-plane are mapped to families of concentric
circles in the w-plane.

R
I

+®
|

~

([
I N

,,,,,,, 7—72711777 - -

w-plane

Figure 3.1: Transformation of vertical lines under w = e*: the vertical strip in the z-plane
maps to concentric circles in the w-plane.

Case 3.2 Case 2: z represents a horizontal line in the z-plane.
Let
z=1t+1b, b= constant, —oo <t < 4o00.

Then

In polar form, we have:

r=eée, 0=0b+2nm, nezl.
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Remark 3.5 This shows that each horizontal line y =0 in the z-plane is trans-
formed by e¢* into a half-line (ray) in the w-plane starting from the origin and

making an angle
0=1>b

with the positive u-axis. The modulus r = e' varies over (0,+00).

v
Y v
b b,
by Ny A=y
b NC b3
z-plane
w-plane

Figure 3.2: Transformation of horizontal lines under w = e*: each line y = b maps to a ray
with argument 6 = b.

Proposition 3.5 Let w = e¢* with z = x +1y. The geometric transformations of
regions under the exponential mapping ¢ can be summarized as follows:

1. The mapping
w=e

transforms the fundamental region
—o<r<oo, —T<y<nT

into the set
lw| > 0.

2. The vertical segment
r=a, —-T<Y<m

ts transformed into a circle of radius

|w| = e

3. The horizontal line
—o<r<oo, y=»b

is transformed into a ray in the w-plane making an angle

arg(w) = b.
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3.2 Complex Logarithmic Function

As already seen in the case of the complex exponential function, the exponential
mapping e” is not single-valued as in the real case. Therefore, in the complex
plane C, for any fixed nonzero complex number z # 0, the equation

e =z

admits an infinite number of solutions.
In fact, because of the periodicity of the argument, the equation

e’ =z

has infinitely many solutions. This can be better understood by assuming that
w=u-+w

is a complex solution of the equation. In this case, we can write:

e

w|_

|2, arg(e") = arg(z2).
From these equalities, we obtain by identification:

e =2, v=arg(2),

or equivalently,
u = log|z|, v = arg(z).

Hence, for a nonzero complex number z # 0, if ¢” = 2, then
w = log|z| + i arg(z).
Because the argument of 2 takes infinitely many values of the form
arg(z) + 2nm, n € Z,

the expression above defines a multi-valued function w = G(z), as formally given
by the following definition.

Definition 3.4 The multi-valued function
Inz = log |2| + i arg(z)

is called the complex logarithm of -.
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3.2.1 Complex Logarithm in Polar Form

If we write a nonzero complex number in polar form
z=re"”, r>0, 0€cR,
then the complex logarithm of z can be written as the multi-valued expression
Inz =logr+i(0 + 2nm), n € Z,

where log r denotes the natural (Napierian) logarithm of the positive real number
T.

Remark 3.6 The notation logz is used here for the natural logarithm (base ¢)
of a positive real number x > 0.

Example 3.2 Example 2. Find all complex solutions of the following equations:
(a) e =1i; (b) e =1+1; (c) e’ = —2.

Solutions.

(a) Solve e =i.
Write i = 1- €™/, Thus

w:lni:10g|i|+i(argi+2n7r):O+i<72r+2n7r>, n € Z.

Hence all solutions are

w:i<72r+2n77), nez|

(b) Solve ¥ =1+1.
Compute |1 +i| = /2 and arg(1 +i) = /4 (principal argument). Therefore

w = In(1+1) :log\/§+i<z+2n7r) = élog2+i<z+2nﬁ>, n € 7.

Thus all solutions are

w:§10g2+i<z+2n7r>, nez|

(c) Solve ¥ = —2.
Write —2 = 2¢'™ (principal argument 7). Hence

w = In(—2) =log2 +i(r + 2nn) = log2 + i(ﬂ'(l + 2n)), n € Z.

All solutions are

‘w:10g2+2'(7r+2n7r), nGZ‘.
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3.2.2 Logarithmic Identities (multi-valued form)

The following identities are analogous to the real logarithm identities but must
be understood up to integer multiples of 27i:

In(z122) = Inz; +1lnz,  (mod 27i),

111(2”) = nlnz (mod 27i), né€Z,
1

ln(> = —Inz (mod 27i),
2

Inz = log|z| +i(arg z + 2nw), n € Z.

Remark 3.7 To obtain single-valued formulas one restricts the argument to a
branch, for example the principal branch

Lnz =log|z| +1i Arg(z), —m < Arg(z) <,

where Ln 2z denotes the principal value of the complex logarithm.

3.2.3 Principal Value of the Complex Logarithm

Definition 3.5 The principal value of the complex logarithm, denoted by Ln z,
is defined as
Lnz =log|z| +1i Arg(z),
where Arg(z) is the principal argument of z, satisfying
—m < Arg(z) <.

Example 3.3 Example 3. Compute the principal values Lnz for the following
equations:

(a) e =1, (b) e =1+1, (c) e = —2.
Solutions.
(a) For " =i:
il =1, Arg(i) = g
Thus,

T
ne og +12 22
(b) For ¥ =1+i:
14| = V2, Arg(l—ki):g
Hence,
1
Ln(1+14) =log V2 + i~ = = log 2 + i
4 2 4
(c) For e¥ = —2:
| —2] =2, Arg(-2)=m.
Then,
Ln(—2) =log2 + im.
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3.2.4 Inverse Relationship with the Exponential Function

If the complex exponential function
f(z) = ¢
is considered on the fundamental region
—00 < T < 00, —nrT<y<m,

then f(z) is one-to-one on this domain. Its inverse function is the principal value

of the complex logarithm:
f(z)=Lnz.

3.2.5 Analyticity of the Complex Logarithm

Since the complex logarithm is a multi-valued function, it is not continuous or
differentiable over the entire complex plane. To make it analytic, we restrict its
domain by removing the negative real axis.

Thus, the principal branch of the logarithmic function is defined on

C\(—00,0l={2z€C|R(2) >0 0r I(2) #0}.
On this domain, the principal branch is expressed as
fi(z) =log|z| +i Arg(z) = logr + 6, —T<0<m,

where 2 = re with r > 0. This definition excludes all points z € (—o0,0].
Determination of the Domain of Definition of In(z

Let '
z=re?, wherer>0andfcR.

The complex logarithm is defined by
In(z) = Inr + 6.

However, since 0 is not unique (we can add any multiple of 27), In(z) is a
multivalued function. To make it single-valued, we must choose a principal
value for 6, usually

—T <0<

This restriction excludes the negative real axis, where § = 7 or § = —7. Hence,
the domain of definition of the principal branch of the logarithm is

D =C\ (~0,0].

Geometrically, this means that the branch cut (the rejected part) is the neg-
ative real axis, which we represent by a dashed line on the complex plane.
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Domain of In(z)

~

Branch cut x

3.2.6 Analyticity of the Principal Branch of In 2z
Definition 3.6 The principal branch of the complex logarithm is the function
fi(z) = Lnz =log 2| + i Arg(2),
defined on the domain
C\ (00,0 ={z€C|2z#0, —7 < Arg(z) < 7},
where Arg(z) denotes the principal argument satisfying —m < Arg(z) < .

Theorem 3.2 (Analyticity of the principal branch of Inz) The principal branch
fi(z) = Lnz is analytic on C\ (—o0,0]. Moreover, for every z in this domain,

d 1
4 = — = —
filz) = dZan ~

Example 3.4 Compute the derivatives (on the appropriate domain):
(a) F(z) = zLnz, (b) G(z) = Ln(z +1).

Solution 3.2 We work with the principal branch Ln, defined on C\ (—o0,0] and
satisfying
Lnw = log |w| + i Arg(w), —m < Arg(w) <.

(a) F(z) =zLnz. Domain: z € C\ (—00,0] (so that Lnz is defined).
Both =z and Inz are differentiable on this domain (indeed Ln is analytic
there). Use the product rule:

F'(z) = 1-an+z-jz(an).

d 1
Since on the principal branch d—an = —, we obtain
z z

1
F’(z):an+z~;:an+l, z€C\ (—o0,0].
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(b) G(z) =In(z+1). Domain: z+ 1€ C\ (—,0], i.e.
zeC\{teR|t< -1}

(the complex plane with the ray (—oco, —1] removed).
On this domain the composition is analytic and by the chain rule

d 1
/ :7L 1: .
G'(z) = —~Ln(z +1) P
Hence
1
! = —00, —1].
G'(2) T z € C\ (—o0,—1]

3.2.7 Transformations under the principal logarithm

Proposition 3.6 Let w =Inz = u+iv be the principal logarithm (so —m < v < 7).
The main mapping properties are:

1. w =Lnz maps the set {z € C||z| > 0} onto the horizontal strip

—00 < u < 00, - <v <.

2. A circle {z: |z| =r} is mapped to the vertical segment

u = logr, —rm<v <.

3. A ray {z:argz =0} is mapped to the horizontal line

—00 < u < 00, v=0 (—m<0<m).

Remark 3.8 These correspond exactly to the inverse relations of the exponen-
tial map z — e*: for z =re",

Lnz =logr+1i0 (principal value),

so modulus-level sets become vertical lines in the w-plane and argument-level
sets become horizontal lines.

Recall the principal logarithm for a nonzero complex number z = re® with r > 0
and principal argument —7 < 6 < 7:

w=Lnz=Ilogr+i0, w=u—+ 1.

Thus u = logr and v = 6. The examples below illustrate the three principal map-
ping properties: (1) the whole nonzero plane to the horizontal strip,

(2) a circle to a vertical segment, and

(3) a ray to a horizontal line.
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Example 3.5 The image of the set {z € C: |z| >0}
Show that under the principal logarithm w = Ln z the set of all nonzero complex
numbers
{z€C||z| >0}
s mapped onto the horizontal strip
—00 < u < 00, - <v <.
Solution 3.3 1. Any nonzero complex number has a polar representation
z=re", r>0, -—-n<60<m,
where we choose the principal argument Arg z € (—7, 7|.

2. Apply the principal logarithm to z:

w = Lnz=logr + 6.
3. Separate into real and imaginary parts:

u = logr, v==0.

4. As r varies over (0,00), logr takes all real values (—oo,00). As 0 ranges
over the principal interval (—7, 7], v takes values —m < v <.

5. Therefore the image is exactly the horizontal strip
—00 < U < 090, T <v <.

Remark 3.9 o The negative real axis corresponds to 0 = m and maps to the
top boundary v = 7.

e The origin z =0 is not in the domain of Ln, so it does not map to any w.

o The principal logarithm is single-valued only after fixing 0 € (—m, 7. If we
allowed other branches, v would differ by multiples of 2.

I
|
3

i v
z-plane: all nonzero z (polar coordinates) w-plane: strip —7 <v <7
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Example 3.6 A circle |z| =r maps to the vertical segment u = logr
Let |z| = 1. Find its image under the principal logarithm and explain why the
image is a vertical segment.

Solution 3.4 1. Points on the circle |z| = 1 can be written » = ¢ with —7 <
0 <.

2. Compute the principal logarithm:

w=Lnz=1logl+i0 =if.

3. Thus
u=R(w) =0, v=8w)=0, —-7mT<0<m.

4. Therefore the image is the vertical segment {w:u =0, —7m <v < 7}.

5. For a general circle |z| = r the same reasoning gives u = logr and the
vertical segment {w :u =logr, —m <v <7}.

Remark 3.10 o The endpoint corresponding to § = m (i.e. z = —1) maps to
w = inw. The value 0§ = —7 is not an independent principal argument, so
the parameterization interval is —m < 60 < .

o« The mapping is one-to-one when restricted appropriately (e.g. restrict
domain to the circle with specified principal arguments).

> <

N
v
IS

z-plane: circle |z| =1

w-plane: vertical segment ©u =0, -1 <v <7

Example 3.7 A ray argz = 0 maps to the horizontal line v = 0 Let the ray
argz = w/4 (all z = re™* with r > 0). Find its image under the principal
logarithm.

i /4

Solution 3.5 1. Any point on the ray has the form z =re where r > 0 and

the principal argument w/4 belongs to (—r, .
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2. Apply the principal logarithm:

w=Lnz= logr+@%.

3. Separate parts:

=1 = —
u ogr (% .
g, |

4. Asr ranges over (0,00), u = logr ranges over (—oo, ). Therefore the image
is the horizontal line

{w:—oco<u<oo, v=7}

5. Orientation note: increasing r corresponds to increasing u. For example
z=1-¢"* maps to w=ir/4, and z = e - ™* maps to w =1+ ir/4.

Remark 3.11 e The ray does not include the origin; Ln is not defined at 0.

o The horizontal line is full in u (unbounded both ways).

TikZ drawing.

arg z =A/4

T

z-plane: ray argz =

s

w-plane: horizontal line v =

Ll

1. Compute the image under Ln of the circle |z| = ¢e™! and draw the result.

2. Compute the image under Ln of the ray argz = —%f.

3. Show that the set {# : 1 < |[2| < e and 0 < argz < 7} is mapped to the

rectangle
0<u<l, O0<v<3

in the w-plane.
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3.3 Complex Powers

We already know how to manipulate an integer power of a complex number such
as 2". However, when the exponent is itself a complex number, the computation
of an expression like (1 + i)’ is less straightforward. In such cases, we use the
complex exponential and logarithmic functions.

Definition 3.7 (Complex Power) If a is a complex number and z # 0, the com-
plex power is defined as

Za — ealnz.

For integer exrponents n, the power function 2" is single-valued, while for com-
plex exponents «, the function =z is multivalued because of the multivalued
nature of In z.

Definition 3.8 (Principal Value) If o is a complex number and z # 0, the func-

tion
Za — ea Lnz

is called the principal value of the complex power z*, where Lnz = In|z|+i Arg 2
with Argz € (—m, 7.

Remark 3.12 The function z* inherits the multivalued character of the loga-
rithm function, and different branches correspond to different possible values
of the argument Argz = 0 + 2km.

Example 3.8 Compute the complex power i*.
Solution 3.6 We know that
ei(w/2+2kﬂ')

1=

: keZ.

Hence,
Ini = z<72r + 2k7r> . and therefore % = ¥l = ¢ 25H2m) _ mm(1+k)

Thus, the general values are

Z'Qi _ {e—fr(1+4k) = Z}

For the principal value (k=0),

% = e ™~ 0.0432139183.

principal

Example 3.9 Compute the complex power (1 +1i)'.
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Solution 3.7 We write
1 +Z _ \/§€i(ﬂ/4+2kﬂ—).

Thus,
In(l+1i) = %1n2+i(§ + 2k7r) .
Then,
(1 + Z)z — etn(+i) _ ei(%ln%—i(%-&-?kﬂ)) — o (§+2km) ei(%an).
Hence,

(1 + Z)z — o (5+2km) 61‘(%1112)‘

For the principal value (k=0),

— ¢ /4 i3 102) () 4988290063 + 0.1548717525 i.

principal

(144)"

3.3.1 Analyticity of the Complex Power

We recall that, on the principal branch domain D = C\ (—o0,0], the principal
branch
fi(z) = 2% = e*lm=, —m < Argz <,

is analytic and satisfies

fi(z) = i(eaan) =az*h

Example 3.10 Find the derivative of the principal value of ' at the point z =
1+

Solution 3.8 Step 1 - general derivative formula. For o = i we have, on the

principal branch,
d ;. g
T F =i
Step 2 - principal logarithm of the point. For zy = 1+ 1 the principal polar
data are

11+ = V2, Arg(1+z‘)=%

Thus the principal logarithm is

Ln(1+i) = In |1+ + i Arg(1 +1i) = %1n2+i£

Set .
1 o
a—51n2, b— Z
Step 3 - compute z'. Using the principal logarithm,
2l = p(i=DIn(1+i) _ (i-1)(a+ib)

Expand the product in the exponent:
(i — 1)(a +ib) = (ia — a) + (i*b — ib) = (—a — b) +i(a — b).
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Therefore

Zoi—l _ e—a—b ei(a—b).
Step 4 - multiply by ¢ to get the derivative.
FA4i)=izt =ie e,

We may write the final result in rectangular form by multiplying i with the
complex exponential:

i€ = i(cos ¢+ isin @) = —sin ¢ + i cos p, ¢:=a—0b.

Hence

ff(1+1i) = e_“_b< —sin(a — b) + i cos(a — b))

with o = %an and b = %.

Numerical approximation. Using a ~ 0.3465735903 and b ~ 0.7853981634,
a— b=~ —0.4388245731, —a— b=~ —1.1319717537.

Thus '
zo’*l ~ 0.2918503794 — 0.1369786269 7,

and

J(1+14) &~ 0.1369786269 + 0.2918503794 i.

(These digits are rounded; keep more if required.)

Remark 3.13 All steps used the principal branch Ln (i.e. Arg € (—n,7]). If a
different branch were used the values of z'~' and hence of f'(1+1i) would differ
by the corresponding 2kn shifts in the argument.

3.4 Complex Trigonometric Functions

Definition 3.9 (Complex Sine and Cosine) The complex sine and cosine func-
tions are defined for every complex number z by:

) eiz o e—iz eiz 4 e—iz
sinz = ————— CosSzg = ———

2 2

These definitions are direct extensions of the real trigonometric functions to the
complex plane. They are entire (analytic on all of C) since they are built from

the exponential function, which is entire.

Definition 3.10 (Derived Complex Trigonometric Functions) Using the complex
sine and cosine, we define the other trigonometric functions in the same way
as in the real case:

sin z Cos 2 1 1

, cot z = ——, secz = , csCz = —.
Cos 2z sin 2z Cos 2 sin 2z

tan z =
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Remark 3.14 Unlike in the real case, these functions are meromorphic on C:
they are analytic everywhere except at the zeros of their denominators. For
instance, tanz and secz are undefined when cosz = 0, and cotz and cscz are
undefined when sinz = 0.

3(2)

A

cosz =10

y R(2)

sinz=0"
Complex z-plane: singular lines of tan z and cot 2z

Example 3.11 FEzxpress each of the following complex trigonometric values in
the form a + ib:

(a) cosi,

(b) sin(2 + 1),

(c) tan(m — 2i).

Solution 3.9 We use the standard identities (valid for complex arguments):
cos(x + iy) = cosx coshy — isinz sinhy, sin(x + iy) = sinx cosh y + i cos x sinh y,

and for tangent the convenient formula

sin 2z + ¢ sinh 2y

t 1Y) = .
an(e +iy) cos 2x + cosh 2y

(a) cosi. Put xt =0, y=1 (since i =0+ 1-i). Using cos(0) =1, sin(0) =0,
cos? = cos0cosh 1 —isin(0sinh 1 = cosh 1.

Therefore

cost=coshl + 0-1.

79



Numerically cosh 1 = < ~ 1.5430806348.
(b) sin(2+1i). Here x =2, y=1. Apply the identity:

sin(2 + 7) = sin2cosh 1 + i cos 2sinh 1.

Thus in a +ib form:

sin(2+41) = (sin2cosh 1) + i(costinh 1).

Numerically (rounded):
sin 2 ~ 0.9092974268, cos2 ~ —0.4161468365,

cosh 1 ~ 1.5430806348, sinh1 ~ 1.1752011936.

So
sin 2 cosh 1 &~ 1.4031192506, cos 2sinh 1 ~ —0.4890561256,
and
sin(2 +4) ~ 1.4031192506 — 0.4890561256 i.
(c) tan(m—2i). Write z = m—2i so x =m, y = —2. Use the tangent formula above:

sin(2m) + isinh(—4)
cos(2m) + cosh(—4)

tan(m — 27) =

Compute the elementary values:
sin(27) = 0, cos(2m) =1, sinh(—4) = —sinh 4, cosh(—4) = cosh 4.

Thus (— sinh 4) _—
i(—sin sin
t —27) = = —q .
an( ) 1+ cosh 4 ! 1+ cosh 4

Use the identities sinh4 = 2sinh 2cosh2 and 1 + cosh4 = 2cosh?2 to simplify:

sinh 4 B 2 sinh 2 cosh 2

— = tanh 2.
1+ cosh4 2 cosh? 2 o

Hence

tan(m — 27) = —i tanh2 =0 + ( — tanh 2) i

Numerically tanh 2 ~ 0.9640275801, so

tan(m — 21) &~ —0.9640275801 1.

Remark 3.15 Note the useful special cases: cos(iy) = coshy and sin(zx + iy) =
sin z cosh y+i coszsinhy. When an identity reduces an expression to purely real or
purely imaginary form, it is often possible to simplify further using hyperbolic
identities (as in part (c)).
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3.4.1 Trigonometric Identities

As for real trigonometric functions, the complex trigonometric functions satisfy
the following identities:

sin(—z) = —sin z, cos(—z) = cos z
cos?z +sin®z =1

sin(z; + z2) = sin z; cos 23 + €os 21 sin 2y

sin(z; — z3) = sin 21 cos 2o — €OS 27 sin 29

cos(z1 + 2z3) = €08 21 €OS 25 — sin 27 sin 2y

cos(z1 — z3) = COS 21 COS 25 + sin 21 sin 2y

2 2

sin(2z) = 2sin z cos z, cos(2z) = cos” z — sin” z

3.4.2 Periodicity

It follows directly that the complex trigonometric functions sine and cosine are
periodic, and their period is 27:

sin(z + 27) = sin z, cos(z + 2m) = cos z

3.4.3 Zeros of Complex Sine and Cosine Functions
The complex sine and cosine functions have zeros, analogously to the real case,
for the following values:

sinz =0 if and only if z=nn

2 1
cosz =0 if and only if z:(n;)ﬁ, n=0,=+1,+£2, ...

3.4.4 Analyticity

The derivatives of the complex sine and cosine functions are obtained from their
definitions in terms of the complex exponential function. We have:

d d
%(sin z) = cos z, i(cos z) = —sinz

—(tan z) = sec? z, —(cot z) = —csc? z

dz dz
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g(sec z) = sec z tan z, %(CSC z) = —cscz cot z

3.5 Complex Hyperbolic Functions

Definition 3.11 The complex hyperbolic functions are defined by:

e —e’” e +e”
inhy = ——— hey=—'——
sinh z 5 cosh z 5
From these, the other hyperbolic functions are deduced as follows:
inh h 1 1
tanh z = i Z, coth z = Cés Z, sech z = , csch z = — .
cosh z sinh z cosh z sinh z

It should also be noted that the hyperbolic functions sinh z and cosh z are entire
functions, since the exponential function e* itself is entire.

3.5.1 Derivatives of Complex Hyperbolic Functions

The derivatives of the complex hyperbolic functions can be obtained directly
from their definitions in terms of the complex exponential function. We have:

d
£(sinh z) = cosh z, £(cosh z) = sinh z,
4 (tanh z) = sech? 2 i(coth z) = —csch? 2
dz B ’ dz B ’
d d
%(sech z) = —sech z tanh z, g(csch z) = —csch z coth z.

3.5.2 Relations with Complex Trigonometric Functions

It is quite interesting to observe the relationship between hyperbolic and trigono-
metric complex functions, since their expressions have the same form up to a
constant factor.

Let us replace z by iz in the definitions above. We obtain:

. . eiz _ e—iz . eiz _ e—iz o
sinh(iz) = —— =i ———— | =isinz.
2 21

Equivalently,
sin z = —isinh(iz).

Similarly, we can establish the correspondence between the different hyper-
bolic and trigonometric functions as follows:

sin z = —isinh(iz), cos z = cosh(iz),
sinh z = —isin(iz), cosh z = cos(iz),
. - inh
tan(iz) = sm(z.z) = PMRE G tanh 2.
cos(iz)  coshz
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3.5.3 Identities of Complex Hyperbolic Functions

The equalities above can be used to establish the following identities for the
complex hyperbolic functions:

sinh(—z) = —sinh z, cosh(—z) = cosh z
cosh? z — sinh? z = 1
sinh(z; £ z2) = sinh z; cosh 25 &+ cosh z; sinh 2,
cosh(z; £ z9) = cosh z; cosh zo & sinh 2 sinh 2,
sinh(2z) = 2sinh z cosh z, cosh(2z) = cosh? z + sinh” 2

3.5.4 Inverse Trigonometric and Hyperbolic Functions

Inverse Trigonometric Functions

When seeking solutions to the equation sinw = z, it is necessary to define the

inverse function such that z = sin™'w.

Starting from the definition of the complex sine function:

eiw _ e—iw
sihw= — =z
2i ’

we obtain:
e — 2z e — 1 = 0.

This is a quadratic equation in ¢, whose solution is:
e =iz 4+ 1 - 22
Taking the logarithm, we find:
iwzln[iz%—M}, hence w:—iln[iz%—my

This leads to the definition of the inverse sine function:

sin”! 2z = —iln{iz +Vv1-— zQ} (Inverse sine).

This function is multivalued, since it involves the complex logarithm, which
is itself multivalued.

By applying the same procedure, we define the other inverse trigonometric
functions:

cos tz=—i ln{z +iv1— 22} (Inverse cosine)
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tan 'z = ;ln(l, il Z) (Inverse tangent).
i—z

The derivatives of these functions are defined only on domains where the func-
tions are continuous and differentiable (that is, after choosing suitable branches
of these multivalued functions):

. 1 d 1 d | 1
— SIn = —F— — COS = ——F— — tan z =

dz V1—22 dz V1— 22’ dz 1422

3.6 Inverse Hyperbolic Functions

In the same way as for trigonometric functions, we can define the inverse hy-
perbolic functions as the solutions of equations of the form sinhw = z. We then
obtain:

sinh™' 2z = In [z +V22+ 1} (Inverse hyperbolic sine)

cosh™ 2z =1In [z +ivz2? — 1} (Inverse hyperbolic cosine)

1 1

tanh™!z = ln< T
2

For suitable branches defined on a domain D where these functions are con-

tinuous and differentiable, we have:

. ) (Inverse hyperbolic tangent)
—z

d . . _ 1 d _ 1 d _
7 (Smh lz) = T 7 (cosh 12’) = Nt 7 (tanh 12) =

1
1— 22

Exercise 3.2 (1) Find all possible values of sin™'(\/5).

(2) Find the derivative of sin™' 2z at z =i, and verify that this point belongs to
the domain of definition.

(3) Assume that cosh™' 2z represents a branch of the inverse hyperbolic cosine
defined using the complex square root and logarithm branches

falz) = Vre? 0<6<2m
(4) Compute:
(a) cosh™! (?),

(b) jzcosh_1 z

Z:2
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Solution 3.10 (1) Using the formula
sin~tz = —i ln[z’z +V1-— zﬂ ,
we get for z = /5:

sin~!(V5) = —iIn[iv5 + vVI—5| = —iln[iv/5 + 2i] = —iln[i(v5 +2)] .

Hence,

sin"! (V) = g +iln(vV6+2)+ 2k, keZ

(2) The derivative is

i (Sin_1 z) = !
dz V1—22
At z =1:
d . B 1 1
)| s
The point z = i belongs to the domain since 1 — 2> =2 # 0.
1
. 1 _
7 (sm z) it
(a) Using
cosh™ 2z =1n [z +ivz? — 1} ,
for z = g:

cosh™ <\g§> = In V2

(b) The derivative is

d _ 1
%(cosh 12)— P
Atzzg
d 4 B 1 R
dz(COSh z) z:éi_\/éj_\/jé_—i/\/i_“/i
jz (cosh*1 z) v =iV2.
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3.7 Solved Exercises

Exercise 3.3 Compute the following complex derivatives:

(a) f(z)=iz'(z* —¢?), (b) g(z) =exp{z® — (1 +i)z + 3}
Solution 3.11 (a) Let
f(2) = iz* (2% — €7).
We use the product rule:
fl(z)=1i {(z4)’(z2 — ) + 24 (2 - ez)’} .

Compute each derivative:

(1) = 423, (22 —e*) =2z — €.
Hence
f'(z)=1 [4z3(22 —e*) + 2 (22 — ez)}
=1 (425 — 423" + 22° — 2’462)
=1 (625 —e*(42° + z4)) :
Therefore,
f'(z)=1 (625 —e*(42° + 24)) :
(b) Let

g(2) = exp{z® — (1 +1)z + 3}.
We apply the chain rule:
g (2) =exp{z? — (1 +i)z+ 3} - (22 — (1 +1)).

Thus,

g’(z) _ (22 o (1 +Z-))ez2—(1+i)z+3 )

Second Method
Solution 3.12 (a) Function f(z)=1iz*(z* —¢*).
Let 2 =z +1y. Then
f(z) =i(x+ iy)4[(as + iy)? — ex“y} :
We expand each term:
(z +iy)* = (2% — y?) + 24y, "t = ¢”(cosy + isiny).

Hence
22— e = (2® —y* — e"cosy) +i(2ry — e“siny),

2= (2" — 627y + y*) +i(4ady — day?).
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Now, let

22 —e*) = (A+iB), so that f(z)=i(A+iB)=iA— B.

Thus
U(ZE,y) :_Bv U(fL‘,y) = A.

Since u and v are differentiable functions of x and y, the function f is holo-
morphic everywhere (product and sum of entire functions).
Therefore, by definition of the complex derivative:

(2) = ug + iv,.

We compute symbolically (using standard differentiation rules for holomor-

phic functions):
f'(z)=1 [4,23(22 —e”) + 24 (22 — ez)}

=1 (625 —e*(42° + 24)> :

Hence

f'(z) = up +iv, = @'(625 —e*(42° + z4)) .

(b) Function g(z)=e* ()43,
Let

c=—atiy and B(x) =2 —(1+i)z+3= (2" =y —a+y+3) +i(2ey —y—2).

Then

®(=) — ex2_y2_$+y+3[cos(2xy —y—x)+isin(2ry —y — x)]

Hence .
u(z,y) = e” VT cos(2ay — y — @),
v(z,y) = e YT Sin 20y — y — ).

We compute

Uy = © Y ety [(2:15 —1)cos(2zy —y —x) — (2y — 1) sin(2xy —y — x)},
vy = e Y Tyt {(Qx — 1)sin(2zy —y — x) + (2y — 1) cos(2zy — y — x)]
Thus, by definition,

F(2) = ug + iv, = e~ (25 — (1 44)).

§(2) = uy +iv, = (22 — (1 +1)) e” ~0FD=13 ],

Exercise 3.4 Compute the complex power (—3)"/™.
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Solution 3.13 We write
—3 = 3e(mt2km) kel

Thus,
In(—3) = In3 + i(m + 2kn),

and hence

(_3) i/ _ e(i/w) In(=3) _ e(i/ﬁ)(ln3+i(7r+2k7r)) _ 6_(1+2k) 61‘(1113)/71"

Therefore,

(_3) ifTm 6—(1+2k) ei(ln?))/ﬂ"

For the principal value (k=0),

= e e 3/T ~(0.3456138434 + 0.1260410825 4.

principal

(=3)"

Exercise 3.5 Compute the complex power (2i)'~".

Solution 3.14 We write
92 — 2ei(7r/2+2k7r).

Hence,
In(2i) = In2 +i(n/2 + 2km).

Then’ . . . . .
(Qi)I_Z _ e(l—z)ln(Qz) _ 6(1—@)(1112—&—1(71’/2—&-21671’)).

Expanding the exponent:

(1-i)(In2+iB) = (In2+ B) +i(B —1n2), with B = g + 2k,

Hence
’
(22')171 _ €1n2+B ez(Bfln2) _ 2€B el(B*ll’lQ)'

Thus,

(27;)1—1' _ 26(%4"2]{2#) ei(%-i—?kw—ln?).

For the principal value (k=0),
= 2¢™/? ¢ 1(™/27IN2) 5 61474175340 + 7.4008126711 4.

principal

(20)17

Remark 3.16 The above examples illustrate how the multivalued nature of the
complex logarithm leads to multiple values of complex powers. The principal
value corresponds to taking Argz within (—m, 7).

Expression | Principal Value (approx.)
% e ™ =~ 0.0432139183
(1+14)° 0.4288290063 + 0.1548717525 1%
(—3) i/ 0.3456138434 + 0.1260410825 %
(21) 1= 6.1474175340 4 7.4008126711 ¢
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Exercise 3.6 (Analyticity and derivatives of complex trigonometric functions) Show
that the complex sine and cosine functions are entire (analytic on C) and com-
pute the derivatives

—sinz, —cosz, —tanz, —cotz, —secz, — CSC2Z.

dz dz dz dz dz dz

State clearly the domains where the derivatives of tanz, cotz, secz, cscz are
defined.

Solution 3.15 1. Entirety of sinz and cos z.
Recall the exponential definitions for all z € C:
eiz _ e—iz eiz + e—iz

COS 2 =

sinz = -
21 ’ 2

The complex exponential ¢ is entire (holomorphic on C). Since sinz and cos z
are linear combinations and compositions of entire functions, they are entire
as well. In particular they are differentiable everywhere in C.

2. Derivative of sinz and cos z.

Differentiate the exponential expressions term-by-term (valid for entire func-
tions):

d d eiz - e—iz Z'eiz + Z'e—iz eiz + e—iz
—sinz = — : = : = = COs 2.
dz dz 2 2 2
d d eiz + efiz Z'eiz _ Z'efiz eiz _ efiz
—cosz=—|—F7—| = = — : = —sinz.
dz dz 2 2 21
Thus
d . d .
— sin z = cos 2, — cos z = —sin 2.
dz dz
3. Derivative of tanz.
.. sin z ) )
By definition tanz = . Use the quotient rule on the domain where
coS 2
cosz # 0:
cosz - (cosz) —sinz-(—sinz) cos?z+sin?z 1 )
—tanz = 3 = 5 = 5 = sec” z.
dz cos? 2 cos? z cos? 2z

d
So 7 tan z = sec’ z on the domain {z € C:cosz # 0} (i.e. excluding the poles of
z

tan z, which occur at z = (2n+ 1)7/2, n € Z).

4. Derivative of cot z.

oS 2 . _
cot z = ——. Use the quotient rule where sinz # 0:
sin z
. o . o . 2 2
sinz - (—sinz) — cos z - cos z sin® z 4 cos® z 1 9
—cotz = — = — — =———5_ = —CsC” z.
dz sin” z sin® z sin® z
d 5 : .
So —cotz=—csc’z on {z € C:sinz # 0} (excluding poles z =nm, n € Z).

dz
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5. Derivative of secz.
secz = 1/ cos z. Differentiate on the domain cosz # 0:

d d < 1 > —sin 2z sin 2z 1 sin z
—8secrZ = — = — = = . =gsecz tanz.
dz dz \cosz cos?z  cos’z cosz cosz
Thus T sec z = sec z tan z for cosz # 0.
z
6. Derivative of cscz.
cscz = 1/sin z. Differentiate on sinz # 0:
d d ( 1 ) CoS 2 .
—Cscz = — = ———— = —cscz cotz.
dz dz \sin z sin? 2
So 7, 05c# = —cscz cot z for sinz # 0.
z
Summary. The derivatives (with their domains) are:
. (Vz € C) d i (Vz € C)
—sinz = cos z z —cosz = —sinz z ,
dz ’ dz
—tanz =sec’z  (cosz # 0), —cotz=—csc’ 2z (sinz #0),
i (cosz # 0) - (sinz # 0)
-, Secz =secz tanz (cosz # 0), 7, 65C% = —cscz cotz (sinz #0).
z z

This completes the exercise.
Exercise 3.7 (1) Find all possible values of cos™'(2i).

(2) Compute the derivative of tanh™'z at z = %, and wverify that this point
belongs to the domain of definition.

(3) Assume that sinh™' 2 represents a branch of the inverse hyperbolic sine
defined using the complex square root and logarithm branches

falz) = Vre? 0<0<2m

Compute:
(a) sinh™! (%),

d
(b) e sinh™! 2

z=

(I[N}
.

Solution 3.16 (1) Values of cos™'(2i).

We use the standard complex formula
costz = —iln(z + V22— 1),

where the square root and the logarithm are multivalued (hence the inverse
cosine is multivalued).
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Take z = 2i. Compute
2 —1=(20)-1=—-4—-1=-5

Thus
V22 —1=+/=5=+iV5.

Two possible choices give
24+ V2 —1=24+iV5=i(2+5).

Now
cos™!(2i) = —iln(i(2 + V5)).

Write i(2 +/5) = r e with
r=1[2+5 0 = arg (i(2 + V5)).
Case 2 + /5 (positive):
i(2+V5) = (2 + V5)e™/?, In (i(2+ v5)) = In(2+ V5) + z<72T + 2k7r).

Hence

cos (2i) = —i(ln(2+ V’5) +Z<72r + 2/{;7?)) = g +2kr — iln(2+V5), keZ

Case 2—+/5 (negative; note 2—+/5 <0): leta=+/5-2>0. Then2—+/5=—a
and

i(2 —V5) =i(—a) = ae”"™/2.
So
In (i(2 — V5)) = In(a) + z( - g + 2k7r>,

and

cos 1(2i) = —i(ln(a) —i—z’(— g +2k;7r>> = —g +2kr — iln(v5-2), keZ

Compact form of the multivalued results:

cos~1(2i) :ig—i—%w —ilm|2£ V5| kez

where the two signs correspond to the two choices of the square root. (The
explicit forms found above are usually written as)

cos 1(2i) = g +2kr —iln(2+V5)  or cosTH(2i) = —g + 2k —iln(v/5 — 2).
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(2) Derivative of tanh™' 2 at z = *

(3)

5.

Recall

1 1
tanh™! 2 = 21n< + Z>

1—2

and its derivative (on domains where 1 —z* # () is

1
-1 _
itanh 2—1_22.

FEvaluate at z = %:

Thus

d
— tanh™' 2

dz

T 5/4 5

z=

[NJIES

Since 1—2%#0 at z = i/2, the derivative is defined there. Also the principal
formula for tanh™' is analytic except at points where 1+ = = 0 or equiva-
lently where z = +1 (and more generally where the logarithm branch cut is
chosen). The point =z = i/2 is not a singularity, so it belongs to the domain
for the standard branches.

d
e tanh™! 2

z=

IS

Inverse hyperbolic sine at % and its derivative.

We use

sinh™' 2 zln(z+v,22+1),

with the principal (positive) square root for real positive arguments.

3
(a) For z = 9 (real, positive),

9 13 V13
2 == i — 2 v
Pl= 1=, 2+l=-r
Therefore
V1 V1
simh ™ (2) =1 (3 3): <3+ 3)
2 2 2
V1
smh_l(%> =1 (3+ 3)
2
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(b) The derivative formula (on domains where the chosen square root is

nonzero) is

d 1

—sinh™ 2= ——.

dz 2241

Hence at z = 5
d - 12
A T BT /B /I
2—2 4 2

d 2

— sinh ™! = —.

- sin zz_§ B

=2
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Chapter 4

Fundamental Theorems on
Holomorphic Functions
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Part 1: Integration

4.1 Integration

4.1.1 Paths and in the Complex Plane

Definition 4.1 (Path or Curve) A path (or curve) in the complex plane is a
continuous function

v la, b = C,  te 2(t) =x(t) +iy(t),

where z(t) and y(t) are real-valued functions of class C' on [a,b]. The set of
points described by v(t) as t varies from a to b is called an arc of curve.

The points z(a) and z(b) are called respectively the initial point and the
terminal point of the path.

Y

Definition 4.2 (Smooth Path) A path ~(t) is said to be smooth if its derivative
V() = 2'(t) +iy'(t)

exists and is continuous on [a,b], and ' (t) # 0 for all t € (a,b).

Geometrically, this means that the curve has a smoothly varying tangent
direction at every point, and the tangent vector is mever zero, so the curve
never stops or forms a sharp corner.
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Definition 4.3 (Closed Path) A path is called closed (or a loop) if its initial and
terminal points coincide:

v(a) = ~(b).

In this case, the path forms a closed curve in the complex plane.

Definition 4.4 (Simple Path) A path v is called simple if it does not intersect
itself, except possibly at the endpoints in the case of a closed path. That is, if
v(t1) = y(t2) implies either t; =ty or ty,ts € {a,b}.

v(t)

— — 2(b)
2(a)

4.2 Line Integrals

Line integrals are a fundamental tool in physics and complex analysis. They
allow us to "sum" a function or a vector field along a curve in the plane or in
space.

4.2.1 Line Integral of a of a Scalar Function

Definition 4.5 (Line integral of a scalar function) Let v be a curve in the plane,
parameterized by

V(1) = (2(1),y(t)), T € la,b].
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If f(z,y) is a continuous function along v, the line integral of f along ~ is
defined by

b 2 2
[ sds = [ .o (#0) + (v@) .
Here, ds = /(dz)? + (dy)? represents an infinitesimal segment of the curve.

Remark 4.1 This integral "weights" the function f by the length of the path.

4.2.2 Line Integral of a Vector Field

Definition 4.6 (Line integral of a vector field) Let F(x,y) = (P(x,y),Q(z,y)) be a
continuous vector field, and ~(t) = (z(t),y(t)),t € [a,b] an oriented curve. The
line integral of F along ~ is defined by

Lth:LTmmmwmf@+@@mwwwwﬂw

Remark 4.2 (Physical interpretation:) - If F represents a force, this integral
corresponds to the work done by the force along the path ~. - The projection
of the vector F onto the tangent vector dr of the curve is used.

Example 4.1 Let f(x,y) =z +y and v the line from (0,0) to (1,1) parameterized
by v(t) = (t.1),t € [0,1].

dt)=1, y{t)=1, ds=+V12+12dt =+/2dt.

The line integral is then:

Lf(x,y)ds:/ol(t+t)ﬂdt:\/5/012tdt: V2.

Example 4.2 Let F(z,y) = (y,—z) and ~(t) = (cost,sint),t € [0,7/2] (a quarter
circle).

2'(t) = —sint, ' (t) = cost

" [sint(—sint) + (~ cost)(cos )] de

/WF ~dr = /0”/2 [y(t)x/(t) + (—x(t))y’(t)}dt — /

0

/2 w/2
:/ —(sin® ¢ 4 cos® t) dt:/ ldt =",
0 0 2

Remark 4.3 e The line integral depends on the orientation of the curve.

o IfF is a conservative field, the integral depends only on the start and end
points.

o In complex analysis, line integrals are essential for computing integrals
of holomorphic functions along paths in the complex plane.
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4.3 Complex Line Integrals

Line integrals are fundamental in complex analysis and physics. They allow us
to integrate a complex function along a curve in the complex plane.

Definition 4.7 (Complex Line Integral) Let v be a smooth curve in the complex
plane, parameterized by

V() =x(t) +iy(t), tElab].
If f: C — C is continuous along v, the line integral of f along v is defined by
. b
[ ferdz = [ o) dr
where ' (t) = 2/(t) + iy (t).

Remark 4.4 This is the complex analogue of a vector line integral. The integral
combines the function values with the infinitesimal displacements along the
curve.

4.3.1 Decomposition into Real Components
Definition 4.8 (Real Component Form) If f(z) = u(z,y)+w(z,y) and y(t) = z(t) +
iy(t), t € la,b], then

[ 1z = [ [utalt). ) + ivta(o). )] [7(0) + i 1) .

Expanding, we get

b b
Lf(z)dz=/a (ux —vy)dt+z/a (vw +uy)dt,

which expresses the integral in terms of real integrals.

Example 4.3 (Simple Complex Line Integral) Let f(z) = z and (t) =t +it, t €
[0,1]. Then
V() =141, f(y(t) =t+it.
The line integral is

Lf(z)dz:/Ol(t+it)(1+z‘)dt:/01 [(t—t)+z‘(t+t)}dt:/012z'tdt=z'.

Example 4.4 (Vector Field Analogy) Let f(z) = f(z+iy) = u(x,y) +iv(z,y), where
uw(z,y) =z —y and v(z,y) =z +y, and let v(t) =t +it, t € [0, 1].

Compute / f(2)dz.
Solution:
Y() =141, f(y(E)f(t+it) = ul(t,t) +iv(t,t) = 0+i(2t) = 2it.

Hence,

Lf(z) dz = /012itdt:i.
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Remarks 4.1 1- The line integral depends on the orientation of the curve.
Reversing the path changes the sign of the integral.

Im
v(t
20 77 (to)
Re
Im
dz =~'(to)dt
0
Re
Im
[\(}({):ll) d
4o
Re

Remark 4.5 « The quantity /'(t) = 2/(t) + iy (t) is the complex derivative of
the path.

o The integral depends on the orientation of the curve. If the path is tra-
versed in the opposite direction, then

/Vf(z)dz: —Lf(z)dz.

Definition 4.9 (Integral along a Path) A path ' may be composed of a finite
number of smooth curves:

F=y+7+-+m,

where each vy : [ag,by] — C is of class C', and v (by) = Yry1(aps1). If [ is contin-
uous on a domain containing I', we define

Af(z)dz:];Lk f(z)dz.
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Example 4.5 (Integral along a Path) Let the path I' =+, +~, be composed of two
line segments:

wt) =t, tel0,1], ) =1+it, telo1].

Hence, the path goes from 0 to 1, then from 1 to 1+ i. Consider f(z) = z°.

S(z)
141
=Nt 72(t>
R(z
OT “/1<t) 1 ()

By definition, the integral of f along the path I' is
[f@az= [ jeraz+ [ @)
I 71 2

where, for each curve v,

/% f(z)dz = Zk F(ve(t)) v (t) dt.

a

For the first segment:
mt)=t, %) =1
Thus,

[ sz = [ fonenmiede= [ e — g

For the second segment:

Yot) =1+it, ~5(t) =1

Hence,

[ £z = [ foa(e) (e d
:/01(1+it)2~idt
Zi/ol(1+2z’t—t2)dt

371
i[t—i—z’tQ—]
3

0

_.<1+. 1)_.<2+.>_ L2
=1 1 3 =1 3 1) = 3
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Therefore, the total integral is:

[ iEdz= [ f)d

N
_l’_
=
X
&

! —1+%>
3 3
2 2

2
dz = (i —1).
/Fz z 3(@ )

Remark 4.6 Choice of the Integration Limits on Each Curve

To compute a complex integral along a path composed of several curves, we
first need to parameterize each part of the path and determine its corresponding
limits of integration.

Let the path be

F =M + Y2,
where
’71(1&) =1, t e [0, 1], ’)/Q(t) =1+, te [O, 1]

For the first curve v,: It goes from the point z = 0 to z = 1 along the real
axis. When t =0, we have 7,(0) = 0; when t = 1, we have v,(1) = 1. Hence, the
integration limits are t € [0, 1].

For the second curve v,: It goes from the point 2 =1 to z = 1+ vertically along
the imaginary direction. When t = 0, we have ,(0) = 1; when t = 1, we have
72(1) = 14 i. Therefore, the integration limits are also t € [0,1].

In general, for a parameterized curve v : [a,b] — C, the complex integral is
defined by

[ 1@z = [ s ar

Thus, the integration limits correspond to the parameter values a and b such
that v(a) is the starting point and ~(b) is the endpoint of the curve.

4.3.2 Properties of Complex Line Integrals

Definition 4.10 Properties of Complex Line Integrals
Let f(z) and g(z) be continuous complex functions defined on a path I', and
let o, € C be complex constants. The following properties hold:

1. Linearity:

[ (af()+89(2)) dz = a [ (=) dz+ 5 [ g(z)d=.

2. Constant factor:
Lkﬂ@@zklﬁ@ﬂa keC.
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3. Additivity (linearity) with respect to functions:
az= [ J(z)dz+ [ g(z)dz.
L@ +9@)d== [ 1)z + [ g()az

4. Additivity with respect to the path: If the path I' is composed of two
consecutive curves,
F — Fl + FQ;

then

/Ff(z)dz:/Flf(z)dz—i—/FQf(z)dz,

5. Reversal of the path: If —1" denotes the same path traversed in the opposite
direction, then

/_Ff(z)dz: —/Ff(z)dz.

6. Integral of the conjugate: The complex conjugate satisfies
[ f@dz= [ [G)d = [ 7 az
r r r

Remark 4.7 These properties allow us to manipulate complex line integrals in
a manner similar to real integrals, but with careful attention to the orientation
and parametrization of the path. The additivity property is particularly useful
when a path is composed of several segments.

Theorem 4.1 (Upper Bound Theorem) Let f be a continuous complex function
defined on a smooth curve C' parameterized by

z=2(t) = x(t) +iy(t), t€[a,bl.

If
lf2)| <M, VzedC,

then the following inequality holds:

[ #e)dz| <

where

L= ["1wlde = [ @R+ )R

is the length of the curve C.

Example 4.6 Upper bound for the integral

eZ
/CZ2+1dz, C:|z| =4

Solution.
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We apply the Upper Bound Theorem:

’/Cf(z) dz| < ML,
where
M = max lf(2)], L = length of C.
1. The function is .
e
f(z) = 2241

2. On the circle |z| = 4:

le?| = %) < elfl = et

Also,
|22 + 1] > |]2]* — 1] = |16 — 1] = 15.
Hence,
e* |e?| et
= < .
F2)] z2—|—1‘ =211 =15
o
Thus M = —.
15

3. The length of the circle C' is
L =2nr =2n(4) = 8.

4. By the upper bound theorem:
4

z 8
‘/ ¢ dz’SMLze-&T: We.
Jo 22 +1 15 15

e? Smret
/ dz‘ < )
cz2+1 15

Remark 4.8 Theorem 4.2 (Reverse Triangle Inequality) For any complex num-
bers a,b € C, we have:

4

[ lal =16} < la+b].

Equivalently,
ja+b] > ||| — o] |

Proof. Starting from the standard triangle inequality:
lal = [(a+b) — b <[a+ b+ [b].

Hence,
la] —|b] < |a+0].

By interchanging the roles of a and b, we also get

|b] — |a] < a+b].
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Combining both inequalities gives
—la+b] < |a| —|b] < |a+b|.

Therefore,
[al = [b] | < |a+1b].

4.3.3 Integral over a closed contour

Definition 4.11 Let 7 : [a,b] — C be a piecewise smooth and continuous curve
given by (t) = z(t) +iy(t), such that y(a) = v(b). The curve 7 is called a closed
contour in the complex plane.

If f : D — C is a continuous function on a domain D containing ~, the
integral of f over the closed contour v is defined by:

b
ﬁ f(2)dz = /a FOv() Y (1) dt.
Remark 4.9

1. If the curve is not closed (that is, v(a) # (b)), the usual notation is used:

A f(z) dz,

and the integral is called an integral along an open path.

2. The notation %f(z) dz is reserved for the case where the path v is closed:
v

This type of integral naturally appears in the Cauchy Integral Theorem
and the Cauchy Integral Formula.

Example 4.7 Example: Integral over a closed contour
Let v be the unit circle centered at the origin, defined by the parametrization:

v(t)=e", telo,2n]

Then, v is a closed contour since v(0) = v(2r) = 1.

(a) Case 1: f(z) ==z

2 2 . 2T
%Zdz = / /'y(t) f)//(t) dt = / elt X (Z'ezt) dt = Z/ e?lt dt.
v 0 0

0
2 ) 1 ) 27
/ 62zt dt = |:,€2lt] _ 07
0 2 0
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we obtain:

fzdz:().
S

(b) Case 2: f(z) !

z
fld —/%1 ’(t)dt—/% L (i) dt =i Tt = 2ri
.z Z—O ,y(t)’)/ _[) (& € —ZO — ZTT.

1
j{fdz:%m'.
v 2

o For f(z) =z, the integral over the closed contour is zero.

Thus,

Conclusion:

1
o For f(z) = —, the integral over the closed contour is nonzero and equals
, z

271,

This second case will play a fundamental role in the Cauchy Integral For-
mula.

4.4 Cauchy Integral Theorem and Cauchy Integral For-
mula

4.4.1 Simply Connected Domain

In physics, a system is said to be connected if all its parts are linked together,
that is, if one can move from one point to another without leaving the system.
This idea directly applies to complex analysis: a region in the complex plane is
connected if it forms a continuous whole, with no separated pieces. Similarly, a
connected curve is one that can be traced without any jump or interruption.

For instance, imagine a continuous metallic wire (fil métallique) forming a
circle or a spiral. This wire represents a connected curve, since it can be followed
entirely without lifting the pen. If the wire is cut into two separate pieces, we
obtain two disjoint curves, which are no longer connected.

Mathematically, a curve

v a,b] = C
is connected because its image is the set of points 7(¢) obtained as ¢ varies con-
tinuously from a to b. In other words, it is a continuous curve without any break.

More generally, a subset D C C is said to be connected if, for any two points
21,22 € D, there exists at least one continuous path joining 2; to z; while remaining
entirely within D.

As a physical illustration, consider the electric field inside a solid conductor:
it is defined on a connected region (the conductor is a single piece). If the
conductor is split into two isolated parts, the region is no longer connected,
since one cannot move from one point to another without leaving the domain.
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4.4.2 Cauchy Integral Theorem

Theorem 4.3 (Cauchy Integral Theorem) Let D C C be a simply connected do-
main, and let f : D — C be a holomorphic function on D.
If v is a closed contour lying entirely in D, then the integral of f around ~

18 zero:
% f(z)dz=0.
Iy

Remark 4.10

1. The domain D must be simply connected, meaning that it contains no
holes (every closed curve in D can be continuously deformed to a point
within D).

2. The theorem expresses that the integral of a holomorphic function around
any closed path in D is zero. This implies that the value of the integral
between two points depends only on the endpoints, not on the path chosen.

3. Geometrically, it means that the complex vector field defined by f is con-
servative.

it

Example 4.8 For the function f(z) = 2%, and for the closed contour (t) = e,

t €10,27], we have:
ff(z)dz:%Zde:O,
ol o

which is consistent with Cauchy’s Theorem.
Ezxplicit calculation: Let f(z) = 2* and let v be the unit circle parametrized by
v(t) =€, fort € [0,2r]. We will compute the integral

?{22 dz.
Y

Using the parametrization v(t) = e and +/(t) = ie", we have:
2 2 27 ) . 2
?{ZQ dz = / (v(t)) v (t) dt = / et (ie') dt = z/ et dt.
5 0 0 0

Now integrate:

27

27 . 1 . 7 . 1
. it o 3it o 6w _ = o _
Z/U e dt—z[&,e L ——Si(e 1)—3(1 1) =0.

Therefore,

which explicitly confirms Cauchy’s Theorem: the integral of a holomorphic
function over any closed contour in a simply connected region is zero.
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4.4.3 Cauchy Integral Formula

Theorem 4.4 (Cauchy Integral Formula) Let D C C be a simply connected do-
main, and let f: D — C be holomorphic. Let v be a positively oriented (coun-
terclockwise: dans le sens contraire des aiguilles d?une montre) closed contour
contained in D, and let 2, be any point inside ~.

Then,
1 f(®)

211 Jy 2 — 2

f(z0) = dz.

Remark 4.11

1. The formula gives the value of [ inside the contour in terms of the values
of f on the contour.

2. The Cauchy Integral Formula is one of the most powerful tools in complex
analysis; it leads to many fundamental results such as:
o the infinite differentiability of holomorphic functions,
o the Cauchy inequalities,
e the Liouville theorem,

e and the Maximum Modulus Principle.

Example 4.9 Let f(z) = , and let ~ be the circle |z| = 2 oriented counter-

z+1
clockwise. We compute f(zy) for zy =1, which lies inside ~:
1 f(2)
= — dz.
f(z0) 211 Jy 2 — 2 :
Substituting f(z) ! d 1
ubstitutin z) = and zy = 1:
g 11 0

1 1
f(l)ZQM?{y(z—l—l)(z—l)dZ'

We parametrize the contour v by z = 2¢" with t € [0,27|, so that dz = 2ie" dt.
Then:

}g 1 J /2’T 2ie" @
———dz = . , :
y(z+1)(z—1) 0o (2e+1)(2e* —1)
Although the integral looks complicated, note that Cauchy’s Integral Formula
tells us directly that:
1o fE)

211 'yZ—l

1
and by simple substitution f(1) = 7

dz = f(1),
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Remark 4.12 The Cauchy Integral Formula is not primarily used to compute
f(20) directly, since this value can be easily obtained by simple substitution in
f(2). Its real importance lies in the fact that it allows us to determine the
numerical value of the contour integral without performing the integration.
In practice, once we identify the function f(z) and verify that the point
2o lies inside the domain (enclosed by the contour ), we can immediately

conclude that .
f(Zo) _ f. f(z) dZ,
5

211 Jy 2z — 2

or equivalently,

% f(2) dz = 2mi f(z),

Y220

without calculating the integral explicitly.

Corollary 4.1 If f is holomorphic in D, then for any integer n > 1,

F™ (%) = n!/F( /() dz

2mi Jr (z — zo)™t1

Interpretation. Cauchy’s Integral Formula expresses the value of a holomor-
phic function inside a closed contour in terms of the values of the function on
the contour itself. It is a cornerstone of complex analysis, from which many
fundamental results follow (such as Cauchy’s inequalities, Liouville’s theorem,
and Morera’s theorem).

Theorem 4.5 (Generalized Cauchy Integral Formula) Let f be a holomorphic func-
tion on a simply connected domain D, and let v be a positively oriented, closed,
and piecewise smooth contour lying entirely in D. If 2z, is any point inside -,
then for every integer n > 0, we have:

F (z) = n! ﬁ( f(2) dz

2mi Jy (2 — zo)" 1

Remark 4.13 This formula shows that all derivatives of a holomorphic func-
tion can be expressed as contour integrals. It is a direct consequence of the
Cauchy Integral Formula and implies that a holomorphic function is infinitely
differentiable inside its domain.

Example 4.10 Let f(z) = ¢* and consider the contour (t) = 2¢, with t € [0, 27],
which is a circle of radius 2 centered at the origin. We want to compute the

following integral for zo = 1:
eZ
—dz.
7§ z—1p "

According to the Cauchy Integral Formula for derivatives:

F(z) = n! ﬁ( f(2) d=

2mi Jy (2 — zo)tt
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For n =2, we have

j[ (f(z)gdz — @f@)(%)'

z— 2p) 2!

Considering the integrale

]i(zizl)sdz.

we have f(z) = ¢?, then f?)(2) = ¢*. Therefore,

zZ 2 -
j{eid,z:ﬂelzm'e.
v (z—1)3 2

This confirms the Cauchy Integral Formula for higher-order derivatives.

4.4.4 Cauchy’s Inequalities

Proposition 4.1 (Cauchy’s Inequalities]
Statement. Let f be a holomorphic function in a simply connected domain
D cC. Let
F'={z€C:|z—2|=r}

be a circle of center zy and radius r, entirely contained in D. Assume that
f() <M, VzeTl.

Then, for every nonnegative integer n € N,

' M
£ (z)] < 5

Tn

Proof. From Cauchy?s integral formula for derivatives:

) = g [T

T 2mi z—zo)"tl T
Taking the modulus and using |f(z)| < M, we obtain

M M
ldz| = =,

,rn

n!

CY B

27 |z—z0|=r rrtl

Interpretation. Cauchy’s inequalities show that the size of the derivatives of
a holomorphic function is controlled by its maximum modulus on a surrounding
circle. This is a fundamental tool in analytic estimates and proofs of Liouville’s
theorem.
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4.4.5 Integral of i over a closed contour

Theorem 4.6 Let v be a positively oriented closed contour and zy € C. Then

1 2mi,  if 2y is inside 7,
%‘ dz =
5

zZ— 29 0, if 2o is outside 7.

Proof. We parametrize the contour v as z = z(t), t € [0, 27].
Case 1: z; inside 7. Assume 7 is a circle of radius r around z:

2(t) =20 + e, dz=ire'dt.

1 2r ] . 2
¢ de= [* —viretdt = [ idt = 2mi.
v Z— 2 0o re 0

Case 2: z;, outside 7. In this case, ﬁ is holomorphic on and inside the
contour. By Cauchy’s theorem,
1
f dz = 0.
v e =20

Then

Remark 4.14 This fundamental result allows us to evaluate integrals of the
form fW%dz when [ is holomorphic: we only need to check whether z, is
inside or outside the contour. It is also the key step in proving the Cauchy

integral formula. Integral is zero if zy is outside the contour.Indeed,

if the point z, lies outside the closed contour v, the function

1

zZ — 20

f(z) =

is holomorphic on the entire domain containing v and its interior.
According to Cauchy’s theorem, the integral of a holomorphic function over
a closed contour is zero:
f f(z)dz=0.
5

dz = 0.

Therefore, when z, is outside the contour, the integral j{
Y e =20

Example 4.11 Let 7 : |z| =1 and zy = 0.5. Then

1
= 27ri.
ﬁz—Oﬁdz m

If 2y = 2 (outside the circle), then

1
dz = 0.
f;z—Q :
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21 (outside)

"}/

4.4.6 Cauchy-Goursat Theorem for Domains with Holes

Definition 4.12 (Multiply Connected Domain) A domain D C C is called multi-
ply connected if it contains one or more "holes"”, i.e., subregions removed from
the domain. Let vy,71,...,7, be positively oriented closed contours such that:

e 7 ts the outer boundary of D,
* Y,...,7 are boundaries of holes in D.

Example 4.12 Consider the annulus D = {z € C | 1 < |z| < 2}, which has one hole
(Exclusion region:the disc |z| < 1). Let f(z) = 2%, 7 : |2| = 2 (outer boundary)
and v, : |z| =1 (inner boundary), both counterclockwise. Then

j{ ZQdZ—j{ 22dz = 0.
Y0 "

Example 4.13 Let D be the domain with two holes as in the figure below. Let
f(z) =e*. Then [ is holomorphic on D, and
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Theorem 4.7 (Cauchy-Goursat for Multiply Connected Domains) Let D C C be

a multiply connected domain and let v, v1,...,7, be positively oriented closed
contours such that:

e 7 ts the outer boundary of D,
* Y,...,7 are boundaries of holes in D,

and all contours are oriented positively with respect to the domain. If [ is
holomorphic on D and continuous on its closure, then

. f(z)dz = kzn: f(z)dz.

—1 77

70 (outer boundary)

Remark 4.15 This theorem generalizes the classical Cauchy-Goursat theorem

to domains with holes. It states that the integral of a holomorphic function

over the outer boundary is equal to the sum of integrals over the inner bound-

aries (holes), taking orientation into account.

Example 4.14 (Annulus with one hole) Consider the annulus
D={zeC|1<|z| <2},

which has one inner excluded region (the disc |z| <1).

7 (outer boundary)
D
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Let f(z) = 22, and let 7, : |z| = 2 be the outer boundary, and v, : |z2| =1 be the
inner boundary, both oriented counterclockwise.

1. f(z) = 2% is holomorphic on the entire domain D because it is a polynomial
(no singularities).

2. According to the Cauchy-Goursat theorem for multiply connected domains,
the integral along the outer boundary minus the integral along inner bound-

aries iS zero:
7{ szz—j{ 22dz = 0.
Yo Y1

3. Intuitively, the "effect" of the inner hole -, cancels part of the integral
around 7y, making the sum zero. This is why the presence of holes changes
the classical Cauchy theorem.

4. If you compute explicitly using parameterization:
(t) =2e", t€0,2r] = dz=2ie'dt,
27 . . 27 .
j[ 2dz = / (2™)? - 2ie'dt = 82’/ eMdt =0
Y0 0 0

and similarly

27 ) . 2T
]{ 2dz = / (1e™)? -de'dt =i / e¥tdt = 0.
M 0

J0O

So indeed the formula is verified.

4.5 Primitives and Morera’s Theorem

4.5.1 Primitives

Definition 4.13 Let f be a function holomorphic on a domain D C C. A func-
tion F: D — C is called a primitive (or antiderivative) of f on D if

F'(z) = f(z), VzeD.

Remark 4.16 If F' is a primitive of f in D, then for any contour v in D from
zo to z1, we have

[ 1)z = P(z1) = Flz).
.
In particular, if v is a closed contour, the integral vanishes:

ﬁf(z) dz =0.

Example 4.15 Let f(z) = e¢*. Then a primitive of [ is F(z) = ¢*, since F'(z) =
e* = f(z). Hence, for any contour vy from z, to z,

/ezdz = "l — ™,
¥
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4.5.2 Morera’s Theorem

Theorem 4.8 (Morera) Let f be a continuous function on a domain D C C. If
for every closed contour v in D we have

ﬁ f(z)dz =0,

then [ is holomorphic on D.

Remark 4.17 Morera’s theorem is essentially the converse of Cauchy’s theo-
rem: - Cauchy’s theorem says: If f is holomorphic, then its integral around
any closed contour is zero. - Morera’s theorem says: If a continuous function
has zero integral around every closed contour, then it is holomorphic.

Example 4.16 Let f(z) =% on D = C. For the closed contour ~(t) = et € [0, 27],
we have

2r 2 o 2
f F(2)dz = 7{ dtictdt = i / e~iteitdt = i / 1dt = 2mi # 0.
N 0 0 0

Hence, by Morera’s theorem, f is not holomorphic on C.

Interpretation. Morera’s theorem provides a converse to Cauchy’s theorem:
while Cauchy’s theorem states that the integral of a holomorphic function over
a closed path is zero, Morera’s theorem asserts that if a continuous function has
zero integral over every closed contour, then it must be holomorphic.

Remark 4.18 Morera’s theorem is particularly useful for proving that limits of
sequences of holomorphic functions are holomorphic, provided the convergence
is uniform on compact subsets.

o n

Example 4.17 Using Morera’s Theorem show that ¢* = Z Z—' is holomorphic.
n

n=0 """

Solution 4.1 Let fy(z) = 2N Z—| denote the N-th partial sum. FEach finite sum
n

n=0
fn s a polynomial, hence entire (holomorphic on C). We will show that for
every closed, piecewise-smooth contour I' contained in C,

[ #G)dz =0,

and then invoke Morera’s theorem.
Fix a closed contour I'. For each N,

N n N
/FfN(z)dZ:/rnz%n!dZ:nZ%n!/rz dz.
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But [ 2"dz =0 for every integer n > 0 because z" is entire (Cauchy’s theorem).
Hence

/rfN(Z) dz=0 for all N.

Next we pass to the limit N — oco. The power series for f has infinite radius
of convergence, so it converges uniformly on every compact subset of C. In
particular, the sequence (fy) converges uniformly to f on the compact set given
by the image of I'. Therefore we may interchange limit and integral:

/Ff(z)dz:J&i_r)noo/rfzv(z)dz:]\}j_r}nooo:()'

By Morera’s theorem (continuous function whose integral over every closed
contour is zero is holomorphic), f is holomorphic on C. That is, the power
series defines an entire function. [

4.6 Identity Principle, Mean Value, Maximum Princi-
ple, and Classical Theorems

4.6.1 Identity Principle

Definition 4.14 (Accumulation Point) Let S C D C C. A point zy € D is called
an accumulation point of S if, for every ¢ > 0, the disk

B(zp,e) ={2 € C| |z — 2| < &}

contains at least one point of S different from z,.
In simple terms: no matter how small a circle you draw around z,, there is
always at least one point of S inside that circle.

Example 4.18 Let
111
S:@ ”}cc

7273747
The point 0 is an accumulation point of S because the elements 1/n get
arbitrarily close to 0. For any small circle around 0, there is always a point
1/n € S inside it.
On the other hand, the point 1 is not an accumulation point of S, because

we can find a small circle around 1 that contains no other points of S besides
1 itself.

Theorem 4.9 (Identity Principle) Let f and g be holomorphic on a connected
domain D C C. If f(z) = g(z) on a set S C D that has an accumulation point in
D, then f =g on D.

Example 4.19 Consider the functions

oo n
on C.

fz)=¢ g(z) =

n=0 g
Define the set of points

S =1{0,0.1,0.2,0.3,...}.
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e f(2) =g(z) for all z € S, since the power series for g(z) converges to e*.

e S has an accumulation point at 0.

By the Identity Principle, since both f and g are holomorphic and agree on a
set with an accumulation point, we conclude that

f(z)=g9(z) on C.

Remark 4.19 This principle shows the rigidity of holomorphic functions: know-
ing the values on even a tiny set with an accumulation point determines the

function everywhere.

4.6.2 Mean Value Property for Holomorphic Functions

Theorem 4.10 (Mean Value Property) Let f be holomorphic on a domain D C
C. For any closed disk B(z,r) C D:

1 2 .
ﬂ@:%éf%+ww0
where z, is the center and r the radius.

Remarks 4.2 1. If f is holomorphic (complex-differentiable) on a domain D,
then the value of f at the center of any disk entirely contained in D is
equal to the average of f on the boundary of the disk.

2. o zy is the center of the disk.

e >0 128 the radius.

e B(zyg,r) ={2€C||z— 2] <r} is the closed disk.
o The integral
1

2m
i0
5 o f(z0 +re”) db

is the average of f along the circle of radius r centered at z.

3. The property follows directly from Cauchy’s Integral Formula:

f(z0) = ! }1{ LZ)dz.

% z—zo|l=r 2 — 29
Parametrize the circle by z = 2, + re?, so that dz = ire’ df. Substituting

gives:

1 27 0 A 1 g2m ,
Fz) = — m“””m&wsz%+w%m
0

271 Jo ret o

which is exactly the Mean Value Property.
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4. Holomorphic functions are very rigid: the value at the center of a disk is
completely determined by the average along any surrounding circle. This
property is special to holomorphic functions and does not generally hold
for real differentiable functions.

5. o If two holomorphic functions agree on the boundary of a disk, they
must agree at the center.

Ezxzample 4.20 Let f(z) = 2% and consider the disk centered at 0 with radius

re
2

21 . r 2m .
/ (re®)? do / e*®dh = 0,
0 0

T or

1
2m

which equals f(0) =0 as expected.
Theorem 4.11 (Gauss Mean Value Theorem) Let f be holomorphic in a domain

UcCC, andlet zo € U. Then f(2) is equal to the average of f on the boundary of
any disk centered at zy and contained in U. That is, for any disk D(zy,r) C U:

Lo i0
f(z0) = %/0 f(zo+re )d@.
Example 4.21 Let

flz) =2

which is holomorphic on C. Let zy = 1+ i and consider a disk of radius r > 0
centered at zy, D(z,r).
According to the Gauss mean value theorem, we have

f(20) = 217r /:W f(zo + reie) do.

Computation:

f(zo+ Tew) = (20 + 7“6“’)2 = zg + 2zore? 4 r2e??.
Now integrate over 0 € [0,27]:
Lo, 0, 2 20 2, 2200 [T i 2 i
— z5 + 2zgre” +1r%e”” )df = z +7/ e’d&—l—f/ e do.
27T/(] ( 0 0 ) 0 2 Jo 21 Jo
Since

2 2.
/ ¢9d0 =0 and / 2040 — 0,
0 0

we get
1 2 .
%/0 f(z + 7€) dh = 22 = f(20).

Thus, the value at the center equals the average on the circle, as stated by
the theorem.
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4.6.3 Maximum Principle

Theorem 4.12 (Maximum Principle) Let f be holomorphic and non-constant on
a connected domain D C C. Then |f(z)| cannot attain a mazrimum value inside
D. Any maximum occurs on the boundary of D.

Remarks 4.3 1. If f is holomorphic and not constant on D, the largest value
of |f(z)| occurs on the boundary, not inside the domain.

2. Suppose |f(z)| attains a mazimum at some zy € D. Consider a small
disk centered at zy, that is to suppose, that |f(z)| attains a maximum at
some interior point zy € D. Consider a small disk centered at z, entirely
contained in D. By the Mean Value Property:

1

2m )
f(z0) = %/0 [z + 7€) db.

Since |f(z)| <|f(z0)| on the circle of radius r, the average of f on the circle
cannot exceed |f(z))|. This forces [ to be constant on the circle.

Repeating this argument for overlapping disks covering the connected do-
main D shows that f must be constant on D.

Contradiction: This is impossible because we assumed at the start that f
18 non-constant.

Therefore, the assumption that |f(z)| attains a maxzimum inside D must
be false, proving that any maximum occurs on the boundary of D.

3. Holomorphic functions are "rigid"; the modulus cannot have a peak in the
interior without the function being constant. The maximum occurs at the
boundary.

5. The minimum of |f| for non-zero functions occurs on the boundary.
Example 4.22 Let f(z) =z and D={z€ C:|z| < 1}. Then:
1f(2)] =|z] <1 for all z € D,

and the mazximum |f(z)| =1 occurs only on the boundary |z| = 1.

4.6.4 Maximum Modulus Theorem

Definition 4.15 (Local Maximum of a Complex Function) Let f be a complez-
valued function. We say that |f| has a local maximum at z = z, if there exists
a neighborhood U of z, such that

VzeU: |f(2)] <[f(2)l.

If the inequality is strict, i.e.,

VzeU\{z}: |f(2)| <|f(20)l,

then the local maximum is said to be strict.
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Theorem 4.13 (Maximum Modulus Theorem) Let f be a non-constant holomor-
phic function on a domain U C C. Then the modulus |f(z)| cannot attain a local
maximum at any point inside U. In other words, if zo € U and there exists a
netghborhood V of z, such that

[f(2)] < [f(z0)]  for all z€V,

then f must be constant.

4.6.5 Liouville’s Theorem

Theorem 4.14 Let f: C — C be an entire function (that is, holomorphic every-
where on) C. If there exists a constant M > 0 such that

|f(z)| <M, VzeC,

then [ is constant.

Proof. By Cauchy’s integral formula, for any R > 0 and any z such that

4| < B,
oy = L f@)
=501 o oo

T 2mi w— z)

Taking the modulus, we get

1 / |/ (w)| M

! < dwl| < .
OV 50 f o no—ap 1 < 773

27
Letting R — oo, we obtain f'(z) =0 for all z € C. Hence f is constant.
Corollary 4.2 (Fundamental result) Every bounded entire function is constant.

Intuitive interpretation. Liouville’s theorem shows that holomorphic func-
tions cannot remain bounded over the entire complex plane unless they are
constant. This result plays a key role in proving the Fundamental Theorem of
Algebra.

Remarks 4.4 1. If a function f is holomorphic everywhere on C (entire) and
there exists M > 0 such that |f(z)] < M for all z € C, then f must be
constant.

2. Using Cauchy’s estimate for the derivative on a disk of radius R around

Z20-
f(20) = L j{z_ZO:R 7f(z) dz.

27 (z — 20)?
Taking absolute values and using |f(z)| < M:

1 M M

(2)| < — - 27R - — = —.

Letting R — oo gives |f'(z0)] — 0, so f'(z) = 0
f'(z) =0, hence f is constant.

Since zy is arbitrary,
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3. Holomorphic functions are rigid. If bounded everywhere, they cannot
oscillate or grow, so they must be flat (constant).

4. Any non-constant entire function must grow unbounded somewhere in C.

Ezxzample 4.23 Let f(z) = ¢”*. This function is entire but not bounded, since
2] = [ef )] = |efrey] = e,

which grows unbounded as y — —oo. Therefore, Liouville’s theorem does
not apply. If f were bounded, it would have to be constant.

4.6.6 D’Alembert’s Theorem (Fundamental Theorem of Algebra)

Theorem 4.15 (D’Alembert) Every non-constant polynomial P(z) with complex
coefficients has at least one complex root.

Remarks 4.5 1. Any polynomial of degree n > 1 with complex coefficients has
at least one root in C.

2. Polynomials grow large as |z| — oo. If a polynomial had no root, then
1/P(z) would be defined and entire. Boundedness of 1/P(z) at infinity
would then force it to be constant, contradicting the fact that P(z) is non-
constant.

3. Proof

» Suppose P(z) has no roots in C, i.e., P(z) #0 for all z € C.
o Define f(z) =1/P(z). Then f is entire.

o For large |z|, |P(z)| ~ |a,||2|", so

1 C

|f(2)] = Ze] < ER —0 as|z] = 0,

for some constant C > 0.
o Therefore, f is bounded on C.
o By Liouville’s Theorem, [ must be constant.
« Contradiction, since P(z) is non-constant.
« Hence, P(z) has at least one root in C.

4. Consequences: Repeating the argument allows factoring any polynomial
completely into linear factors over C:

P(z)=an(z —21)(z — 22) ... (2 — 2zp).

5. This theorem is a direct consequence of Liouville’s Theorem: if a poly-
nomial had no roots, 1/P(z) would be entire and bounded, leading to a
contradiction.
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4.6.7 Rouché’s Theorem

Theorem 4.16 Let f and g be holomorphic on a domain containing a simple
closed contour C and its interior. If

l9(2)| < [f(2)]  for all z € C,
then [ and f+g have the same number of zeros inside C, counting multiplicities.

e f is the dominant function on the contour C.
e ¢ is a small addition compared to f.

e The zeros of f+ g cannot leave the contour (', so the number of zeros inside
remains the same as for f.

Example 4.24 Soit
flz)=2" gz)=1, C:|z]=2

o On the circle: |f(2)| = |z]> =38, |g(2)] =1 < 8.
o Therefore, f{ dominates g on the contour.

o Conclusion: f+g= 2>+1 has the same number of zeros inside C as f = 23,
that is, 3 zeros.

C

Explanation of the figure: The circle represents the contour C'. The blue
points are the zeros inside. The arrows show the dominant function f and the
small addition g. Since f dominates g, the zeros remain inside.

Example 4.25 Let
f(z) =2+ 322 +2.

We want to determine the number of zeros of f(z) inside the unit circle
C:lz|=1.
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Step 1. Split f(z) into two parts
We write
f(z) = g(z) + h(2),
where
g(z) = 32% h(z) = 2° + 2.

Step 2. Check Rouché’s condition on C': |z| =1
On the circle |z| = 1:

l9(2)| = [32%] = 3[* = 3.

and
h(2)] = |2° + 2| <[]+ |2 =1+2 =3

We need a strict inequality |h(z)| < |g(z)|. However, this is not true on all of
|z| = 1, so let us choose another dominant part.
Step 3. Try a different splitting
Take instead:
g(z) = 2°, h(z) = 32% + 2.

Then on |z| = 1:

9l = 12"l =1, |h(z)] = 32" + 2] <342 =5
Here |h(z)| > |g(z)|, so we swap the roles: set g(z) = 322 +2 and h(z) = 2°.
Now:

9(2)] 2 [32°] =2/ =3 -2=1, [h(z)] =" = 1.

The inequality |h(z)| < |g(z)| is true except possibly at a few points, so by
Rouché’s theorem, f(z) and g(z) have the same number of zeros inside |z| = 1.

Step 4. Count zeros of g(z) = 32 + 2

We solve 32% +2 = 0:

Each of these satisfies

2
=4/5 <L
=2

Hence ¢(z) has two zeros inside the unit circle.

Step 5. Conclusion

By Rouché’s theorem, f(z) = z° + 322 + 2 also has exactly two zeros inside
|z| = 1.

Number of zeros of f(z) inside |z| =1 is 2.
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4.7 Solved Exercises

Exercise 4.1 Calculate

oz + 7
ﬁmdz, C|Z—2|:2,

using the result for §1/(z —a)dz.
Step 1: Factor the denominator

22 —22-3=(2-3)(z+1).
Step 2: Partial fraction decomposition

S5z + 7 A n B
(z=3)(z+1) 2-3 z+1

Solving for A and B:

So
5247 11/2 1/2

(z—=3)(z+1) 2—-3 =z+1
Step 3: Split the integral

]{ 5z + 7 11 1 1 1
c(z—3)(z+1) 2 Joz—-3 2Jcz+1

Step 4: Determine which poles are inside C
-2=3:13-2|=1<2. (inside)
Then

1
% dz = 2mi
cz—3

-z=-1:|—-1-2|=3>2. (outside)

Then .
7{ dz = 0.
cz+1

Step 5: Compute the integral

5) 7 11 1

7{ ﬂdz:llm'.
c

22 —-22—-3

Exercise 4.2 (Complex integral using Cauchy-Goursat theorem) FEwvaluate

dz
ﬁ*M’ C|Z|:4

using the Cauchy-Goursat theorem for multiply connected domains.
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Step 1: Identify singularities.

The function is
1 1

&= a3~ e+

The singularities (poles) are

z=1 and z= —i.

Step 2: Define contours as sets.
- Outer contour (outer boundary):

to={zeC| 2] =4}

- Inner contour around z =i (first singularity):
m={ze€C||z—i=r}, r>0 small enough

- Inner contour around z = —i (second singularity):
vw=4{2€C||z+i|=r}, r>0 small enough

Remark: Choosing the radius r for inner contours.

We can take any small positive r for the inner contours. The only require-
ments are:

1. r > 0 so that the contour actually surrounds the singularity.
2. r is small enough that the inner contour does not enclose any other singu-
larities (here, each contour should enclose only one singularity).

So for our example:

m={z€Cllz—i|l=r}, 1n={z€C|lz+i=r}, r>0 small enough.

Any r satisfying 0 < r < 2 works (since the distance between the singularities
is 2). The exact value of r does not affect the integral, because of Cauchy’s
theorem: the integral around a simple pole depends only on whether the pole
is inside, not on the radius of the contour.

Step 3: Parameterize the contours.

Y(t) =4e",  p(t)=i+re’, ) =—it+ret, tel0,2n]

dz = iRe''dt  for each contour with radius R
Step 4: Partial fraction decomposition.
1 i 1 11
- =—Z -+ = .
2241 22—1 2z+41
Step 5: Integrate around the inner contours explicitly.
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Contour v; around z = i:

- First term:

o e 1 ' ‘
% ! ,d,z:—3 jreltdt = — L i 2w =1
mo 2z—1 2Jo ret 2

- Second term (holomorphic inside v,):

1
! dz~ 0
m2z4+1

Total:
j{ f()dz=m
7

Contour v, around z = —

ﬁQf(Z)dz=j§2—Z_Z f

- First term (holomorphic inside ;):

i1
—— dz ~ 0
fig 9.~

27
it
- —M’e dt = —7
ng 22+ z' "2 / reit

752 f(z)dz = —m

Step 6: Apply the Cauchy-Goursat theorem for multiply connected domains.

l\D\@

- Second term:

Total:

jé;o f(z)dz = ?gl f(2)dz+ ¢ f(2)dz=7+ (—7)=0

Y2

Conclusion:

% dz 0
c22+1
This confirms that the integral along the outer contour equals the sum of

integrals around the inner contours, as predicted by the Cauchy-Goursat the-
orem for multiply connected domains.
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Exercise 4.3 Let f : C — C be defined by

22

f) = P70
0, z=0.

1. Show that f is continuous at every point z # 0.

2. Consider the circle v(t) = ¢, t € [0,2n]. Compute
% f(2)dz.
.

3. Using Morera’s theorem, determine whether f is holomorphic at z = 0.

Solution 4.2 Step 1: Continuity for z # 0

For z # 0,

22 22

f(z) = W =z
Both z and Z are continuous for z #0, so f(z) is continuous on C\ {0}.
Step 2: Compute the integral along

Take «(t) = €, t € [0,27]. Then dz = ie"dt and

z
-

fla) = 20 el

Thus, the integral becomes:

ﬁf(z) dz = /O27T f(y(t)dz = /27r e2iettdt = z'/27r e3dt.

0 0

But

. 1 a2 1, ..
3t | 3t _ —(bm _
/0 e dt—B[e }0 —3(6 1) =0.

Hence,

ﬁf(z) dz =0.
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Step 3: Apply Morera’s theorem

Morera’s theorem states that if [ is continuous on a domain D and ¢, f(z)dz =
0 for every closed contour v C D, then f is holomorphic on D.

- [ is continuous on C\ {0}, and the integral around any small circle not
enclosing other singularities is zero. - Therefore, [ is holomorphic on C\ {0}.

Step 4: Check holomorphy at z =0

We examine the derivative at z = 0:

— f(0 zZ 1
limM zlimM = limﬁ = lim —.
z—0 z2—0 z—0 2z z—0 z z—07Z
The limit depends on the path:
- Along z =z (real awis): 1 =1 — .
- Along z =iy (imaginary axis): % = _%y = é — 00.

Hence, the limit does not exist, and f is not holomorphic at 0.

Example 4.26 Using Cauchy’s theorem, calculate

z :
7222+9dz, C:lz—2il=4

Step 1: Factor the denominator and find singularities.
We have
22 +9=(2+3i)(z — 3i).

Hence, the singularities (poles) are
21 = 32, Z9 = —31.

Step 2: Determine which singularities are inside C'.
The contour is centered at 2i: with radius 4:

C={z€C||z—2i| =4}.
The distances are:
|3i —2i| =1<4 inside, | —3i—2i|=5>4 outside.

So only 2, = 31 is inside C.
Step 3: Partial fraction decomposition.

z z B A B

250 (2-3)(=431) -3 430
Multiply both sides by (z — 3i)(z + 3i):

z=A(z+ 3i) + B(z — 3i)

Set z = 3i: )
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Set z = —3i:

Hence:
z 1/2 1/2

219 2-3 2430
Step 4: Integrate along C.
Only the singularity inside C' contributes:

P 1/2 1/2 1/2
d :]{ d ]f d :f dz +0.
ﬁ*22+9z cz—31 “t CZ—l—?)iZ cz—3 “t

Step 5: Apply Cauchy’s integral formula.
For a simple pole z, inside C':

d
‘f‘ c _omil
CzZ—2

1/2 1
:—-2 ) — -_
ﬁz—3ﬂz g ™

Hence:

Step 6: Final answer.

Ldz:m'
cz2+9

Second Method: Using Cauchy’s Integral Formula

Consider the integral

z :
7222+9dz, C:lz—2il=4

where C' is oriented counterclockwise.
Step 1: Factor the denominator and identify singularities.

22+ 9= (z—3i)(z+ 3i)

The singularities are

2z =3i (inside C), 29 = —3i (outside C).
Step 2: Rewrite the integrand in the form %
< < o z:3i

249 (2-3i)(z+3i) z-3i
Let zy = 3i (the singularity inside C') and define

z

fz) = 2+ 30
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Notice that f(z) is holomorphic inside and on C because its only singularity
2z = —3 lies outside C'.

Step 3: Apply Cauchy’s integral formula.

Cauchy’s integral formula states:

ﬁdz = 27i f(z)
CzZ—2

Step 4: FEvaluate f(z).
3 3 1

T =35 =6~ 3

Step 5: Compute the integral.

1

j{ - dz =27 - = =i
cz24+9 2

Conclusion:

Using this second method with Cauchy’s integral formula and the holomor-

phic function

&)= g

we find

- dz = i |.
cz24+9

Exercise 4.4 FEwvaluate the integral

2 +3
}1{7, dz
c z(z—1)?

0
where C' = C; + Cs. t»)c‘
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Part 2: Power Series and Laurent
Series

4.8 Series in the Complex Plane

4.8.1 Sequence of Complex Numbers

Definition 4.16 (Sequence of Complex Numbers) A complex sequence {z,} is a
correspondence that associates to each positive integer n € N = {1,2/3,...} a
unique complex value z, € C. In other words, a sequence is simply a list of
complex numbers ordered by their indices.

Example. Consider the sequence defined by
Zn = 1 +1n.
Its first few terms are:
=144 2o=14+2, z23=1+3, z4=1+4+4, ...

Each term lies on a vertical line parallel to the imaginary axis in the complex
plane.

We say that a sequence {z,} converges to a complex number L if the limit

lim z, =L
n—o0

exists. In that case, L is called the limit of the sequence.

Proposition 4.2 (Convergence of a Complex Sequence) A sequence of complex
numbers {z,} converges to a complex limit

L=a+1b
if and only if the real parts and imaginary parts converge separately, that is,
R(z,) > a and (z,) - b asn— oo

Example 4.27 (Convergence of a Complex Sequence) Determine whether the se-

quence
3+ nt
2y = + -, n €N,
n + 2n1
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converges as n — oco. If it does, find its limit.

Solution: We multiply the numerator and the denominator by the conjugate
of the denominator:

- (34 ni)(n —2ni) (3+m')(n—2m').

(n+2ni)(n — 2ni) n? + 4n?

Expanding the numerator gives
(3 4+ ni)(n — 2ni) = 3n — 6ni + ni — 2n%* = (2n* + 3n) +i(n* — 6n).
Hence,
2nz+3n+ n?—6n
= i )
5n? 5n?

Now, we identify the real and imaginary parts:

“n

R(z) 2n% 4 3n 2+3 _>2
Zn) = —F= 5 = ¢ = =
5n2 5 5n 5
26 1 6 1

Sy =T _1_6 1
5n2 5 bBn 5

as n — .

Conclusion: From Theorem 6.1, since both the real and imaginary parts
converge, the sequence (z,) converges in C to

+1b 2+i
a 0 = — —.
5 5
I 2+i
im z, = -+ —.

4.8.2 Series of Complex Numbers

Definition 4.17 Let {2}, be a sequence of complex numbers. The expression

sz:ZI+ZQ+Z3++2n+
k=1
is called an infinite series of complex terms. We define its partial sums by
Sn:sz:zl+22+Z3+---+Zn'
k=1

The series is said to converge if the sequence (S,) approaches a finite limit L
as n — oo; in that case, we write

o0
Z 2 = L,
k=1

and we say that the series converges to L, or equivalently, that L is the sum
of the series.
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Geometric Series

Definition 4.18 A geometric series is an infinite series of the form
Yarl=atazr+a+ a4 (4.1)
k=1

where a and z are complex numbers.
The nth partial sum of this series is given by

1—2"
S, =a+az+al+ --+az" 1 =a

1—2z°
If |z| < 1, then 2" — 0 as n — o0, and consequently

a
S, —

1—2

Hence, for all complex numbers z satisfying |z| < 1, the geometric series (4.32)
converges and its sum is

. =atazta 4+ +a" (4.2)
-z

On the other hand, when |z| > 1, the sequence of partial sums (S,) does not
converge, and therefore the geometric series (4.32) diverges.

Remark 4.20 Two important cases of geometric series arise for specific values
of the parameters a and z.

1. When a =1 and z is any complexr number such that |z| < 1, the geometric
series becomes

| =1+z+224+22+---. (4.3)
—z

2. Similarly, by replacing z with —z in (4.3), we obtain

1
1+ 2

=l—z4+22 -2+ (4.4)
which is valid whenever |z| < 1.

These two identities are special forms of the geometric series (4.32) and are
often used in analytic computations and power series expansions.

Remark 4.21 For any complex number z # 1, we have the finite geometric iden-
tity

1—2"

1—=z

If we decompose the left-hand side of (4.5) as

=14+z+22+22+ 42" (4.5)

1— 2" 1 2"
1—2 1l—2z 1—27




we can tsolate and obtain the alternative expression

—Z

n

A TP
1—-=z 11—z

(4.6)

n

Equation (4.6) provides an explicit formula for the remainder term 1Z s
—z

which tends to zero as n — co whenever |z| < 1.

Example 4.28 Consider the infinite series

i 1—|—22 _1+2i (1420 (1+20)°
+ +
5 52 53

(4.7)

which is a geometric series.
It can be written in the standard form (4.32) with

1+ d 1—|—2i.

a = and z=
)

To determine whether the series converges, we compute the modulus of z:

1+2i] VIZ+22 /5
5 5 5

|z] = <L

Since |z| < 1, the series (4.7) converges.
Using the general formula for the sum of a convergent geometric series,

Zazk’l = ;
Pt 1—=z
we obtain ,
i(1+2i)’“_ R 142 142
= 5k 11— 5-(1+2i) 4-2i

To simplify this expression, multiply numerator and denominator by the
conjugate 4 + 2i:

1+2 442  (1+20)(A+2) 4+2+8 +4i% 4—4+10i i

4—2 A+2  (4—20)(4+2i) 16 + 4 T 20 2
Therefore, the geometric series (4.7) is convergent and its sum is

© 1—1—22 7

k=1
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4.8.3 Convergence Criteria

Theorem 4.17 (Necessary Condition for Convergence) Let sz be an infinite
k=1
series of complex numbers. If this series converges, then the sequence of its
terms tends to zero, that is,
lim z, = 0.
k—o0

Remark 4.22 This condition its necessary but not sufficient. In other words,

even if klim zr = 0, the series Z zr may still diverge. For example, the harmonic
—00 =1

series
>
sk
diverges, although its general term tends to zero.
Theorem 4.18 (The nth-Term Test for Divergence) If
38,2 7 0,
then the series -
> %
k=1
diverges.

Remark 4.23 This test provides a simple way to detect divergence: if the in-
dividual terms of a series do not approach zero, the sequence of partial sums
cannot converge. However, the converse is not true- the condition nh_{rolo Zn =0

does not guarantee convergence.

Theorem 4.19 (Ratio Test for Complex Series) Let
D>
k=1

be a series whose terms z;, are nonzero complex numbers, and suppose that

Zn+1
Zn

lim

n—oo

= L.

Then:

(i) If L <1, the series converges absolutely.
(i) If L > 1 or L = oo, the series diverges.

(iii) If L =1, the test gives no information (the result is inconclusive).
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Theorem 4.20 (Root Test for Complex Series) Let
> %
k=1
be a series of complex terms. Assume that the following limit exists:

A, {fleal = L.
Then:
(i) If L < 1, the series converges absolutely.
(ii) If L > 1 or L = oo, the series diverges.

(iii) If L =1, the test is inconclusive.

4.8.4 Complex Polynomials
Definition 4.19 A complex polynomial function is a function of the form
P(2) = ag + a1z + ap2® + - - - + a, 2",

where ag,aq,...,a, € C and n is a non-negative integer.
The degree of the polynomial is n if a, # 0.

Example 4.29
P(z)=32"+22+1 and Q(z2)=2"—iz+2
are complex polynomials of degree 2 and 3, respectively.
Remark 4.24 Polynomials are the simplest examples of entire functions, since

they are differentiable (and hence holomorphic) everywhere in C.

4.8.5 From Polynomials to Power Series

Polynomials involve a finite number of terms. It is natural to ask what happens
if we allow an infinite number of terms of the form a,(z — z)".

This leads us to the notion of a power series, which can be viewed as an
infinite-degree polynomial.

Definition 4.20 (Complex Power Series) A complex power series centered at z, €
C is an infinite series of the form

o0
Z an(z — zo)",
n=0

where (a,) is a sequence of complex numbers.

For each fixed z, the series may converge or diverge. The set of all z € C for
which the series converges is called its domain of convergence.
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4.8.6 Radius and Disk of Convergence

Definition 4.21 (Radius of Convergence) There exists a real number R > 0, pos-
sibly R = +o00, such that:

{The series converges absolutely for all z such that |z — z)| < R,

The series diverges for all z such that |z — z| > R.
The number R is called the radius of convergence, and the disk
D(z,R)={2z€C:|z—2| <R}
is called the disk of convergence.

Theorem 4.21 (Radius of Convergence) For a general power series

e o]

Z ar(z — )",

k=0

the limit involved in the ratio test depends only on the coefficients a;,. Specifi-
cally, if

1. li_>m Gntl] _p) # 0, then the radius of convergence is
n oo a/?’L
1
R=—.
L
2. li_}rn nt) _ 0, then the radius of convergence is R = co.
n oo a/n
3. li_>m ntl) _ o0, then the radius of convergence is R = 0.
n oo a”ﬂ

A similar results follows from the root test using

: n
A, Yl

Theorem 4.22 (Root Test and Radius of Convergence) If a power series

ar(z — 2)"
k=0
satisfies
lim \/|a,| =L # 0,

n—oo

then the radius of convergence is given by

If the limit is L =0, then R = oo; if L = oo, then R =0.
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Example 4.30 For the series

o0 ZTL
nzo;ﬁ}
we can check that
|C|LZ+|1| = n'ﬂ [ 0 when n — 0.
n

This means that the series converges for every value of z in the complex plane.
Therefore, the radius of convergence is infinite:

R = +o0.

Because the series converges everywhere, the function

fe) =3 = =¢

nl
= n!

is well defined for all complex numbers -.
Each term %,L is a polynomial, so it is easy to see that f(z) is smooth and
differentiable everywhere. That is why we say that ¢ is an entire function,

which means “holomorphic on the whole complex plane.”

Example 4.31 Consider the power series

Zk+1

By applying the ratio test, we examine the limit

Zn+2

. n+1|_ 1 .

M | Z2 | = Jim ] = e, (4.9)
n

Hence, the series converges absolutely for |z| < 1.

The circle of convergence is therefore defined by |z| = 1, and the correspond-
ing radius of convergence is R = 1.

On the circle |z| = 1, the series does not converge absolutely, since

00
)y
k=1

1

|

is the classical divergent harmonic series. However, the series may converge
at some points on the circle. For instance, at z = —1,

(=1

is the convergent alternating harmonic series. In fact, this particular series
converges for every point on the unit circle except z = 1.
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4.8.7 Taylor Series

Power Series and Their Associated Functions

There exists a one-to-one correspondence between any complex number 2 located
within the circle of convergence and the value to which the series

o0

Z Z—ZO

converges. In this sense, a power series defines or represents a function f.
For each specific z inside the circle of convergence, the number L to which the
power series converges is defined as the value of f at z; that is,

f(z) = L.

In this section, we present some important properties concerning the nature
of this function f.

In the previous section, we established that every power series possesses a
radius of convergence R. Throughout this discussion, we will assume that the
power series

o0

> ap(z — 20)F

k=0
has either a positive or an infinite radius of convergence R.

Proposition 4.3 Suppose that f has a power series expansion

o0

Z (z—20)", z€ D(z,R),

and let 0 < r < R. Then we have
= n __ 1 2m 0 do
3 fanlr =5 | [FGotre?|as.

Differentiation and Integration of Power Series

The following three theorems show that a function f, defined by a power series,
is continuous, differentiable, and integrable within its circle of convergence.

Theorem 4.23 (Continuity) A power series

o0

Z Z—ZO

represents a continuous function f within its circle of convergence |z — z)| = R
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Theorem 4.24 (Term-by-Term Differentiation) A power series

o0

Z Z—Zo

can be differentiated term by term within its circle of convergence |z — z| = R
Differentiating the series term by term yields:

Theorem 4.25 (Term-by-Term Integration) A power series

Z Z—ZO

can be integrated term by term within its circle of convergence |z — 2| = R, for
every contour C lying entirely inside the circle of convergence.

The theorem states that

/é(iak(z_% )dz—zak/ s a)fda=Y

k=0 k=0

(z — 20)"! + constant,

k:+1

whenever the contour C lies in the interior of the circle of convergence |z—z)| = R
Suppose a power series represents a function f within the circle of convergence
|z — 29| = R; that is,

=3 ar(z — 20)F = ap + a1(z — 20) + az(z — 20)* + az(z — 20)> + - . (4.10)

Taylor Series

It follows from Theorem 4.24 that the derivatives of [ are given by the following
series:

/ Z) = Z kakz(z - ZO)IC_1 =a; + 2&2(2 — Zo) + 3(13(2’ — 20)2 + e (411)
Zk —Dar(z —20) 2 =2-Tag+3-2as(z —2) +--- . (4.12)
(= Zk (k—2)ap(z —20)*=3-2-1ag+-- (4.13)

There is a relationship between the coefficients a; in (4.10) and the derivatives
of f. Evaluating (4.10), (4.11), (4.12), and (4.13) at z = 2, gives:

fz0) =ao, fl(z0)=1ar, f"(20)=2las, [P (z)=23as.
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There is a relationship between the coefficients a; in (4.10) and the derivatives
of f. Evaluating (4.10), (4.11), (4.12), and (4.13) at z = 2, gives:

flz0) =ao, fl(20)=1a, f'(20)=2las, [fP(2)=3as,

respectively.
In general,

f™ (%) =nla,, or equivalently, a, = ., n>0. (4.14)
When n = 0 in (4.14), we interpret the zero-order derivative as f(z,) and note
that 0! = 1, so that the formula gives ag = f(2o).

Substituting (4.14) into (4.10), we obtain

- f(k) 20 k
= k(' )(z — 2p)". (4.15)

f(2)

k=0

The series given in (4.15) is called the Taylor series for f centered at z,. A Taylor
series with center 2y = 0 is referred to as a Maclaurin series, and is given by

o £k (Q

flz)=>" S20) 2F (4.16)
= K

If we are given a function f that is analytic in some domain D, can we represent

it by a power series of the form (4.15) or (4.16)?

Theorem 4.26 (Taylor’s Theorem) Let f be analytic within a domain D, and let
zo be a point in D. Then [ has the series representation

_ 00 f(k) (20)

7 (z — 20)", (4.17)

f(2)

k=0

which is valid for the largest circle C' with center at zy and radius R that lies
entirely within D.

Example 4.32 (Some Important Maclaurin Series) The following are some of
the most common Maclaurin series expansions:

e 22 ) Zk:
LR e - 4.18
e + T + 9] + ];) il ( )
. 23 25 00 N 22k+1
sz:z_ﬁjLa_“.:kz:%(_l) m (4.19)
22 24 o9 Z2k
S —1)k . 4.20
con e STRMT ,;f NoTaT (4.20)
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Example 4.33 We aim to find the Maclaurin expansion of f(z) =

(1-2)"
1
1. Find the Maclaurin expansion of g(z) = . :
—z
d 1
2. Find the Maclaurin expansion ofd— 3- Deduce the Maclaurin expansion
z1—2
1
of f(z2) = —.

Solution 4.3 For |z| <1,
1
1—2z
we can differentiate both sides of this expression with respect to z. Thus,
d 1 d d d d
— = (1) + — () 4+ ()
dz<1—2> dz< )+dz(z)+dz(z>+dz<z)+ ’

which simplifies to

=l4+z+22+2°+---,

s =0+ 1422 +327 4 =) kPN
(1—2)? k=1

Motivating Question

We know that if a complex function f(z) is analytic in a neighborhood of a point
Zp, it can be expanded into a Taylor series about z.

But what happens if f(z) is not analytic at z;, even though it is analytic in
some region around this point?

Can we still represent f(z) by a series expansion similar to the Taylor series?

The answer is yes. In this situation, we use the Laurent series, which gen-
eralizes the Taylor expansion by allowing both positive and negative powers of

(z — 20)-

4.9 Laurent Series

4.9.1 Singular Point

Definition 4.22 If a complex function f fails to be analytic at a point z = 2z,
then this point is called a singularity or singular point of the function. For

instance, the complex numbers 2 = 2i and z = —2i are singularities of the
function
z
f(z) = 21

because f is discontinuous at each of these points.

In this section, we introduce a new type of “power series” expansion of f about an
isolated singularity z,. This new expansion, called the Laurent series, involves
both negative and nonnegative integer powers of (z — zp).
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4.9.2 Laurent Series Expansion

Theorem 4.27 Let f be a complex function that is analytic in an annular region
R; < |Z—Zo| < RQ,

where R, and Ry are real numbers such that 0 < R, < Ry < oco. Then [ can be
represented by a Laurent series about the point z;:

f2) = S an(z— )"

n=—0o0

where the coefficients are given by

1 f(©)
Ap = %72 (C—Zg>n+l dC)

and C is a positively oriented simple closed contour contained in the annulus.

Remark 4.25 e The terms with n > 0 form the analytic part of the series.
o The terms with n <0 form the principal part.

o If the principal part contains only finitely many terms, the singularity is
called a pole.

o If infinitely many negative powers appear, the singularity is called an
essential singularity.

Example 4.34 Consider the complex function

8z+1

f(Z):m

and the region 0 < |z| < 1.

1. Find the Laurent series of f(z) centered at z, = 0.
2. Identify the principal part and the analytic part.

3. Illustrate the region of convergence and indicate the principal and analytic
parts on a diagram.

Solution 4.4 Step 1: Partial fraction decomposition.

8z+1 A B

&=y~ > -1

Multiplying both sides by z(z —1):

82+ 1=A(z—1)+ Bz.
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Compare coefficients:

Hence:
1 9

f&) =2+

Step 2: Expand -2 for |z| <1 using a geometric series.

1 1 S -
2_1:—1_22—7;)75 = z—l—_gr;)'z‘

Step 3: Combine terms to obtain the Laurent series.

1 |
f(z):_7_9_92—9z2—...:_;_292n
n=0

z
Step 4: Identify principal and analytic parts.

» Principal part (negative powers): ——
z

o Analytic part (non-negative powers): —9 — 9z —9z% — ... = —3°°° 92"

Step 5: Diagram of the region and series parts.

Conclusion:
The Laurent series of f(z) around z, =0, valid for 0 < |z| <1, is

z

1 N
< n=0

1

with the principal part consisting of —- and the analytic part —9 —9z — 922 —....
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4.9.3 Isolated Singular Points

Definition 4.23 Let f(z) be a complex function. A point z; € C is called a
singular point or singularity of f if f is not analytic at z,, but is analytic at
some point arbitrarily close to z,.

A singularity z, is said to be an isolated singularity if there exists a small
radius r > 0 such that f(z) is analytic for all z in the punctured disk

0<l|z—2]| <

Example 4.35 1. The function

has a singularity at zp = 0. For any small disk around 0, f(z) is analytic for
all 2 #0. Hence zy =0 is an isolated singularity.
2. The function

1 1
IO = = oo+
has singularities at z =i and z = —i. Fach of these points is isolated because

the function is analytic in a neighborhood around each singularity, excluding
the singular point itself.
3. The logarithm function

f(z)=Inz

has a branch point at zy = 0, which is also considered a singularity. It is
isolated if we consider a domain that avoids the branch cut along the negative
real axis.

Classification of Isolated Singular Points

- An isolated singularity allows the function to be expanded in a Laurent series
in a punctured disk around the singular point.

- If singular points accumulate (i.e., there is no punctured disk where the function
is analytic), the singularity is not isolated.

- An isolated singular point z = z; of a complex function f is classified according
to the principal part of its Laurent expansion. Let the Laurent expansion of f

around zy be
(o]

f2)= > an(z— )",

k=—0oc0

and let the principal part be

= (2= 2)*

. Isolated singularities are classified into three types:
1. Remowvable singularities

2. Poles
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3. Essential singularities
This classification is based on the behavior of the function near the singular
point and the terms of the Laurent series.

1. Removable singularity: If the principal part is zero, that is, all coefficients
a_ =0, then z = z; is called a removable singularity. In this case, f can be
redefined at z; to become analytic.

2. Pole: If the principal part contains a finite number of nonzero terms, then
z = 2y is called a pole. If the last nonzero term in the principal part is
a_n/(z — z)™ with n > 1, then z = z, is a pole of order n. In particular, if
n = 1, the principal part contains exactly one term with coefficient a_;, and
the pole is called a simple pole.

3. Essential singularity: If the principal part contains infinitely many nonzero
terms, then z = z; is called an essential singularity.

All these cases can be summarized in the following table.

z=zg Laurent Series for 0 < |z —zp| < R
Removable singularity | ag + ai{z — z0) + a2(z — 2o L.
[ 7 — a_in_1) a_ ; "
Pole of order n - —- i S +ap+ailz —zo)+ -
[#— 2z )™ [z —zg)7—" g — Zf i

it

Simple pole + ag + ay{z — zg) + axlz — -31'1}2 - i4iah

2 — Zn

a_n a_q

Essential singularity |---+ +ap+ay(z — )+ aalz— z)? 4o

fz = .':|:|:|2 £ —i20

Example 4.36 (Removable Singularity) Dividing the Maclaurin series for sinz

by z, we obtain

sin z 22 4

=l—-=4+—=—"--- 4.21
z 3! o 5! (421)
From equation (4.40), we see that all the coefficients in the principal part of

the Laurent series are zero. Hence,

z =0 is a removable singularity of the function f(z) = M (4.22)
2

Example 4.37 (Poles and Essential Singularity) Dividing the terms of the Maclau-

rin series

22 20

by 2 gives
simz 1z 2°
22z 315 '

From equation (4.24), we see that the coefficient a_; # 0, and hence

0<|z] <o (4.24)

sin z
R

z =0 is a simple pole of the function f(z) = (4.25)

z
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4.9.4 Zeros of a Function

Recall, a number z, is a zero of a function f if

f(z0) = 0.

Definition 4.24 We say that an analytic function f has a zero of order n at
z=2zy tf z0 is a zero of f and of its first n — 1 derivatives, that is,

Fl2) =0, flz2)=0, f'(2)=0,...., fOV(x)=0, but fO(z)#0. (4.26)

A zero of order n is also referred to as a zero of multiplicity n.

Example:
For

f(z) = (z=5)",
we have f(5) = 0, f(5) = 0, f"(5) = 0, f(5) = 6 # 0.
Thus f has a zero of order (or multiplicity) 3 at z, = 5.
A zero of order 1 is called a simple zero.

Theorem 4.28 (Zero of Order n) A function f that is analytic in some disk |z —
20| < R has a zero of order n at z = z, if and only if it can be written as

f(z) = (2 = 20)" 6(2), (4.27)
where ¢(z) is analytic at zy and ¢(zy) # 0.

Theorem 4.29 (Pole of Order n) A function f analytic in a punctured disk 0 <
|z — 20| < R has a pole of order n at z = z, if and only if it can be written as

¢(2)

(2 — zo)"

f(z) = (4.28)

where ¢(z) is analytic at zy and ¢(zy) # 0.

Definition 4.25 (Zeros Again) A zero z = zy of an analytic function f is isolated
in the sense that there exists some neighborhood of z, in which

f(z)=0

at every point z except at z = z, itself.
As a consequence, if zy is a zero of a nontrivial analytic function f, then

the function
1

f(2)

has an isolated singularity at the point z = z.
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Theorem 4.30 (Pole of Order n) Let g and h be functions analytic at z = z,. If
h has a zero of order n at z = zy and g(z)) # 0, then the function

_9(2)
16 =40 (429)

has a pole of order n at z = z,.

Example 4.38 (Poles of a Rational Function) Consider the rational function

1) == 1)(2?5?(,2 —oy (4:30)
Let us denote the numerator by
N(z) =2z +5. (4.31)
We observe that
N(1)=7#0, N(=5)=-5#0, N(2)=9#0.
Hence, the zeros of the denominator determine the poles of f(z):
e 2 =1 and z = —5 are simple poles, because the corresponding factors in

the denominator are of order 1.

s 2z =2 is a pole of order 4, because the factor (z—2)* appears in the denom-
inator.

Definition 4.26 (Holomorphic function with isolated poles) A function f defined
on a domain D C C is said to be holomorphic with isolated poles if

o [ is holomorphic on D except at a finite or countable set of points {z,z,,...} C
D,

e and at each such point z,, f can be written as

()= 2

(2 — zp)™’
where g(z) is holomorphic at z, and g(z;) # 0.

In other words, f is holomorphic everywhere in D except at isolated singu-
larities, and each singularity is a pole of finite order.

Example 4.39 The function

1 1
&)= T = e+
is holomorphic on C\ {—1,1}, and has two isolated poles at z =1 and z = —1,

with g(z) =1 .
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Definition 4.27 (Meromorphic Function) Let D C C be an open domain. A
function f : D — C is satd to be meromorphic on D if f is holomorphic on
D except at a discrete set of points {z1,z,...} C D, where each z; is an isolated
pole of f.

Equivalently, around each such point z,, there exists an integer m > 1 and
a function g holomorphic at z, with g(z;) # 0 such that

4.9.5 Argument Principle

Theorem 4.31 (Argument Principle) Let f be a meromorphic function in a sim-
ply connected domain ). Let C' be a closed contour contained in (1, enclosing
all zeros and poles of f within 2. Then we have:

Lo f'z)

where N(f) and P(f) denote, respectively, the number of zeros and poles of f
inside C' (each counted with their multiplicities).

Example 4.40 Let
f(z)=2*—1.

We will use the Argument Principle to determine the number of zeros of f(z)
inside the unit circle

C:lz|=1.
Step 1. Compute 'z)
f(z)
' 5.2 f’(z) o 32°
f(Z)—BZ, f(Z)—Zg—l.

Step 2. Apply the Argument Principle
According to the theorem,

1/
21 Jo

')
) dz= N — P,

where:
e N is the number of zeros of f(z) inside C,
e P is the number of poles of f(z) inside C.

Since f(z) is a polynomial, it has no poles (P = 0).
Step 3. Evaluate the change of argument
For |z| =1, set z = ¢ with 0 < < 27. Then,

f(z) =€ —1.



As 0 goes from 0 to 2w, the term ¢*? describes three full turns around the
origin. Subtracting 1 shifts the circle but does not change the number of turns
around the origin. Hence, the image f(C) winds three times around the origin.

Lo fi(z) ,
:>2m'/cf(z)dz_3‘

Step 4. Conclusion
Therefore,

f(2) = 2> — 1 has three zeros inside the unit circle |z| = 1.

Corollary 4.3 If [ is analytic inside and on a positively oriented simple closed
contour C, and if f has no zeros on C, then

Lo f)
2mi Jo f(2)

dz = N(f),
where N(f) denotes the number of zeros of [ inside C' (counted with multiplic-
ities).

Remark 4.26 The definition of the Argument Principle can also be expressed
in terms of the total variation of the argument of f(z) along the contour C':

- Acarg f(2) = N(f) = P()
where:

o arg f(z) denotes the argument of f(z), i.e.
f(2) = |f(z)]e'e ™.

o Acarg f(z) represents the total change in the argument of f(z) as z tra-
verses the contour C.

Example 4.41 Let the function

fe) = 2

z

Determine the number of times the variable w = f(z) winds around the origin
when z traverses the unit circle |z| =1 once in the positive (counterclockwise)
direction.

Solution 4.5 Step 1: Identify zeros and poles.
- Zeros: f(2)=0 = 2241=0 = z=—
circle: | —1/2|=1/2 < 1.
- Poles: f(z) has a pole at z = 0. Multiplicity: 1 Inside the unit circle:
0] =0<1.

1 o ge 4 . .
3. Multiplicity: 1 Inside the unit

149



Step 2: Apply the argument principle.
The argument principle states:

Ararg f(z) = 2n(N — P),

where N is the number of zeros inside I' and P is the number of poles inside
r.
Here: N=1, P=1, so

Ararg f(z) =2n(1 —1) =0.

Step 3: Conclusion.
The number of times w = f(z) winds around the origin is

0]

Example 4.42 Let
2z+1
fz) =

2324+ 1)

Solution 4.6 Step 1: Identify zeros and poles.

- Zeros: 2z +1=0 = z = —; (multiplicity 1) - Poles: z =0 and 3z +1 =
0 = z=—3 (multiplicity 1 each)

Step 2: Check which are inside |z| < 1.

- Zero: z= —1/2: inside - Poles: z=0 and z = —1/3 : both inside

So N=1, P=2.

Step 3: Apply the argument principle.

Ararg f(z) =2n(N — P) =27(1 — 2) = —27.

Step 4: Conclusion.
The negative sign indicates a clockwise rotation around the origin. Hence,
the number of windings of w = f(z) around the origin is

Ararg f(2)
2

= 1|

4.10 Solved Exercises

Exercise 4.5 Consider the power series

oo ([ 1\k+1
Z_:( 2+ (z—1—14)"

1. Determine the radius of convergence R of this series using the ratio test.
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2. Find the domain of absolute convergence in the complex plane.

3. Identify the analytic function f(z) represented by this power series.

Solution 4.7 Solution. Set w =z —1—1i. The series can be written as

00 1)k+1 00 1)k+1

Z (z—1—14) =

k

1

(1) Radius of convergence via the ratio test.

-1 k+1
Denote the general coefficient by a, = k:)' Apply the ratio test:
| _ (=DM (4 1Y 1
ay (—1)k+1/E! E+1
Taking the limit as k — oo gives
lim |25 = 0,
k—o0 a“k:

By the ratio test (or the standard consequence for power series), if this
limit is 0 then the radius of convergence is R = co.

(2) Domain of absolute convergence.
Since R = 0o, the series converges absolutely for every complex z. In other
words, the domain of absolute convergence is the whole complex plane C.

(3) Identification of the analytic function f(z).
Recall the Taylor expansion of the exponential:

oo 4k

=Y — (valid for all t € C).
—0

Replace t by —w =—(z—1—1):

T G ) A 0 ) L
D D e P D
k=0 k=1
Therefore
© (_1 k+1 > (_1 k
Z ) :_Z<k') U}k:—<€_w—1>:1—6_w.

Returning to z (with w=z—1—1), we obtain the closed form

f(z)zl—exp(—(z—l—i)).

Because the exponential is entire, f is entire as well (consistent with the
radius R = o0). The equality above holds for all z € C by uniqueness of
power-series expansion about the center zyp =1-+1.
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Conclusion. The radius of convergence is R = oco; the series converges abso-
lutely for every z € C; and it represents the entire function

f(z)zl—exp(—(z—l—z')) :

Exercise 4.6 Find the Taylor (Maclaurin) series expansion of the function

about zy = 0. Determine the radius of convergence.

Solution 4.8 We compute the Maclaurin expansion by observing that for |z| < 1
the geometric series converges:

:1+z+22+z3—|—~--zzzk- (4.32)
1—2z k=0

One may also obtain the same result by differentiating the partial sums or
by using the Taylor coefficient formula

Indeed, f*(z) = k!(1 —2)7*"', hence f*(0) = k! and

_ WO K
kR

which gives the series in (4.32).
Finally, since the geometric series converges for |z| < 1, the radius of con-

vergence is
R=1. (4.34)

1
Thus the Maclaurin series of f(z) = 1
gence R =1.

is Y02, 2% with radius of conver-

Exercise 4.7 Find the Taylor series of

about a general center z, (with zy # +i). Determine the coefficients of the
expansion and the radius of convergence.

Solution 4.9 Write f by partial fractions using the factorization 1+ 2*> = (z —
i)(z+1):

1_1(1 1)
1422 2\z—i 2z2+4+1i/)’
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Fixz a center zy with zy # +i. For each simple pole a € {i,—i} we use the
geometric-type expansion

1 1 1 i z—zo)k
Z0 — a

which is valid when &

ol <1, de. |z — 2| < |z —al.
zZ0 — a
Applying this to a =1 and a = —i and combining gives the Taylor expansion

about zj:

1 o0
ke > ap(z — z)" (4.35)
k=0

with the coefficients

1 1 1
= — — k> 0. 4.36
i 2i ((zo — )k (294 1) k+1> ’ - (4:36)

The region of validity is determined by the nearest singularity to z,. The
series (4.35) converges for

|z — 20| < R, R = min{|zy —i|, |zo + i|}. (4.37)

Special case. For the Maclaurin expansion (z; = 0) the formulas simplify. From
(4.36) with zp =0 we obtain

1 1 1
R ((—z’)kﬂ . <z’>'f+1>'

After simplification one gets the well-known Maclaurin series (valid for |z| <

1):

1 - m . 2m
ke > (=1 (4.38)

m=0

(Only even powers appear; coefficients of odd powers are zero.)

Partant de la formule générale obtenue précédemment,

1 1 1
a,r = — —_
T2 (2o — R (2 +0)RHL )

prenons zy = 1. Alors 1 —i=+2e /% et 1 +i=+/2e"* D’ou

1 1 , ,
_ _ —(et1) (ilk+1)m/a ikt D)m/a) _ o —(k+1) T
A= @x ) = (V2) (e e ) = 2i (V2) sm((kz+1)4).

En multipliant par 1/(2:) on obtient la forme réelle et simple des coefficients :

a, = 277 sm((k:—kl)%), k> 0.
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autour de z; = 1 s’écrit

Ainsi la série de Taylor de
1+ 22

+1

1 e k _k+1 T
T :1;)%(2_1) : ap =27 2 sm((k—l—l)z).

Les premiers coefficients (et premiers termes) sont :

_o—1/2 w1

a 2 /San_§>

a; = 1sing:%,
_9-3/2 . 371 1

a 2 /s1n4—1,

as = 2 %sinm = 0,

a, =272 Sin%’r = —%,

donc ]
e R (CER R CEE LN MCESVCEE (GRSt

Le rayon de convergence est la distance du centre a la singularité la plus

proche,
R=min{|l -], [1+i|} = V2.

Remarque : la formule compacte q; = 2~ *++1)/2 sin((kz + 1)7r/4) permet de générer
tous les coefficients (on voit la périodicité des signes/coefs via la valeur du sinus).

Exercise 4.8 (Laurent Series Expansion) Consider the complex function

1

JE) = s

1. Find the Laurent series of f(z) centered at zy =0 for the region |z| > 1.

2. Identify the principal part and the analytic part of the series.
Solution 4.10 Step 1: Rewrite f(z) in a suitable form for expansion.
For |z| > 1, we can factor out 1/z:

11 1 1
14z

/) Tz 1+1/z oz 1—(—1/2)

Step 2: Expand using the geometric series.
For |1/z| <1 (i.e., |z| > 1), we can write

1_(1_1/2) = i (‘i)n = i(—l)”z_”-

n=0 n=0
Step 3: Multiply by 1/z to obtain the Laurent series.

71 [e.9] oo

(=)t = Z(—l)”z‘"‘l.

n=0 n=0

f(2)



Step 4: Identify the principal part and the analytic part.
- The series contains only negative powers of z, so the principal part is

> 1 1 1
B L ot e
7;)( )"z z 22 28
- There is no part with non-negative powers of z, so the analytic part is 0.
Conclusion:
The Laurent series of f(z) around z, =0 valid for |z| > 1 is

f(z):i(—l)nz_n_lzl_i+i_...

2 3
= z oz z

with the principal part consisting of all terms and the analytic part equal to
zero.

Exercise 4.9 (Classification of Isolated Singularities) Classify the singularities of
the following complex functions and determine their type (removable, pole, or
essential):

1. fi(z) = %

2. fo(z) = Z%

3. fa(z) = €'/
Solution 4.11 1. Function fi(z)= %2

4
The Maclaurin series for sinz is

) 22 2P
smz:z—g—i—ﬁ—--- (4.39)
Dividing by z gives the Laurent series around z = (:
sin z 22 2
=1l—-=4+—=—"--- 4.40
z 3! + 5! (4.40)

All coefficients in the principal part are zero. Therefore, = =0 is a remov-
able singularity.

2. Function fo(z) =%

The function has a singularity at z = 0, and its Laurent series is

folz) = -

;.
The principal part contains a finite number of terms (here, only 1/2*), hence
z =10 s a pole of order 3.

3. Function f3(z) = e'/?
Expanding around z =0 gives the Laurent series

1 1 1
Ve 4o — 4 —— 4 4.42
‘ +z+2!z2+3!z3+ (442)
The principal part contains infinitely many terms, so z = 0 is an essential
singularity.

(4.41)

155



Exercise 4.10 (Poles and Zeros of Order n) Consider the following complex func-
tions:

r— 3
1. fi(z) = &3k

2. fo(z) = 2%(2 = 3)

3. fB(Z) = (22_—;)15

For each function, identify all zeros and poles, and determine their order.

Solution 4.12 1. Function fi(z) =

1. Zeros:

- The zeros of a function occur where the numerator vanishes. - The
numerator is (z — 1)>. Solve (z —1)* = 0:

z2—1=0 = 2z=1.
- Since the factor is raised to the power 3, 2z =1 is a zero of order 3.

2. Poles:

- Poles occur where the denominator vanishes. - The denominator is
(z+2)%. Solve (2 +2)*=0:

z24+2=0 —= z=-2.

- The exponent 2 indicates a pole of order 2 at z = —2.
3. Remark:
- Near z = —2, the function behaves as f(z) ~ Cz’z’fg’;?t, which confirms the

pole of order 2.

2. Function fy(2) = 2'(z —3)

1. Zeros:

- Solve 2*(z — 3) = 0. Factorization shows two contributions:
=0 = 2z =0 with multiplicity 4,
z2—3=0 = z =3 with multiplicity 1.
- Therefore, 2 =0 is a zero of order 4, and z = 3 is a zero of order 1.

2. Poles:

- The function is a polynomial; it has no denominator. - Hence, there
are no poles.

3. Function f3(z) = (f_;)l
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. Zeros:

- Zeros occur where 2> +1 =0:

P=-1 = z2=14i, 2= —1.

- Each factor (z — i) and (z + i) appears only once, so both zeros are of
order 1.

. Poles:

- Poles occur where (z —2)° = 0:
2=2=0 = 2=2.

- The factor is raised to the 5th power, so z = 2 is a pole of order 5.

. Remark:

- Near z =2, the function behaves as

constant

f3(z) ~ W,

confirming the pole of order 5.
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Chapter 5

Residue Theorem and Applications

5.1 Residues and Residue Theorem

In the previous chapter, we saw that if a complex function f has an isolated
singularity at a point z;, then it can be expressed as a Laurent series of the form

_ = k_ a—2 a—1
f(Z)—k:Z—:ooak(Z_ZO) —"'+(Z_ZO)Q+Z_Z0+a0+a1(z_zo)+"'a

which converges in a neighborhood of z;. More precisely, this expansion is valid
in a punctured disk
0<|z—2]|<R.

In this section, we will focus exclusively on the coefficient a_;, known as the
residue, and its central role in evaluating contour integrals.

The coefficient a_; of the term —— in the Laurent series of a function f at an
isolated singularity z, is called the 'r'eszd'u,e of f at z5. We denote it by

a_1 = Res(f(2), 20).

Definition 5.1 (Residue of a Function) Let f be a complex function that is an-
alytic in a domain D except at an isolated singularity z,. Then f admits a
Laurent series expansion around z, of the form

f(z) = Jio an(z —z0)", 0<|z— 2] <R.

n=—oo

The residue of [ at zy, denoted by Res(f,zy), is defined as the coefficient a_, of
the term (z — 29)~! in this expansion:

‘Res(f, 2p) = a_. ‘

Recall that if the principal part of the Laurent series, valid for 0 < |z —z| < R,
contains a finite number of terms, with a_,, being the last nonzero coefficient,
then z, is a pole of order n. On the other hand, if the principal part contains
infinitely many nonzero terms, then z; is an essential singularity.
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Theorem 5.1 (Residue at a Simple Pole) If a function f has a simple pole at
2z = zp, then the residue of f at zy is given by

Res(f(2), z0) = lim (z — 29) f(2).

Z—20

Example 5.1 (Residue at a Simple Pole) Find the residue of the function

at its simple pole zy = 2.

Solution 5.1 Step 1: Identify the simple pole.
- The function f(z) = Zejz has a singularity at z = 2.
- The singularity is a simple pole because the denominator is linear and nonzero

derivative at z = 2.

Step 2: Apply the formula for a simple pole.
For a simple pole at z,, the residue is

Res(f(2), z0) = lim (z — 29) f(2).

Z—r20

Step 3: Compute the limit.

z
2

Res(f(z),2) = lim(z — 2) =lime* =e¢

22 z—2 z—2
Answer:

Theorem 5.2 (Residue at a Pole of Order n) If a function f has a pole of order
n at z = zy, then the residue of f at z, is given by

Res(/(2), ) = oy i Sy [ = 20" (2.

Example 5.2 Consider the function

1

1) = o1 3y

The function f has two isolated singularities: a double pole at = = 1 and a
simple pole at z = 3.

Residue at z = 3: Since z =3 is a simple pole, we use the formula
Res(/,3) = limy(= = 3)f(2).

Thus, | | .
Res(f,3) = lim 1) = Go1) =T
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Residue at z =1: Since z =1 is a pole of order 2, we use

Res(f,1) = lim " [(= = 1)2/(2)].

Then, p .
1 1
(z—l)zf(z):z_3, 0 dz(z—3):_(z—3)2'
Hence,
: 1 1 1
e e R e

Theorem 5.3 (Residue Theorem) Let f be a complex function that is analytic
on and inside a simple closed positively oriented contour I', except for finitely
many isolated singularities zy, 25, ..., 2, inside I'.

Then the integral of f around I' is given by

ﬁf(z) dz = 2mi i Res(f, zk).

k=1

Example 5.3 FEwvaluate the contour integral

j{22+6d
z
2447

where C is the positively oriented circle |z —i| = 2.

Step 1. Singularities. Factor the denominator:
22+ 4= (2 —2i)(z+ 2i),

so the integrand has simple poles at z = 2i and z = —2i.

Step 2. Determine which poles lie inside C. The circle is centered at i with
radius 2.

|20i —i| =il =1<2 (so2i is inside C),
| —2i—i|=1]-3il=3>2 (so —2i is outside C).
Therefore only the pole z = 2i lies inside C.
Step 3. Compute the residue at z = 2i. Since z = 21 is a simple pole,

2 6 2 6 2(2¢)+6  41+6 3
Re<z+ ,2@):11111‘(2—2@') e+6  _22)+6_ 446, 3,
z—2i (z —2i)(z + 20) 20+ 2i 4q 2

S
2244

Step 4. Apply the Residue Theorem. Only the residue at 2i contributes:

2z +6 2246 3
= 2mi —20) =2mi (1 —=1i]).
7{022+4dz m Res<22+4, 2) m( 2z>

Simplifying,
3
27ri <1 — 2z> = 27 — 3mi? = 27i + 3.

Final answer:

2 6
j{ s dz = 31 + 2mi.
c 2244
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5.1.1 Jordan’s Lemmas

In the evaluation of contour integrals, it is sometimes necessary to use Jordan’s
Lemmas. These lemmas provide essential estimates for integrals taken over large
circular arcs in the complex plane.

In order to perform such calculations correctly, it is indispensable to know
the asymptotic behaviour of integrals of the form

| f@a

where ' denotes an arc of a circle of fixed opening angle and radius R — oc.

Jordan’s Lemmas establish sufficient conditions under which these integrals
tend to zero when the radius of the arc becomes infinite. They play a funda-
mental role in the application of the Residue Theorem to the evaluation of real
and trigonometric integrals by contour integration.

Lemma 5.1 (Jordan’s Lemma 1) Let a be a simple pole and let T'r be an arc of
a circle of radius R, centered at a, with an opening angle A0 =0, —6,. Then

1121% . f(2)dz =i A0 Res(f;a).
Geometric Context
Let us consider the semicircular contour in the complex plane defined by

Tr={z=Re"? |0, <0<0,},

where R > 0 and the angles 6,6, determine the opening of the arc.
Geometrically, this contour corresponds to an arc of a circle of radius R
centered at the origin. The parameter  measures the angular position of a
point z on the arc, and as R — oo, the arc expands outward, covering a larger
portion of the complex plane.
When evaluating complex integrals, particularly those of the form

/ KOs

Jordan’s lemma provides conditions under which the contribution of the integral
over the arc 'y vanishes as R — oo. This is crucial when closing a contour in
the upper or lower half-plane, depending on the sign of a, to apply the residue
theorem effectively.

Geometric Interpretation. As the radius R increases, the exponential term
¢"* tends to zero along the arc in the appropriate half-plane (upper or lower),
because the imaginary part of » makes ¢'** exponentially decreasing. Conse-
quently, the contribution of the arc integral becomes negligible, and only the
integral along the real axis (or another finite path) remains significant.

This geometric idea explains why, under certain conditions on f(z), the inte-
gral over the arc of infinite radius can be ignored.
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Lemma 5.2 (Jordan’s Lemma 2) Let 'y be an arc of a circle of radius R cen-
tered at a finite point a. If

lim [2]|f(2)] = 0.

then
1%1—{20 . f(z)dz=0.
Lemma 5.3 (Jordan’s Lemma 3) Let f(z) be a complex function such that |f(z)| <

Mpgr on a semicircle ' of radius R centered at the origin, lying in one of the
half-planes, and assume that Mr — 0 as R — co. Then, for any a > 0, we have:

1. If Ty lies in the upper half-plane (3z > 0), then

lim f(2)e** dz = 0.

R—o0 JTy
2. If 'y lies in the lower half-plane (3z < 0), then

I%E;I;o . f(z)e " **dz = 0.

3. If I'r lies in the right half-plane (Rz > 0), then

lim f(z)e**dz = 0.

R—00 JTR

4. If T lies in the left half-plane (Rz < 0), then

lim f(z)e7*dz=0.

R—o0 JT R

Remark 5.1 Jordan’s Lemmas are particularly useful when applying the Residue
Theorem to evaluate real or trigonometric integrals. They justify neglecting the
integral over the circular arc when the radius tends to infinity, allowing one
to express the real integral as 27i times the sum of the residues of the enclosed
singularities.

Example 5.4 (First Form - Upper Half-Plane) Consider the integral

400 eiaz
]:lm T_}_ldz7 a > 0.

We integrate along the real axis and close the contour by a semicircle 'y in
the upper half-plane.

OnTy:z=Re? 0<0<m.

Then,

‘eiaz‘ _ ’eiaR(COSQ-‘riSiH@)’ _ |€iaRcoseeiaRsin9| _ |e—aRsin9‘ % iaR(cosO‘ _ ’e—aRsin9’ % (1)

e
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Hence, as R — oo, the exponential term tends to zero, and Jordan’s lemma

ensures that ,
ezaz
dz — 0.
./FR 2241 :

The integral over the real line is then equal to 2mi times the sum of the residues

az
of

5 inside the contour (at z =1).
z4+

I =27 - Res 67,2':@' :2m’-€—_:7re_“.
2241

Example 5.5 (Second Form - Lower Half-Plane) Consider the integral

400 efz'az
]:KW T—f—]_dz? a > 0.

Now we close the contour by a semicircle in the lower half-plane. On this
contour,

‘e—iaz| _ e—aR| sin9|7
so again Jordan’s lemma implies that the integral over the arc tends to zero
as R — oo.

The pole inside the lower half-plane is at z = —i, and thus

e—iaz e @
I =27i - Res <z2—|-1’ z = —i) = 270 - —; =me “.

Example 5.6 (Third Form - Oscillatory Function) Let

+o00 3
= / cos(@z) b 4> 0.
—00 $2 + 1

We express the cosine as cos(ax) = R(e“”), and consider the contour integral

/ e’LaZ d
——dz
cr22+1 7

where Cy is the contour in the upper half-plane.
Using Jordan’s lemma, the integral over the semicircle vanishes. Thus, by
the residue theorem,

+00 ez’az e @
/ 5 dz = 27 - = me “.
—o00 2%+ 1 21

Taking the real part gives:

I = /+OO cos(az) dr = me™°.
—00 .Z'Q + 1
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2m
5.1.2 Evaluation of integrals of the form /0 F(cosf,sinf)df by
residues

General method. Let I’ be such that the integral below is meaningful. Use the
substitution
i0 z4 271 z—2z71 _dz

= 0= inf = do
z=e", coS R sin 5 et

so that the integral over 0 € [0, 27| becomes a contour integral over the unit circle
|z| =1 (positively oriented):

F(z—i—z_l7 z — z‘l)dz
=1

2T
/ F(cosf,sinf) do = ?{ _ —.
0 2 21 12

|z

After simplification, the integrand is typically a rational function R(z) (possibly
multiplied by ¢** etc.). Then:

1. Express the integrand as a meromorphic function R(z) on and inside |z| = 1.

2. Identify all poles of R(z) and determine which lie strictly inside the unit
circle.

3. Compute the residues of R at those interior poles.

4. Apply the Residue Theorem:

~7|{z1 R(z) dz = 2mi Z ReS<R7 Zk):

poles z; inside |z|<1

and hence recover the desired real integral (remember the factor 1/i from
df = dz/(iz) if present).

Remarks 5.1 e Many standard real integrals reduce to rational integrals in
z because cosf,sinf become Laurent polynomials in z.

e Quadratic denominators in cos produce quadratic polynomials in z whose
two roots are reciprocals ? exactly one of them lies inside |z| = 1 (if the
roots are distinct and not on unit circle).

o When F is even/odd in sinf or cos @ this may simplify residue calculations
(symmetries).

Solution 5.2 Worked example. Evaluate

]_/27r de
Jo a-+bcosh’

where a,b € R and |a| > |b| (so denominator does not vanish on [0,27]).
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Step 1. Substitution. Put z = ¢. Then

1
0056:Z+Z , d@z%.
2 12
Thus , 2 )
B 1\ bz 4 2az +
a+bc059—a+§(2+z )—T,
and
df _% 2z _g dz
a+bcost iz bz22+2az+b i b22+2az+0b
Therefore

[ % 2 dz
C Jp=1 0 b2 420z + b
Step 2. Poles. The denominator polynomial is
P(z) = bz* + 2az + b.
Its roots are
—a ++va? — b?
b )

and satisfy z,z_ = 1. Under the hypothesis |a|] > |b| the discriminant a®> —1* > 0
and exactly one root, say zy, lies inside the unit circle. Choose

—a++Va® —b?
b Y

Z4+ =

zZ0 —

which indeed satisfies |zo| < 1 when a > |b| (one can check the reciprocal rela-
tion).
Step 3. Residue at the simple pole z,. Since 2z, is a simple root of P,

R <2 1 ) 2 1 2 1 1 1
es( = —=—,20) =~ = = :
i P(z) " i Plz) i 20z+2a i bzx+ta

Step 4. Evaluate the contour integral. By the Residue Theorem,
1 1 1

2
I=2mi-Res( 2 —— 2) = 2mi-—- pe .
i es(i P(z)’ZO) T b tra " bata

Now substitute the value of z,. A short algebraic simplification (using bz, =

—a+va? —b?) gives
bzo + a = Va? — b2

Indeed, we have
VIR

2 :
Multiplying both sides by b and adding a, we obtain

_a+,/a2_b2
b + a.

zZ0 —

bZo+a:b'
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Simplifying the first term,
bzo +a = (—a+ Va?—b?) +a.

The terms —a and +a cancel, giving

bz +a = Va*— b2

Hence

2m db o
- bl.
/0 a+ bcosf 2 2 for |a| > |b]

This is the standard result. (One must choose the principal positive square
root so that the right-hand side is positive when a > |b|.)

5.1.3 Complement Formula
Definition 5.2 (Euler Gamma Function) The Euler Gamma function I'(a) is de-
fined by the improper integral:
+o0
[Na) = / ettt dt,
0
where RN(a) >0 and t € (0,+00).

Proposition 5.1 (Complement Formula) For all o € C\ Z, the Gamma function

satisfies the identity:
™

T()T(1 - ) =

sin(mar)”
This relation is known as the reflection formula or the Euler complement for-
mula.

Remark 5.2 The Gamma function extends the factorial to the complex plane
since

I'(n)=(n—-1)! for all n € N*.

The complement formula reveals a fundamental symmetry of I'(a) with respect

_1
toa—Q.

Lemma 5.4 For every z € (0,1), the following equality holds:

+oo o=l T
/ it =——
o 1+t sin(mz)

Remark 5.3 There exist several ways to introduce the Euler Gamma function,
and it possesses many remarkable properties. This lemma is often used in the
derivation of the Euler complement (or reflection) formula for the Gamma
function.

Proposition 5.2 (Main Properties of the Euler Gamma Function) The Euler Gamma
function I'(z) satisfies the following properties:
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. Domain and Analyticity. I'(z) is defined and analytic in the region R(z) >
0.

. Functional Equation. The function satisfies the recurrence relation
I'(z+1)==z2I(z), R(z)>0.
In particular, for any integer n > 0,
I'(n+1)=nl

. Derivatives. For all n € N and z € C with R(z) > 0,

(n) _ oo —tyz—1 n
P (2) = / e (Int)"™ dt.
0

. Analytic Continuation. Using the functional equation I'(z+1) = 2I'(z), the
function can be extended to a meromorphic function on C\ {—N}.

. Limit Representation. For R(z) > 0,

+oo n t n
F(z):/ e 't*1dt = lim (1—) t*~tdt.
0 n

n——+oo /o

. Weierstrass Product Formula. For R(z) > 0,

1 e z
e vz 1 e —z/n
['(z) = nl_Il ( i n) o

where v ~ 0.57721 is the Euler-Mascheroni constant, defined by

AN
v = lm <Zk—lnn)-

k=1
. Stirling’s Formula. For |z| large and R(z) > 0,

[(z) ~V2m e

nl ~ V2mn <n> .
e

. Legendre’s Duplication Formula.

In particular,

1
2% 112D () F(z + 2) =TI'(22).
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5.1.4 Residue at Infinity

Let f(z) be a complex function that is analytic everywhere on the extended
complex plane C U {co} except possibly at z = oc.

Definition 5.3 The residue of f at infinity is defined by:

Res(f,00) = — Res (;f (i) ,O)

That is, the residue at infinity is the negative of the residue at zero of the

f(1/z)

»2

function

Remark 5.4 Studying the behavior of f(z) near infinity is equivalent to studying
the behavior of f(1/z) near z = 0.

Theorem 5.4 (Sum of Residues) If f is a rational function that is analytic on
the extended complex plane except at finitely many poles z1, 2z, ..., z, (and pos-
sibly at o), then:

Res(f, o0) + 3 Res(f, 2) = 0

k=1

Proof. Consider a large positively oriented circle C'z centered at the origin with
radius R. Let I' denote the contour formed by Cy enclosing all finite poles of f.
By the residue theorem:

/ f(z)dz = 2mi i Res(f, zx)
r k=1

However, if we traverse the same contour in the opposite (clockwise) direction
around the point at infinity, we have:

/Ff(z) dz = —2mi Res(f, 00)

Comparing the two expressions yields:

En: Res(f, z) + Res(f,00) =0
k=1

Example 5.7 Compute the residue of

1

fz) = 22+1

at infinity.
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Solution 5.3 We use the definition:

Res(f,00) = — Res (;f <1) ,O)

z
Compute:
1 1 22
/)i
z =+ 1 1+ 2
Hence,
1 (1)_ 1
27 \z) 1422
Therefore,
Res (57 (5)0) =R (152:0) =0
S\ \Z)7) T a2t T
Thus,

Res(f,00) =0

Example 5.8 Compute the residue at infinity of
f(z) = 2* + 22

Solution 5.4 We wuse:

Res(f, 00) = — Res (;f <1) ,O)
/)-4

1 (1)_1+2
22 2) 23

Compute:

Then,

There is no term in %, so the residue at z =0 is 0. Therefore,

Res(f,00) =0

Example 5.9 Compute the residue at infinity of

Solution 5.5 We have:

G- = (3)-

The residue of% at z =0 is 1, therefore:

Res(f,00) = —1
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Meaning and Role of the Residue at Infinity

Remark 5.5 The residue at infinity measures the behavior of a function f(z)
when |z| — co. It plays a crucial role in completing the theory of residues by
treating the point at infinity as a possible singularity, just like any finite point.

1. The Geometric Idea
In complex analysis, we often work on the extended complex plane (also called
the Riemann sphere):

Coo = CU{o0}.
This means that oo is considered as an additional point where functions can also
have singularities.
Just as we study the behavior of f(z) near z = z3, we can study its behavior
near z = oo by considering the new variable w = —

Then, the neighborhood of z = oo correspondszto the neighborhood of w = 0.

2. Why We Define a Residue at Infinity?

When we integrate a function f(z) around a large contour enclosing all finite
singularities, the residue theorem gives:

/Ff(z) dz = 2mi zn: Res(f, zk).

k=1

However, if we look at the same contour as enclosing the point at infinity (in
the opposite orientation), the same integral is also equal to:

/Ff(z) dz = —2mi Res(f, ).

Combining these two expressions leads to the fundamental relation:

Res(f, 00) + zn: Res(f, zx) =

k=1

Thus, the residue at infinity acts as a balance term that completes the sum of
all residues on the Riemann sphere.
3. Practical Uses

(a) Simplifying calculations: Sometimes, it is easier to compute Res(f,o0)
than all other residues, or vice versa. The relation

Res(f, o0) Z Res(f

can then give the value of one term directly.

o (b) Integrals over large contours: When evaluating integrals over a large
circle |z] = R — oo, the residue at infinity determines the limit of the contour
integral:

/IZRf<Z) dz = —2mi Res(f,00).

This is particularly useful for rational functions that vanish at infinity.

170



e (c) Theoretical completeness: In the Riemann sphere, every meromorphic
function has a finite number of singularities, including possibly one at in-
finity. The residue theorem then holds globally:

The sum of all residues on C, is always 0.

This property is central in complex geometry and in the study of analytic
continuation.

The residue at infinity measures the contribution of the function f(z) near
z = 00 to complex contour integrals. It ensures that the sum of all residues (finite
and infinite) on the Riemann sphere equals zero.

> Res(f,2) =0

all poles (including co)

Application of the Residue at Infinity to the Evaluation of Real Integrals

1. General Idea

When evaluating improper real integrals of rational functions, one common
approach is to extend the real integral to a contour integral in the complex
plane. The residue at infinity can then be used to compute the integral over a
large circle when the function decays sufficiently fast as |z| — oc.

Remark 5.6 The main idea is to interpret an integral of a rational function
over the real line as part of a closed contour integral in the complex plane.
The contribution of the large semicircular arc often tends to zero, and the
remaining part of the contour integral can be computed using the residues of
the function-including possibly the one at infinity.

2. Typical Integral Form
We consider integrals of the form:

I = /_OO R(x) dz,
P(x)
Q(z)

where R(z) = is a rational function such that:

deg(Q) > deg(P) + 2.
« The degree condition ensures that R(z) — 0 as |z| — oc.

« This guarantees that the integral over the large semicircle in the upper (or
lower) half-plane vanishes as its radius tends to infinity.

3. Using the Residue Theorem
Let C'z denote the contour composed of:

e the real axis from —R to R,
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o and the upper semicircular arc 'y of radius R centered at the origin.
Then,
/ R(z)dz = 2mi > Res(R, zi).
Cr

poles of R
in the upper half-plane

If deg(Q) > deg(P) + 2, then as R — oo,

/r R(z)dz — 0.

Thus,
00
/ R(z) dx = 2mi > Res(R, z).
o0 poles of R
in the upper half-plane

4. Role of the Residue at Infinity

When deg(Q)) = deg(P) + 1, the integral over the large circle does not vanish.
In that case, the contribution of the arc at infinity can be computed using the
residue at infinity.

Indeed, for any closed contour enclosing all finite poles:

/ R(z)dz = —2mi Res(R, 00).
Jer
Hence,

/Oo R(z) dx = —27i Res(R,o0) if R has no finite poles in the upper half-plane.

Remark 5.7 The residue at infinity is therefore useful to:

o account for the contribution of the arc when it does not vanish,

o or replace the sum of residues at finite poles when the function is entire
except at infinity.

5. Example 1
Example 5.10 Compute the integral

I:/OO _dr
—oof)?2+1

1
2241

Solution 5.6 Let
f(z) =

It has simple poles at z =i and z = —1.
We close the contour in the upper half-plane. Only the pole at z = i lies
inside.

Res(f,i) =lim(z — i) f(2) = l

Z—>i 21

©  dx !
/ — = 2m () = .
—00 ZL‘Q + 1 21

Since f(z) - 0 as z — 0o, we do not need Res(f,o0) here.

Hence,
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6. Example 2 (Using the Residue at Infinity)

Example 5.11 Compute

0o 2_1
Ry
7001’2‘1‘1

Solution 5.7 Let

22 -1
fz) = 241
This function is meromorphic with poles at z = i and z = —i. However, note
that
z) —— L.
|z]—o0

So the integral along the large arc does not vanish, we must use the residue at

infinity.
We have: 1 1
Res(f,00) = —Res(Qf() ,O) :
z z
Compute:
f<1)_ -1 1-2?
z) L5410 142
Then:

1f(1>_ -2 1 1
2°\z)  22(1+22) 22 1422
The residue at z =0 is the coefficient of % in this expansion, which is 0.

Hence:
Res(f,00) = 0.

Therefore, using the global residue theorem:
Res(f,i) + Res(f, —i) + Res(f,00) = 0.

We can compute one residue and deduce the other, or use symmetry to con-
clude that the integral of the odd part is zero.

In fact, since the integrand tends to 1 as © — oo, the integral diverges,confirming
that the residue at infinity correctly indicates that the integral does not con-
verge.

7. Summary For rational functions:

o If f(z) — 0 as |z| — oo, the integral along the large circle vanishes. The
integral over R equals 27i times the sum of residues in the upper half-plane.

o If f(z) does not vanish at infinity, the contribution of the large circle is
expressed through the residue at infinity:

/_Oo f(z)dx = —2mi Res(f,0).
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5.1.5 Integrals of Multivalued Functions
Example 5.12 Consider the function

f(z) ==

This function is multivalued because for every nonzero complex number » = re?,
we have two possible values:

Vz=re?? and — \/re?2.

Remark 5.8 This happens because when z completes one full turn around the
origin (0 — 0 + 2w ), the value of \/z changes sign:

Vrei0+2m) — \/7761‘(9/2+7r) _ _\/;eiQ/Q.
Hence, /z is two-valued.

To make /2 single-valued, we restrict its domain by introducing a branch cut,
usually along the negative real axis. On this restricted domain, the function
behaves normally and we can integrate it.

Integral Around the Origin

Example 5.13 Let us compute
I = ]{ Vzdz,
c

where C is the unit circle z =€, 0 < 0 < 2.

Solution 5.8 Parameterize the contour:
z=¢"  dz=ie?do.

Then )
I = / Vet et de.
0

Using the principal branch ve? = ¢/, we have

2 2 . 27 2 . 2 4
I= @/ ei32) dp = i [,el(?"’/?)} =i (e —1) = Ji(=1-1) = —i.

0 31 0 3 3 3
However, this result is not valid because /z is not single-valued on the full
circle.

Indeed, it is not possible to integrate the function /2 around a closed contour
that encloses the branch point (here z = 0) if we require the function to remain
single-valued on the entire contour. There exists no single-valued branch of /z
on a contour that makes a full turn around the point z = 0 once.
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If we choose one specific branch (for example, the principal branch), we can
integrate only along the corresponding arc 0 € (—7, 7). However, this path is not
closed on the same sheet of the Riemann surface.

To obtain a closed integral that returns to the same value of the function,
the contour must go around the origin on both sheets, in other words, we must
make two complete turns for /z.

The computed values are:
44 81

/ Vzdz = —3 and for the closed path over two turns: ?{\/Edz =3
oe(—m,m)

Conclusion

s 41
/ Vzdz = _gz (one turn on principal branch)

%
Vzdz = —é (true closed contour)

?fclosed over two sheets

’ and if the contour does not encircle 0, the integral is O.‘

Remark 5.9 When the contour C' encircles the origin completely, the function
V2 changes its sign after one full turn, meaning the integral depends on the
path. This is why the integral of a multivalued function around its branch
point is generally not zero and sometimes even undefined.

How to Handle Integrals of Multivalued Functions

When dealing with a function that is not single-valued, such as z'/" or log z,
the integration process requires special care.

1. Identify multivalued behavior: Check whether the function involves expres-
sions like /" or log z, which take several values depending on the argument
of z.

2. Choose a branch cut: Select a curve (usually a half-line or segment) that
connects the branch point to infinity (for example, the negative real axis).
This cut ensures the function becomes discontinuous only along that curve.

3. Define a single branch: Restrict the argument of z (e.g. § € (—7, 7)) so that
the function becomes single-valued on the chosen domain.

4. Select a contour that avoids the branch cut: Integrate only along paths that
do not cross the branch cut. If a closed contour is needed, it may have to
run on both sides of the cut or cover several sheets of the Riemann surface.

Remark. This procedure allows one to define integrals of multivalued functions
consistently, without ambiguity in the value of the integrand. In many cases
(such as /z or log z), the contour must be taken over two sheets of the Riemann
surface to return to the initial value of the function.
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Example 5.14 For instance, if we take the branch cut along the negative real
axis and integrate

I:/m\/}e_xdx,
0

then /x is well-defined and real, and we can evaluate the integral normally
using standard real methods.

5.2 Solved Exercises

Exercise 5.1 (Evaluation by the Residue Theorem) FEwvaluate the contour inte-
gral

f o=y
z
c(z—1)%(z—3)
for the following contours:
(a) C is the rectangle with sides © = 0,x =4,y = —1,y = 1 (positively oriented).
(b) C 1is the circle |z| =2 (positively oriented).

Solution 5.9 Let 1
M= ey
The function f has a pole of order 2 at z =1 and a simple pole at z = 3.
Residues.

. . 1 1 1
el 3) = inle = = e e T T

For the double pole at z =1 we use

=] =t () = i (i) =~

(a) Rectangle 0 < x <4, —1 <y < 1. Both points z =1 and z = 3 lie inside
this rectangle. Hence by the Residue Theorem

d
Res(f,1) = lim —

z—=1 dz

1

%Cf(z) dz = 2m’(Res(f, 1) + Res(f, 3)) — o7 <_i + 4) —0.

1
ﬁmz—n%z—adzza

(b) Circle |z| = 2. Here |1| =1 < 2 so z = 1 lies inside the circle, while
13| =3 > 2 so z =3 lies outside. Only the residue at z =1 contributes:

f.cf(z) dz = 2mi Res(f,1) = 2mi (—i) = —7;.

)

1
ﬁ%z—D%z—@dZ:_Q'
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Exercise 5.2 (Evaluation by the Residue Theorem) FEvaluate the contour inte-

gral
eZ
——dz
?{c 24+ 523 77

where C' is the positively oriented circle |z| = 2.

Solution 5.10 Write the integrand as

e? e?

A4523  B(z+5)

Thus the integrand has a pole of order 3 at z =0 and a simple pole at z = —5.
On the circle |z| =2 the point z = 0 lies inside while z = —5 lies outside. Hence
only the pole at z = 0 contributes.
Let ;
e
9(2) = z+5

Since the pole at z =0 is of order m = 3, the residue at 0 is given by
e? I 3 o 1. & e 1,
R<<+5>0) = glim 2" =t = gl gsl o5 ) = 39O

We compute ¢"(z). First

d( e ):ez(z+5)—ez (24 4)

g’(z):£ z+5 (z+5)2  (24+5)2°

Differentiating again,

ry = L(EEHD) b= 2z 1) e*(22 + 82+ 17)
Z) = — — =
g dz\ (z +5)2 (z+5)° (z+5)°
Hence 0. 17 -
e .
" o _ -
and therefore
e’ 1 17 17
Res(— " 0)=—. L "
es<z4 + 528 ) 2 125 250

By the Residue Theorem (only the residue at 0 contributes),

% ¢, 1T 17m
———dz =21 — = ——.
¢ 24+ 523 ™ 950 T 125

Final answer:

7{ e® d 171
z = )
c z*+ 523 125

Exercise 5.3 Use the properties of the Gamma function to show that:

()= wa 1=
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Solution 5.11 Start from the definition

r(3) = /OOO e Y2 dt.

Perform the substitution t = u>. Then dt = 2udu and

t_1/2 _ (u2)—1/2 _ l’
u

00 1 00
r(l :/ e‘“Q—Qudu:2/ e
(2> 0 u ( ) 0
Thus it remains to evaluate the Gaussian integral / e du.
0

Let [ = [° ¢ du. Then

([ ) ([ ) [

Switching to polar coordinates x = rcosf, y =rsinf on the first quadrant:

/m/ e drdf = (/Oﬂcw) (/()Oore_Ter).

Compute the radial integral with s =r?, ds = 2rdr:
00 1 foo 1
/ re " dr = 7/ e fds = —.
0 2 Jo 2

I’ =

SO

Hence

DO | =
=] 3

T
2
so I =/m/2. Therefore

N\ o7 VT _
r(i)_2]_2-7_\/¥.

Finally use the functional equation I'(z + 1) = 2['(z). With z =

r(t) = r(s) -

% we get

B

This completes the proof.

Exercise 5.4 (Residue at Infinity) Compute the integral
o 2
I = / T dx
—00 213'4 + 1

using complex residues. In particular, compute the residues of the integrand’s
poles, evaluate the residue at infinity (as a check), and deduce the value of I.
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Solution 5.12 Let

We proceed in several steps.

Step 1: Locate the poles.
The poles are the roots of z* +1 = 0. Solving gives

A==t — g =5, k=0,1,2,3.
Explicitly, ‘ ‘ ' '
2 = 6171'/4’ 29 = 61371'/4’ 23 = 6157r/4’ 24 = 62771'/4.
The two poles in the upper half-plane are z; = ¢™/* and z, = €7/,

Step 2: Determine the order of the poles and compute residues at finite
poles.

Each root of 2*+1 is simple (the derivative 4z° does not vanish at the roots),
so the poles are simple. For a simple pole zy of f, the residue is

Z2 22 22 1
R — 1 = T T L T T
es(f Zo) 21190( ZO>Z4 +1 (z4 + 1)/ 428’ 4z
2=z
Hence for each pole z,
1
R
eS(f7 Zk) 4zk

In particular, for the two poles in the upper half-plane,

1 1

Res(f,21) = dgin/A” Res(f, z2) = Jeidr/d

Step 3: Sum the residues in the upper half-plane.
Compute

Supper = Res(f, 21) + Res(f, 22) = <e—i7r/4 + 6—i37r/4> ’

o |

We simplify the bracket:
e~/ 4 BT/ — COS(%) — zsm( ) + COS(?)I) — isin(%) .
Using cos(m/4) = ‘2[, cos(3m/4) = ‘2[, sin(m/4) = ‘2[, sin(37/4) = ‘[ we get

eTIm/A p T BT =0 — (? + g) = —iV2.

Therefore

Super = 7~ V) = N

Step 4: FEwvaluate the real integral via residues.
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The integrand f(z) is even and behaves like 1/2* as |z| — oo, so the integral
over the large semicircle in the upper half-plane vanishes as the radius R — oc.
Hence, closing the contour in the upper half-plane and applying the residue
theorem gives

2

© ‘ ‘
/—oo zt+1 dr = 2mi Z RGS(f, Zk) =27 - Supper.

poles
in upper half-plane

Substituting Sypper = —2\2/5 yields

I o 1 5 1 T
=2mi|——= | =21 —= = —.
2v2 2V2 V2
Step 5: Compute the residue at infinity as a check.
By definition,
1 ./1
Res(f,00) = —Res(Qf(> ,0) :
z z

1 1/2° 22 1 ,/1 1
=i e bk
z 1/z4+1 1422 227 \z 1+ 22

has no 1/z-term in its Laurent expansion at 0, hence its

Compute

The function 5
z

restdue at 0 is 0. Therefore
Res(f,o0) = 0.

This is consistent with the fact that the sum of all finite residues is 0 (which
can be verified by summing ﬁ over the four roots z).

Conclusion. The value of the integral is

2

o0 X m
7001'44‘1 . \/§
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Chapter 6

Applications

6.1 Equivalence Between Holomorphy and Analyticity

Definition 6.1 (Holomorphic Function) A complex function f : Q C C — C is
called holomorphic at a point z, € () if the complex derivative

f'(z0) = lim M

Z—r20 z — ZO

exists. If f is holomorphic at every point in (2, we say that f is holomorphic
on ().

Definition 6.2 (Analytic Function) A function f : Q — C is said to be analytic
at 2y € ) if there exists a power series

o0

Z an(z — zo)"

n=0

which converges to f(z) in some neighborhood of z,:

[e.o]

f(z) = Zan(z—zo)”, |z — 20| < R.

n=0

Theorem 6.1 (Equivalence of Holomorphy and Analyticity) Let f : Q ¢ C —» C
be a complex function. Then:

f ts holomorphic on @ <= [ is analytic on ().

Sketch of Proof.

o Holomorphic = Analytic: If f is holomorphic in an open set (2, then by
Cauchy’s integral formula, for any z, € (:

f(z) = 1/|w f(w) dw, |z —z| <.

271 —zo|=r W — Z

Expanding 1/(w — 2z) as a geometric series gives a convergent power series
around z;, showing that f is analytic.
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e Analytic = Holomorphic: If f can be expressed as a convergent power
series around z;, then term-by-term differentiation of the series is valid,
giving

fi(z) = nan(z —z)" ",
n=1
which exists in the same neighborhood. Hence f is holomorphic.

Remark 6.1 This equivalence is a fundamental property of complex analysis
and distinguishes it from real analysis: in the real case, differentiability does
not necessarily imply analyticity, but in the complex case, holomorphy au-
tomatically implies that the function is locally representable by a convergent
power series.

Definition 6.3 (Radius of Convergence) Let

f(z) = an(z — 2)"
n=0
be a power series centered at z, € C.
The radius of convergence R is the largest number such that the series con-
verges for every z satisfying
|z — 20| < R.

The open disk
D(zp,R)={2€C : |z — 2| < R}

is called the disk of convergence.

Corollary 6.1 If

o0

f(z)= Z an(z — 2z9)"

n=0
has radius of convergence R, then [ is holomorphic at every point z in the
open disk

|z — 20| < R.
Example 6.1 Let
sin z 20
f&=4 = "%
1, z = 0.

(a) Show that f is an entire function.

(b) Compute lgn% f(2).
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Solution 6.1 Step (a): Show that f is entire.
For z # 0, recall the power series expansion of sin z:

) 00 22n+1
sinz = nz::o(—l)”m.
Dividing by z for z # 0, we get
sinz & 22
J) = P n:O(_1>n(2n + 1)

Step (al): Analyticity at z = 0.
To prove f is analytic at 0, observe that the series above is of the form

(~1)2

f(z) =) a,2"  with a, =< (2n+ 1)’
n=0 0, n odd.

n even,

- This series converges for all z € C (infinite radius of convergence). - The
constant term ay = 1, which matches f(0) = 1.

Hence, f can be expressed as a convergent power series around 0, which
proves that [ is analytic at z = 0.

Step (a2): Analyticity elsewhere.
For 2 #0, f(z) =sinz/z is the ratio of two analytic functions with a remov-
able singularity at z = 0. Therefore, f is analytic on all of C, i.e., f is entire.

Step (b): Compute the limit at 0.
From the series or the standard limit, we have:

sin z

lim f(z) = lim

z—0 z—0 z

=1.
Thus, f(0) =1=lim,, f(z), confirming continuity at 0.

Theorem 6.2 (Gauss Mean Value Theorem) Let f be holomorphic in a domain
UcCC, andlet zy € U. Then f(z) is equal to the average of f on the boundary of
any disk centered at zy and contained in U. That is, for any disk D(zy,r) C U:

flz) = 2171 /027r f(zo + rew) do.

Example 6.2 Let
flz) =2

which is holomorphic on C. Let zy = 1+ i and consider a disk of radius r > 0
centered at zy, D(z,r).
According to the Gauss mean value theorem, we have

f(z0) = 217r /027r f(zo + rew) de.
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Computation:

fzo+1re®) = (20 + 7€) = 22 4 2297 + r?e??.

Now integrate over 0 € [0,27]:
%/ﬂ (zg + 221 + r2e? 9>d0 =2+ ?/o edo + %/0 e*?dp.
Since

o 2.
/ ¢9d0 =0 and / 2040 — 0,
0 0

we get
1

21 .
%/0 fzo+re®)do = 22 = f(20).

Thus, the value at the center equals the average on the circle, as stated by
the theorem.

6.2 Calculation of Integrals by the Residue Method

6.2.1 Integrals over Special Contours

The residue theorem is a powerful tool to evaluate complex integrals, especially
when the integrals are difficult or impossible to compute by elementary methods.
Let us recall:

Some common special contours are:

1. Circle around the origin: Cy: |z| = R If f(z) has isolated singularities inside
Ck, the integral over the circle can be computed using

/Cf(z)dz:Qm' > Res(f, 2)

R inside CR

and it is often useful for computing integrals of the type
21 .
/ F() db.
0

2. Semi-circular contour: Often used to compute integrals on the real axis by
closing the contour in the upper or lower half-plane. Let f(z) be analytic
except at poles in the upper half-plane. Then for R — oo:

/_O:O flx)de =2mi > Res(f,z),

upper poles

provided the integral over the semicircular arc vanishes as R — oo.

3. Keyhole contour: Useful for integrals involving branch cuts, for example

ooaja—l
/ dr, 0<a<]l.
o r+1
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4. Rectangular or other contours: Sometimes used to evaluate sums or inte-
grals using periodicity or decay conditions of f(z).

Example 6.3 Compute
27 db

0 H5+44cosh’

Solution 6.2 1. Use the substitution z = ¥, df = ?—j, cosf = ”2#_1 Then

/27r do B ]{ dz B 7{ dz
0 5+4cosl  J=1i2(5+2(z+27Y)  Ji=14(222 + 524 2)°
2. Factorize the denominator:

222 +52+2=(2z+1)(2+2)

3. Identify the pole inside the unit circle: 2:+1=0 — z = —%
4. Compute the residue:
R ( 1 1) 1 1
es z=—=]= = —
(222 +52+2) 2 i(b—2) 3i
5. Multiply by 2mi:
2m de _ o 1 27
o btdcosf 3 3

Remark 6.2 The key steps are: substitution z = ¢, identify the poles inside
the contour, compute residues, and multiply by 27i. This method is extremely
efficient for integrals over [0,27]| or (—o0,0).

6.2.2 Improper Integrals Involving an Exponential

Integrals of the type

OO P(l’) [fe%5
/ooQ(x)e dr, «a>0

where P(z) and Q)(z) are polynomials, can often be evaluated using the residue
theorem by extending the integral to the complex plane.
Method

1. Consider the complex function

Pl
Q(z)

f1e%4

fz) =

2. Choose a contour in the complex plane:

e If & > 0, close the contour in the ”upper half-plane” to ensure ¢*** — (
on the large semicircle as R — oo.

o If a <0, close in the ”lower half-plane”
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3. Identify the poles of f(z) inside the chosen contour.

4. Apply the residue theorem:

/OO f(z)dx = 2mi > Res(f, z),

—00 -
poles inside contour

provided that the integral over the semicircle vanishes as R — oo (Jordan’s
lemma).

Example 6.4 Compute '
0o el
[
—00 22 +1

eZZ

f(z) = 2241
2. Poles: z=1i and z = —i (simple poles).
3. Close the contour in the upper half-plane (« =1 >10), so only z =i is
inside.
4. Compute the residue at z = i:

eiz eiz eii 6_1
o <22 T1” Z) o Gl pe TP el PR T

Solution 6.3 1. Consider

5. Apply the residue theorem:

0o eiﬂf 6_1
/ 2+1dl':27'("l"7:71'€71.
—oo T 1

Remark 6.3 - The choice of the semicircle direction depends on the sign of the
exponent in ¢,

- Jordan’s lemma ensures that the integral over the large semicircle vanishes
as R — oo.

- This method works for integrals of the form [~
at infinity.

Sgg e'“*dy with proper decay

Remark 6.4 In the context of integrals of the form

/o:o gg; e dg,

the phrase proper decay at infinity means that the integrand goes to zero suf-
ficiently fast as |x| — oo so that the integral converges and contour integration
can be applied.

More precisely:

o When closing the contour in the upper or lower half-plane, the exponential
term ' must decay:
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— If a > 0, we close the contour in the upper half-plane because ¢'** =
€= decays as y — oo.

— If a <0, we close the contour in the lower half-plane.

e The rational factor P(z)/Q(z) must satisfy deg(Q) > deg(P) + 1 so that
|P(2)/Q(2)] = 0 as |z| — co. This ensures that the integral over the semi-
circular arc vanishes (by Jordan’s lemma).

In short, proper decayensures that

Pz)

eiaz =0
|z| =00, 2 on contour Q(Z) ’

allowing the residue theorem to be applied safely.
Exercise 6.1 Fvaluate the integral
o) efx
[
o 2tdrt5
using the restdue theorem.

Solution 6.4 Step 1: Identify the poles.
We factor the denominator:

2 +dr+5=(r+2—10)(z+2+1),

so the function
e—Z

1) = oG240

has simple poles at
21:—2+i, 2’2:—2—1

Step 2: Choose the contour.
We consider a contour in the upper half-plane consisting of:

e The segment along the real axis from 0 to R.

o A semicircular arc of radius R in the upper half-plane connecting R back
to 0.

This contour is chosen because:
« The integral is over [0, 00).

e The factor e * decays in the upper half-plane, so the integral over the arc
vanishes as R — oo (Jordan’s lemma).
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Step 3: Determine which poles lie inside the contour.

- Only the pole z; = —2 + 1 is in the upper half-plane.
- The pole z, = —2 — i lies below the real axis and is outside the contour.

Step 4: Compute the residue at 2.
For a simple pole:

6—21 e—(—2+i) 2—1

Res(f,z) = Zh_gll(z —2)f(z) = oy (—2+i)— (=2 —1) = 9

Step 5: Apply the residue theorem.
The integral over the full contour is

2—1

j{f(z) dz = 2mi Res(f,z) = 2mi - 622, = me?

Step 6: Justify the arc contribution.
On the semicircular arc z = Re" 0 € [0,7]:

/[m: f(2)dz

Thus, the integral over the arc vanishes in the limit.
Step 7: Conclude.

e—?R(Z)

<7R- —
- |z +2—d||z+ 2+

0 as R — oc.

/ ﬁ dr = me*" = me*(cos 1 —isinl).
0o T x
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