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have learned in a way that suits their scientific abilities. Therefore, we provided them with this
handout, which contains lessons and corrected exercises compatible with the curriculum of the
Ministry of Higher Education and Scientific Research.

This handout is composed of four chapters:

1. Vector spaces.

2. Linear applications.

3. Matrices.

4. Systems of equations.

To fully understand this content, the reader should be familiar with concepts related to
algebraic structures (groups, rings, and fields).

At the end of each chapter, the reader will find a series of exercises with detailed answers.

This course was presented to students at Djilali Boungama University in Khemis Miliana,
Ain Defla, Algeria.

We also invite our colleagues and students who would like to send me their comments,
suggestions, and criticisms. Please do not hesitate to send them to us so that we can improve
this document.

E-mail: m.houasni@univ-dbkm.dz
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CHAPTER 1

Geometry predominated in Greek mathematics and it was not until Descartes in the 17th
century that the link was made, thanks to the notion of reference, between geometric notions:
of points on the plane or in space, of curves and algebraic ones, of pairs or triplets of real
numbers and equations. This approach proved fruitful for both geometers and analysts. It
offered the former all the power of analysis to deal with geometric problems and, to the latter,
the representations of geometry to visualize and state the phenomena of analysis. The gener-
alization of the geometric notions of the plane R? and of space R® Higher-dimensional spaces
were not immediately apparent. The formalism to address this problem was lacking. It was
the self-taught German mathematician Hermann Grassmann who, in the 19th century, outlined
the notions of vector space and dimension. His work was difficult to understand, and it was
thanks to the Italian mathematician Giuseppe Peano that these concepts were refined and took
their definitive form. Linear algebra has become the framework for the study of many theories,
particularly in analysis. Today, with the development of computing tools, linear algebra is more
easily implemented using matrix calculus.

This chapter covers some fundamental concepts required for this document. Mastery of the

material in this chapter is essential. The concepts covered are:
—Vector spaces.
—Vector subspaces.
—Basis and dimension of a vector space.
—Sum of vector subspaces.




Vector space Chapter 1. Vector spaces

1.1 Vector space

Throughout this chapter k designates the field R or C. We will give the axioms that define a

vector space.

Definition 1.1 (k-espace vectoriel) Let (k,+, x) be a field. We call a vector space over the
field k any set E equipped with an internal composition law + (addition)

(ExE > E
| (@y) = z®y

and an external composition law - (multiplication by a scalar)

) kxE — F
Ny) — Az
such that

1. (E,®) is a commutative group. We denote O its neutral element.

2. For all (o, B) € K%, and for all (z,y) € E?, we have

e (a+p)lr=axr®px Aziom 1
e (axf)x=a(f.x) Aziom 2
e 0.(T®Y)=a.r®a.y Aziom 3
o lyx=ux Aziom 4

We then say that (E,®,-) is a K-vector space. The elements of k are called scalars, those of

E, vectors. The neutral element of (E,®), O is called the null vector.

Example 1.1 The commutative field k, is a vector space on itself, for addition and the product

existing on k.

Example 1.2 Let n € N* be a non-zero integer, we define the Cartesian product kK™ as follows

Ifn=1 k' =k.

If n =2, k? =k x k is the set of pairs formed from elements of E.

Ifn =3, k* = k? xk by definition, it is therefore the set of couples of the type (a, z) with a in
k? so of the type a = (x,y) with v and y in k. Instead of noting ((z,y), z) the generic element
of k3, we denote it (x,y,z) and we talk about the triplet, (x,y,z) of k3.

University of Khemis Miliana 2 Algebra - Dr. M HOUASNI



Vector space Chapter 1. Vector spaces

More generally, k™ will be, by rare definition, the Cartesian product of k! by k, let k® =
k"~ 'x Kk, and for convenience, we will denote (x1, s, ..., x,) the generic element of K", (with
each z; € k) called n-tuple.

Formally, we therefore define k™ from the couples. On K", we define a vector space structure

by posing:
fO,r.X — (xl,x27 ’xn) and Y = (y17y27 7y1’L> Zn ]kn’ and )\ Zn ]k;
X4+Y = ($1+y1,---;xn+yn)>
AX = (A1, g, .oy ATy,

and it is easy to verify that we have a vector space structure.

Example 1.3 The set R, [z]| polynomial functions with coefficients in R of degree < n, that’s
to say :
R,[z] ={P:R = R| P(z) = ap+ a1 + ... + a,2", a; € R}

is a vector space over R for the laws:

(ap + a1z + ... + apz™) + (bg + bz + ... + byz™) = (ag+bo) + ... + (a, + by)2z"
A(ag + a1z + ... + apz™) = Aag+ Az + ... + Aayz”

More generally, the set Rlz| polynomial functions of all possible degrees with coefficients in R

18 a vector space over R with the laws:

Z apx® + Z bt o = Z (ar, + by,) 2"
k 3 k
A Z apx® . = Z (Aay) z* (1.1)
) k

(the sums only contain a finite number of non-zero terms).

Example 1.4 Let A be a non-empty set and E a vector space over the field k. The set E4
applications of A in E is equipped with a vector structure on k in the following way.
If f and g are two functions from A to E, and X a scalar in k we define the function f + g
by
Ve e A, (f+9)(x) = fx)+g(x),
and the function A.f by
Ve e A, (\f)(x) = \.f(x),
and here again it is a exercise to verify that we have a wvector structure for the space of
applications of A in the vector space E. Its zero vector is the identically zero function on A
with values in F,
Oga : A — FE
r — Og

University of Khemis Miliana 3 Algebra - Dr. M HOUASNI



Calculation rules Chapter 1. Vector spaces

Example 1.5 Let Ei, ..., E,. n vector spaces over the commutative field k, by proceeding by
recurrence as for k™, we define the Cartesian product E = E; X Fy X ... X E, still noted
E =11, E;, whose elements are the n-tuples X = (X1, ..., X,,), withVi=1..n, X; € E;-

It 1s easy to verify that for the addition + defined by

(X1, X))+ (Y1, oY) = (Xa+ Y, Xa+ Y, X+ YD)
E is an additive group, and that with the product
AX = (AX1, A Xy, ..., A X)),

we provide E with a vector structure.

1.2 Calculation rules

Proposition 1.1 Let (E,+,-) be a k-vector space. For all scalars o, B, A € k and for all vectors
x,y € E, we have
1. Ok T = OE

2. (=1)x=—x

7. Az =0p<= (A=0 or z=0g).

Proof. 1. We have
Oxx +0p = Oz because (E,+) is a group
= (Ox + Ok) -z because k is a field
= Ogx+ Oz
From where Oy-z = Op by subtracting O-x to the right of the two members of this equality.
2. We have :
x4+ (=1)z = l.r+ (—1)-z thanks to the axiom 4
= (14 (—1)).z thanks to the axiom 1
= Og-z because k is a field

= 0g according to 1 previous ones.
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Vector subspaces Chapter 1. Vector spaces

then (—1).x is the opposite of z. We can then write : —z = (—1).x.
3. We have:

(=N)x = (—=1.\)z because k is a field
= (—1).(\.x) thanks to the axiom 2

= —M\.x according to 2 previous ones.

4. We have:

(a=p)x = (a+ (—pf)).x because k is a field
= «a.r+ (=) .x thanks to the axiom 1

= «.r — .z according to 3 previous ones

5. We have:
Az —y) = A(z+ (—y)) because (E,+) is a group
= Az + A (—y) thanks to the axiom 3
= Ax+ A (—1y) according to 2 previous ones
= Az + (A (—1)).y thanks to the axiom 2
= Az + (=A).y because k is a field

= A.x — A\.y according to 3 previous ones
6. On a:
M0 = M\ (z—2x) car (E,+) is a group
= Az + A (—x) hanks to the axiom 1

= Ax — A-x according to 3 previous ones

= 0Op car (F,+) is a group.

7. Let’s suppose that A\-x = 0g, if A = O so according to 3, A. Otherwise, if A # Oy the as k

is a field A\~! exists and
r=1lz=AXN") z=X"(\z)=X"0p=0pg,

and so ¢ = 0. The converse is obvious. O

1.3 Vector subspaces

Definition 1.2 (Vector subspace) We call a vector subspace of a vector space E over the
field k, any subset F' of E which is an additive subgroup of E s such that V) € k, Vo € F,
Ax € F.

University of Khemis Miliana 5 Algebra - Dr. M HOUASNI



Vector subspaces Chapter 1. Vector spaces

Remark 1.1 [t is then obuvious that F is a vector space on Kk, the conditions of the definition

1.1 being verified.
Example 1.6 {Og} and E are vector subspaces of E.

Definition 1.3 (Linear combination) o Let 1, xs,...,x, n vectors of a k-vector space E.

We call any vector a linear combination of these n vectors x € E of the form
=M1+ .+ NT, = Z)\kxk.
k=1

where (Ay, ..., \,) € k™.
o If A is a part of E, we call a linear combination of elements of A any linear combination

of a finite number of elements of A.

In principle, to show that F is a vector subspace, one would have to verify the eight axioms
of the Definition 1.1 In fact, it is sufficient to check the ”stability” of the composition laws as

stated in the following proposition:

Proposition 1.2 A part F' of a vector space EE on k is a vector subspace of E if and only if
1. F#£2
2.V (a,B) €k V(x,y) € F?, a.x+ By € F.

Proof. —) First if F' is a subspace of E, as an additive subgroup F' is non-empty because

it contains 0, the null element of E, then if x et y are in I’ and o and (8 in the field k, a.x and
B.y € F (see definition 1.2) which is stable for addition, therefore .z + .y € F.

<) If 1. and 2. are verified, with @« =1 and = —1 and z and y in F' we have:
(F#@) et (V(z,y) € FP,x—y€eF),
which already justifies that F' is an additive subgroup of F, then 2. with 8 = 0 gives
VAek, Ve e F,\x € F.
We have F' vector subspace of E. O

Remark 1.2 As we saw during the proof, if F' is a vector subspace, then F' necessarily contains

the null vector.
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Vector subspaces Chapter 1. Vector spaces

1.3.1 Fundamental examples of vector subspaces
1. Vector line:

Let v € E, v # 0, then :
F={yeElINek:y= I}
is a vector subspace of E called a vector line generated by v.

Indeed F # (), because v € F. What’s more, F' is stable for the laws of F, because if z,y € F
(that’s to say: x = Av, y = pw), we have:

r+y=+pw=AN+pver

Likewise, if x € F' (that’s to say x = \v), we have: ux = pu(\v) = (uA)v € F.

2. Vector plane:

Let 21,29 € E then :
F= {yE E| 3)\1,)\2 E]kiy:)\ll’l—i‘)\gl’z}

F' is a vector subspace of F, called the subspace generated by zi,2,. If z; and x5 are not
null and x5 does not belong to the vector line generated by x1, F' is said to be a vector plane

generated by x; and xs.

3. Generated subspace:

More generally, if 1, 29, ...,x, € E then :
F={yeE|3I\,., N, €k:y=N Nz + ...+ \z,}

is a vector subspace of E denoted Span{z1, xs, ..., z,}, said sub-space occupied by z1, ..., z,, or
also space of linear combinations of x1, 9, ...,x,. We will see later that, basically, all vector
subspaces are of this type, that is to say obtained by ”linear combinations” of a family of
elements of F.

Remark 1.3 Let E be the vector space of vectors with origin O. A vector line is a line passing
through O. Similarly, a vector plane is a plane passing through O. More generally, a vector
subspace of R™ can be visualized as a "p-dimensional plane” passing through O. One could
give a precise meaning to the notion of “p-dimensional plane”, but this is not necessary. Let
us retain for the moment the fact that it must pass through O, because every vector subspace
must contain the null vector. Thus, for example, a line not passing through O is not a vector
subspace: the points of the line are the endpoints of the vectors from O and the null vector is

not among them.
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Basis (in finite dimension) Chapter 1. Vector spaces

Example 1.7 Let
F={(z,y,2) € R? 3x +y+22=0}.

F is a vector subspace of R3. Indeed, let us vy = (x1,y1, 21) and vy = (Ta,Y2, 22) € F ; we have:
3r14+1y1 + 221 =0 and 3xy + yo + 225 =0
from which, by adding: 3(z1 + x2) + (y1 + y2) + 2(21 + 22) = 0, that’s to say
U1+ Ve = (T1 + T2, Y1 + Y2, 21 + 22) € F
Similarly, we see that if A € k and v € F' we have: \v € F.
Example 1.8 We have:
G={(z,y,2) ER® 2+ 4y + 2z =1},

is not a vector subspace of R® because Ogs = (0,0,0) ¢ G (0 +4.0+0 # 1).

Proposition 1.3 Let F' and G be two vector subspaces of E.

1. FNG s a vector subspace of E.
2. F UG is not in general a vector subspace of E.

3. The complementary E\F of a vector subspace F' is not a vector subspace of E.

Proof. 1. We have first FF NG # &, because 0g € FNG.

Let x,y € FNG, we have: x,y € F then x +y € F. Likewise, if v,y € G, v +y € G and
consequently r +y € FNG.

IfXekand z € FNG, we have: € F, then Ax € F', and x € G, then Az € G, from where:
A e FNG.
2. This is because in general F' U G is not stable by the sum. For example, let £ = R?, F the
vector line generated by (1,0) and G the vector line generated by (0,1). We have : (1,0) € F
then (1,0) € FUG. (0,1) € G then (0,1) € FUG but: w=(1,0)+(0,1) =(1,1) ¢ FUQG.

3. E\F does not contain Og, so it is not a vector subspace (Remark 1.2). O

1.4 Basis (in finite dimension)

Definition 1.4 (Generating family) A family of vectors {vi,...,v,} of a vector space E is
said to be generating, if E = Span{vy, ...,v,}, which means that everything Yx € E., decomposes

on vectors v;, or even that everything x € E is a linear combination of vectors v;,

p
T = MU+ .. F AU, = Z AL UL
k=1

University of Khemis Miliana 8 Algebra - Dr. M HOUASNI



Basis (in finite dimension) Chapter 1. Vector spaces

Remark 1.4 Such a (finite) family does not always exist. Consider for example R[x] awith
the vector space structure defined by the laws (1.1) and let { Py, ..., P,} a finite family of polyno-
maals. It cannot be generating because, by performing linear combinations, we will only obtain
polynomials of deg < Sup{deg of (P;)}.

Example 1.9 In R?, let v; = (1,1) and vy = (1,—1). Let us show that {vy, v} is generating.
Let x = (a,b) € R? with a,b arbitrary: it is a question of showing that it exists x1, 1o € R such
that © = x vy + x2vy, that’s to say:

= (a,b) = (z1,21) + (22, —%2) = (21 + @2, 1 — X2)

This means that ¥(a,b) € R?, 3 x1, 259 € R checking the system:
T1+2Tog= a
Tl — T = b,

a+b ; a—>b
el To —
2 2 9

solution defined for arbitrary a,b. Therefore {vy,ve} is generative.

By solving, we find in fact:

xr =

Definition 1.5 A vector space is said to be finite-dimensional if there exists a finite generating

family; otherwise, it is said to be infinite-dimensional.

Definition 1.6 (Linearly independent family) Let {vy,...,v,}, a finite family of elements
of E. We say that it is free, if:

)\1U1+...+/\p1}p:0:)\1:)\2:...:)\p:0.

We also say that vectors vy, ..., v, are linearly independent. A family that is not free is said to

be linked (its vectors are also said to be linked or linearly dependent).

Example 1.10 In R3, vectors vy = (1,1,-1), vy = (0,2,1) and vz = (0,0,5) are linearly
independent. Indeed, suppose that there exist real numbers A1, Xa, A3 so that A\jv1+Aava+A3v3 =
Ogrs, that’s to say:

A1(1,1,—1) + A2(0,2,1) + A3(0,0,5) = Ogs

We obtain
(A1, Ao, = A1 + Ao + BA3) = Ogs,
then
A = 0
Ay = 0
—AMF+X+5A= 0

which immediately gives \y = Ay = A3 = 0.

University of Khemis Miliana 9 Algebra - Dr. M HOUASNI



Basis (in finite dimension) Chapter 1. Vector spaces

Example 1.11 In F(R,R) the family {sin, cos,exp} is linearly independent. Let a, B,y € R
such that asin 40 cos +yexp = 0. Then for all x € R, asin(z)+ 3 cos(x) +vyexp(x) = 0, which

15 also written )
sin(x) cos(x)

exp(e) ()
It 1s easily shown using the gendarmes’ theorem that

+ v =0.

lim, . sin(x) — lim, ., cos(x) _0
exp(z) exp(z)
We deduce that v = 0. We then have Vx € R, asin(z)+ [ cos(z) +yexp(z) = 0. If we dox =0

we obtaint 5 = 0 and if we do x = 7/2,it comes that « = 0. It was then clearly shown that

Proposition 1.4 A family {vy,...,v,} is linked if and only if at least one of the vectors v; is

written as a linear combination of the other vectors in the famaly.

Proof. =) : If {vy,...,v,} is linearly dependent family, there exists Aq,..., A, not all null
such that \jvq + ... + A\pv, = 0. If, for example Ay # 0, we can write:

A —A
vlz——2112+...—|— Lo

A A

<=) : suppose for example, that v; is a linear combination of vectors \yvs, ..., A,vp, so there

exists g, ..., ftp € k such thqt v; = A\ve + ... + A\pv,, that’s to say:
v — )\2’02 — ... — )\p’Up =0.

So there exists a linear combination of vectors {vy, ..., v,} which is zero, without the coefficients

all being zero. So the family is linked (linearly dependent). O

Proposition 1.5 Let {v1,...,v,} a linearly independent family and = any vector in the space
generated by the vectors v; (that is, x is a linear combination of the v;). So the decomposition

of x on the v; is unique.

Proof. Let
T = MU+ .. AU,
r = B+ ...+ Byup,
two decompositions of x. Taking the difference we find:
M =B+ ...+ (N —Bp) v, =0,

Since the family is free, we have (A\; — 1) = ... = (A, — 8,) = 0, that’s to say: Ay = f1,...,\, =
Bp- O
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Basis (in finite dimension) Chapter 1. Vector spaces

Definition 1.7 (Basis) A family that is both generating and linearly independent is called a

basis.

Proposition 1.6 A familY {vy,...,v,} is a basis of E if and only if every x € E decomposes
n a unique way on v;. That’s to say :
Va € E there is a unique one n-scalars (A, ..., \,) € k™ so that:

T = AU+ ... + A\,

Proof. The existence of decomposition for all x € FE is equivalent to the fact that the family

is generative; uniqueness to the fact that the family is linearly independent. a
Example 1.12 (Canonical basis of R") Let the vectors be:

er =(1,0,...,0),...,e;, = (0,..., 1 ,...;0),...,e, = (0,0,...,1).

°rang

We already know that they form a generating family. Let us show that it is free. We have:
)\161 + ...+ )\iei + ..+ epv, = ORn,
that’s to say:

)\1(1,0, ,O) + ...+ )\1(07 ceey 1 5 ,0) + ...+ )\n(0,0, ceey 1) = ORn,

°rang
then
()\1, )\2, ceey )\n) - ORn.

Therefore {e1, ...,en} is a basis of R™, called canonical basis.

Example 1.13 (Canonical basis of R,[x]) The family B = {1,z,...,x"} is a basis of R,[x],
indeed, any P(z) = ag+ a1x + ... + a,2", a; € R; B is therefore generative. Moreover :

Example 1.14 Let F = {(z,y,2) € R} 2z + y+ 22 = 0}. Find a basis of F. We saw that F
is a vector subspace of R®, we have: (x,y,2) € F & y= —2x — 22 then:

weEF S u=(x,—2x—2z2) < u=212(1,-2,0)+2(0,—-2,1).

Therefore the vectors vi = (1,2,0),ve = (0, =3, 1) form a generating family of F'. On the other
hand:

>\1f01 + )\2U2 =0« )\1(17 _27 0) + )‘2<07 _27 1) = (07 07 0)7
which is equivalent to \y = Ay = 0. Then {v1, vy} is linearly independent and therefore it is a
basis of F.
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Proposition 1.7 We have :

1.

{z} is a linearly independent family <= x # Og.

2. Any family containing a generating family is generating.

3. Any subfamily of a linearly independent family is linearly independent.

4.

Any family containing a linearly dependent family is linearly dependent.

5. Any family {vi,...,v,} one of the vectors of which v; is null, is linearly dependent.

Proof.

1.

<=) According to Proposition 1.1 (7), A = 0p <= (A=0¢ or z =0g). Then, if
x # 0, Ax = 0 implies that A = 0, which means that {z} is a linearly independent family.

=) Suppose that {z} is a linearly independent family. So, according to the definition
of linearly independent family, if Az = 0 we necessarily have A = 0 , which means, always
according to the proposition 1.1 (7), that x # 0.

Let {v1,...,v,} a generative family and x = A\jvy + ... + A\v, an arbitrary element of E.

We can also write:
T = MNv1 + ... + vy + 0wy + ..o+ 0wy, wy,...,wy € E.
Then any x € E is a linear combination of vy, ..., vy, w1, ..., wy.

Let T = {v1,...,v,} is a linearly independent family and 7" a subfamily of 7. If we are
going to change the numbering, we can assume that 7/ = {vy,...,v;} (with k < p). If
Tt was linearly dependent, one of the vectors vy, ..., vy would be a linear combination of
the others. There would therefore exist an element of 7 which would be written as a
linear combination of certain elements of 7. But this is impossible because T is linearly

independent family (see Proposition 1.4).

Let F = {v1, ..., v,} alinearly dependent family and G = {vy, ..., v,, w1, ..., w, }. According
to proposition 1.4, one of v; is a linear combination of the others. Now, vectors v; belong
to G ; so one of the elements of G is a linear combination of the others, and therefore G

is linearly dependent.

Obvious from 4., because it is a family containing {0}, and {0} is a linearly dependent,

from 1.

O
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1.5 Dimension of a vector space

Definition 1.8 (Dimension of a vector space) If E = {0}, we say that E is of dimension
0 and we denote dim EE = 0. Otherwise, if F is a vector space on k of finite dimension not

reduced to {0}, we call dimension of E the cardinality of a basis of E and we denote it dimy .

Example 1.15 dimR" = n, dimR,[z] =n + 1.

Remark 1.5 A family f of at least n+1 vectors in a space E of dimension n is always linearly
dependent. Indeed, if it were linearly independent then we would have a linearly independent
family f of cardinality greater than that of any basis B of E. So, B is a generating family of
and the cardinality of a linearly independent family is always smaller than that of a generating

family.

1.6 Dimension of a vector subspace

Proposition 1.8 Let E a finite-dimensional vector space n and F a vector subspace of E. We

have:

1. F is of finite dimension and dim F' < dim F.
2. (dmF =dmFE)< F=F

Remark 1.6 To verify that two vector subspaces F' and G are equal
- We show that F C G.
- We show that dim F = dim G.

Example 1.16 Let E =R* and

F = Vect((1,1,,3),(0,1,1,2)),
G = {(z,y,2t) eRY| 2 —y+2=0,2+2y —t =0},
Let us look at what condition on o € R do we have F = G?
Let us first assume that FF = G. Then (1,1,a,3) € G and must satisfy in particular the

equation v —y + z = 0. We then find that o = 0.
Let us show that if o = 0 then F = G. We know that F = Vect((1,1,0,3),(0,1,1,2)).

The vectors (1,1,0,3),(0,1,1,2) generate F' and they are non-collinear so they form a linearly
independent family. Therefore, it is a basis of F' and dim F' = 2. Moreover

G = {(z,y,z,t) EE|lc—y+2=0,2+2y —t =0}

= {(xayvy_x7x+2y)‘$,yER}
= Vect((1,0,—1,1),(0,1,1,2)),
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we then show in the same way as before that diim G = 2. What’s more (1,1,0,3) and (0,1,1,2)
satisfies the system

r—y+z2=0

r+2y—t=0

then (1,1,0,3),(0,1,1,2) € G and as G is a subspace,
F=Vect((1,1,0,3),(0,1,1,2) C G.

Finally, as dim F' = dim G, we obtain F = G.

1.7 Sum of vector subspaces

Definition 1.9 (Sum of two vector subspaces) Let F' and G two vector subspaces of a k-
vector space . We call the sum of F' and G and we denote by F 4+ G the vector subspace of E
given by

F+G={z+y| (z,y) € F xG}.

Remark 1.7 The subset F'+ G is indeed a vector subspace of E. Indeed, F'+ G C E because
E s stable for addition. Moreover, F' + G 1is non-empty because F' and G are. Finally, if
u=z4+y€EF+Gandv =2 +y € F+ G with z,2’ € F and y,y’ € G then,for o, p € k.

au+pu =ax+ P +ay+ Py € F+G
—_—

eF e

because F' and G are vector subspaces.

Proposition 1.9 Let ' and G two vector subspaces of a k-vector space E. Then F' + G 1is the

smallest vector subspace of E container F'U G.

Proof. We proved in the previous remark that F' 4 G is a vector subspace of E. It contains
F' and G because Og is an element of F' and G and therefore F' = F + 0 C F 4+ G and
G = 0g + G C F + G. Moreover, if we consider a subspace H of E which contains F'U G so
let’s show that F+ G C H. Let z+y € F+ G withz € Fandy € G. As FUG C H, we also
have x,y € H and since H is a vector subspace, it follows that + +y € H. Then F+ G C H
and F' + G is the smallest vector subspace of E containing F' and G. a

Example 1.17 In F(R,R), Let F' = Vect(sin) and G = Vect(exp) then:

F + G = Vect (sin, exp) = {x — asin(z) + fexp(z) | a, 5 € R}
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Proposition 1.10 Let A and B be two parts of a k-vector space E, then
Vect(A) + Vect(B) = Vect(AU B).

Example 1.18 In space R?, we consider the parties F = {(2,0,0) | x € R} and G = {(z, z,0)
| ¥ € R}. Let us show that these are vector subspaces of R® and determine the subspace F + G.
We have F = Vect(1,0,0) and G = Vect(1,1,0) then F and G are vector subspaces of R3.
Moreover F'+ G = Vect((1,0,0),(1,1,0)) and we recognize that F' + G is the vector plane of
R?® generated by (1,0,0) and (1,1,0).

1.7.1 Direct sum, supplementary subspaces

Definition 1.10 (Direct sum) We say that two vector subspaces F' and G of E are in direct
sum if FNG = {0g}. We then note F & G their sum.

In other words:
(=F+G

(=FaelG<s et
FNG={0g}

Example 1.19 In C, the vector subspaces ' =R and G = iR are in direct sum.:
Let x € FNG, then x € F thus x is real, and x € G then x is pure imaginary. x is a complex

that is both real and pure imaginary, so x = Og.
Example 1.20 In E = F(R,R), we consider
F={feE| f(0)=0}} et G=Vect(z —1).

It 1s clear that F' and G are vector subspaces of EE. G 1is the set of constant applications of R
in R.

Let f € FNG. f € F then f(0) = 0. Likewise f € G so there exists a € R such that
f(x)=a. Buta= f(0) =0 then f =0g. Thus F and G are in direct sum.

Proposition 1.11 Let F and G be two vector subspaces of the k-espace vectoriel E. F' and G
are in direct sum if and only if Vo € F + G,3(z1,22) € F x G : x = 1 + x5 (that is, the

decomposition of x is unique).

Proof. =) Suppose that F' and G are in direct sum and that =z € F' + G. By definition,
there exists x; € F' and x5 € G such that x = z1 + 5. Let’s assume that there exists x| € F
and x}, € G such that we still have v = 2| + 4. As v = 1+ x5 = 2] + 2% , we have the equality

© w1 — &) = w9 — xh. Let us denote this vector by y. As F' and G are vector subspaces of E,
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y=ux1—a) € Fand y =2y —2} € G. Therefore y € FNG. But F and G being in direct sum,
we have FF'NG = {0g} then y = 0. Therefore, 1 = 2 and x5 = 2, and then uniqueness.
<) Let # € FNG. There are then two pairs of F' x G allowing to decompose z into a

vector of F' and a vector of G:(x,0) et (0,z). By hypothesis, they are equal: (z,0) = (0,x).
Therefore x = 0 and the subspaces F' and G are in direct sum. O

Definition 1.11 (Supplementary subspaces) Let E be a vector space and F', G two vector
subspaces of E. We say that F' and G are supplementary (or that G is a supplementary of F),
if E=F&G.

Proposition 1.12 Let E be a vector space and F, G two vector subspaces of E. Then E =
FaG (F et G are supplementary) if and only if for any basis By of F' and for any basis By of
G, {Biy,Bs} is a basis of E.

Proof. <«=) Let By = {vs}aca and By = {ws}gep basis of F' and G respectively and suppose

that {v,, wg}(a”g)eAxB is a basis of . Then all x € F is written in a unique way:
T = MUsy + oo + ApUa, + p1wp, + ... + pgws,,

that is to say everything z € F is written in a unique way x = x; +xo with z; € F and x5 € G,
then £ = F & G.

—)If E=F®G , any x € E decomposes in a unique way on F' and G and, therefore, on
the family B = {Bi, B2}. We deduce that B is a basis of E. O

Corollary 1.1 Let E be a vector space. For any vector subspace F', there always exists a
supplementary. The supplementary of F is not unique, but if E is finite-dimensional, all

supplementary spaces of F' have the same dimension.

Theorem 1.1 Let E be a finite-dimensional vector space and F', G two vector subspaces of E.
Then
dim(F +G) & dim F +dimG —dim FNG.

Proof. Let’s suppose that dim /' = p, dim G = ¢ and dim FFNG = r. Note that, since FNG
is a vector subspace of F' and G, we have r < p and r < ¢. Consider a basis {ay, ..., a,} of FNG.
Since the family {a1, ..., a,} is linearly independent, we can complete it in a base of F' and also
in a base of G. We can therefore construct: a basis of F' of the type {a1, ..., ar, €541, ..., €,} and
a basis of G of the type {a1, ..., ar, fri1, ..., f4}-
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We know that any vector of F' 4 G is written as the sum of a vector of F', and a vector of G

and therefore it is of the form:

T = Map+ ...+ Na+Npierp F o+ e, +
a1, o + frQr + fri1 fri1, o+ Hg g

that is, by posing 7, = \; + p;, for i =1, ..., r:
r=T101 + ... + e + Ay1€r41 + oo+ Apep + g1 fraas o+ g fy (1.2)

Therefore, the family {ay, ..., ar, €541, ..., €p, fri1s .oy fy} egene-in-gender F' + G. Let us show

that it is free. Let us consider a null linear combination:

T A A Tl A€ o Ay A g1 frga, o A g fy = 0.

v ~\~ '
acFNG BEF veG

We have a + 4+ v =0, then y = —(a+ ). Thus vy € g and o+ € F, then v € FNG.
Therefore, v can be written as a linear combination of the a;:

,ur+1fr+1, e+ ,uqfq = (51&1 + ...+ 5TCLT.

But {a1, ..., ar, prs1fri1, .- + g fy} is a basis of G so all coeflicients of this linear combination
must be null. In particular, p,+1 =0, ..., 1y = 0. Likewise A\, 41 = 0,..., A\, = 0. From (1.2) we
then deduce that:

na; + ...+ 71a,.=0

Now the family {ay, ..., a,} is linearly independent, so 7 = 0, ..., 7. = 0. So the family

{Cll, ey Gy €pg 1y eeey ep)fr-‘rh ) fq}

is linearly independent and therefore it is a basis of F'+ G. We deduce that:

dm(F+G) = r+@p-r)+(q@-—r)=p+q—r
= dimF +dimG+dim FNG.

O

Corollary 1.2 Let E be a finite-dimensional vector space and F, G two vector subspaces of

E. Then
FNG={0g}

F=FadG<& ) . )
dim £ = dim F' 4+ dim G
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Example 1.21 In E = C, F = Vect({1}) et G = Vect({i}). We know that F and G are
vector subspaces of E. Si x € FFNG then x is both real and pure imaginary therefore x = 0
and FNG ={0g}. Moreover

F+ G =Vect(l) + Vect(i) = Vect(1,i) = C
then E = F + G. We then showed that F' and G are supplementary.

Example 1.22 In R3, Let © a vector plane and v a vector not contained in this plane. We
have:
R? = 7 @ Vect(v)

because if {e1,es} is a basis of w, then {ey,es,v} is a basis of R3.
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1.8 Exercises

Exercise 1.
1. Is the subset E = {(x,y) € R?,y = 2z} of R? equipped with the usual laws of the vector
space R?, a vector space on R?
2. Is the subset F' = {(z,y,2) € R3 y? = 2z, 2z = 0} of R3, equipped with the usual laws of the
vector space R?, a subspace of R3?
Exercise 2.
Let up = (1,2,3,4) and uy = (1, -2, 3, —4) be two vectors of R™.
Can one determine z and y so that (z,1,y,1) € Vect (u1,us)? And so that (z,1,1,y) €
Vect (uq, ug)?
Exercise 3.
In R*, let’s consider the sub-set E of vectors (21, T2, 23, 14) € R* satisfying o1 + x4+ x5+ 24 = 0.
Is the subset £ a subspace of R*? If it is, give a basis.
Exercise 4.
Let E be a vector space on R and vq, vo,v3 and vy a linearly independent family of elements of
E, are the following families linearly independent?
(v1, 209, v3)
(v1,v3)
(v1,v1 + 2,v4)
4. (3vy + vs, v3, V9 + v3).
5. (21 + vg, v1 — 3Ug, vy, V9 — V1)

W=

Exercise 5.

In R*, compare the following subspaces F' and G:
F = Vect((1,0,1,1), (=1,-2,3,—1), (=5, —3,1,5))

G = Vect((—1,—-1,1,-1), (4,1, 2,4))

Exercise 6.
In F(R,R), are the following three functions « — sin(z), z — sin(2x) and z — sin(3x) linearly
independent?
Exercise 7.
Let f(z) = cos(z), g(z) = cos(z) cos(2x) and h(z) = sin(x) sin(2z). Determine Vect(f, g, h).
Exercise 8.
Let a = (2,3,-1),b=(1,—1,-2),c = (3,7,0) and d = (5,0, —7) be four vectors of R3.
Let F = Vect(a,b) and F' = Vect(c, d) be subspaces of R3. Prove that F = F.
Exercise 9.
Let E = {(x1,22,23,74) ER*| 2y — 29 =0 and z3 — x4 = 0}
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We admit that F is a subspace of R?.

1. Determine a basis of E.

2. Complete this basis of F to a basis of R*.
Exercise 10.
Let £ = {P € Ry[X], P(1) = 0}.

1. Prove that E is a subspace of Ry[X].

2. Give a basis of E and deduce its dimension.
Exercise 11.
Let E ={P € R3[X], P(—1) =0 and P(1) =0}

1. Prove that E is a subspace of R3[X].

2. Determine a basis and the dimension of E.

Exercise 12.

Let’s consider the vectors v; = (1,0,0,1),v, = (0,0,1,0),v3 = (0,1,0,0),v4, = (0,0,0,1) and

vs = (0,1,0,1) of R*.
1. Is Vect (v, v9) supplementary to Vect (vs) in R4?
2. Same question for Vect (vq,v3,v4) and Vect (v, vs).
3. Same question for Vect (v, v2) and Vect (v, v4, vs5) .

1.9 Solutions

Exercise 1.
1. 0=2x0s0 02 € F.
Let u=(z,y) € E,y =2z and v’ = (2',y) € E,y =22’
For all A and )\ two real numbers

M+ N =M+ XNy +XNyY) = (X, Y)Y = y+ Ny =X 20+ XN22' =2 (Ao + Na') =2X

So Au + N’ € E. This shows that E is a subspace of R2.

2. Let u=(2,2,0) € Fbecausey? =2> =2 x2 =2z and 2 =0
2u = (4,4,0)y? = 4% =16 # 2 x 4 = 8 s0 2u ¢ F therefore F is not a vector subspace.

Exercise 2.

The problem is to determine z and y such that there exist o and [ satisfying (z,1,y,1) =

auy + Pus

r=a+p r=a+p

1=2a-23 —45=1-2x

—
y = 3o+ 30 y=y— 3z

=4da —4p -8/ =1—4x
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r=oa+p
—45=1-2
<~ P v
y=1y—3x
0=-1

The last line implies that there is no solution.
The problem is to determine x and y such that there exist « and f satisfying (z,1,1,y) =

auy + Bus

r=a+p r=a+p r=a+p
1=2a—2 —48=1-2 —48=1-2
«Q 15} 5} T Bl T
1=3a+ 33 0=1-3x T =3
y =4a —4p -8B =y —4x 0=y—4z—2(1 —2x)
r=a+p s=a+f
4B =1-2z B=zL
< x=1 :1::112
3 3
(y=2 y=2
_ 5
4 Oé—ﬁ
=
— ; 112
3
[ y=2
5 1
7171a2 ——Up — U2
3 12 12
Exercise 3.
A vector of F is written
r = (—xy— T3 — T4,To, T3, Tq)

= 25(—1,1,0,0) + 25(—1,0,1,0) + z4(—1,0,0,1)

So E = Vect((-1,1,0,0),(—1,0,1,0),(=1,0,0,1)), E is a vector subspace of R%.
To find a basis, it remains to show that ((—1,1,0,0), (—1,0,1,0),(—1,0,0,1)) is free (Since this

family is already generating).

a(-1,1,0,0) + 5(-1,0,1,0) + v(—=1,0,0,1) = (0,0,0,0)
—a—0FB—7=0
a=10
B=0
v=20
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This family is indeed free, it’s a basis of F.
Exercise 4.

1. Yes obviously, otherwise

a =
avy + 2Bvy+qv3 = 0= ¢ 26=0
=0
o=
= B=0
v =

2. A subfamily of a free family is free.
3.

2v1 — (2’01 + U4) + v4 = Ogn
There exists a non-trivially zero linear combination of these three vectors, the family is

dependent. 4.

a(3v; +v3) + Pug+ v (ve +v3) = Ogn

= 3avy +yva + (a+ B+ v)vs =0p
((30=0

= 4§ 7v=0
| a+B8+7=0
(0 =0

= B=0
( 7=0

The family is free.

5. There are three vectors 2v; + vg, v1 — 3vy, v9 — vy in the plane Vect (vq,v3) so these three
vectors form a dependent family, adding v, doesn’t change anything, the family is dependent.
Exercise 5.

Comparing two sets means we must find if one is included in the other (or vice versa) or if the

sets are equal.
We will first characterize F' using one (or several) Cartesian equation(s), then it will be simple

to know if the vectors that generate G are in F.
u= (z,y,21t) € F < there exist a, 3,7 real numbers such that

u=«(1,0,1,1) + p(—1,-2,3,—1) + v(—5,-3,1,5)

a—pF—=5y=ux a—pF=5y=x
—20-3v=y N —20-3v=y
a+30+y==z 304+6y=—-x+2
a—[B+5y=t 10y =—x+t
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o Ll
. L2
=
—x+z+2y=0 ... L3
10y=—2+t ... L4

a, 3,7 are given by equations Ly, Ly and L4 so

F={(z,y,2t) e R, —x + 2y + z = 0}
—(-1)+2(-1)+1=0=(-1,—-1,1,-1) € F
—442x142=0= (4,1,2,4) € F

This shows that G C F.
Manifestly dim(G) = 2 because the two vectors that generate G are not collinear (so they form
a basis of G ).

If we knew more we would know that dim(F') = 3, but we are not supposed to know that.
We must show that the three vectors that generate F' are free, they will form a basis and the
dimension of F' will be 3.

Let’s recalculate v = «(1,0,1,1) 4+ B(—1,—2,3,—1) + (=5, —3,1,5) with « = (0,0,0,0) We
find

a—fB—=by==x a—0B—=5vy=0
=28 —-3v=y N —28—-3v=0
0=—2+2+2y 0=-0+0+2x%0
10y = -z +1 10y =—-0+0
a=>0
&9 =0
v=20

It’s good, dim(F') = 3.
F C Gdim(G) <dim(F)=GCF
In other words G is included in F' but G is not equal to F.
Exercise 6.
Vo € R, asin(z) 4+ fsin(2x) + vsin(3z) = 0.

For x = %,
asin (Z) + Bsin () + v sin(r) =0
@%+§=O©6:—a
Vo € R, asin(z) — asin(2z) + ysin(3z) = 0.
For z = 7,

asin (Z) —asin(r) +ysin (F) =0y =a
Vo € R, asin(z) — asin(2z) + asin(3x) = 0.
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2

For » = 3

Soa=08=7=0
This family is free.
Exercise 7.
First method
F € Vect(f, g, h) < there exist «, § and 7 such that Vo € R,

(z) + B cos(x)c
= acos(z) 4+ Beos(z) (1 — 2cos’(z)) + 27ysin®(z) cos(z)

(z) 4 Bcos(z) — 28 cos’®(z) + 2v (1 — cos(z)) cos(x)
= (a+ B+ 27)cos(z) + (=28 — 27) cos®(x).

F(x) = «acos(z 0s(2z) + 7y sin(z) sin(2z)

= @ COS(T

So F € Vect (cos, cos?)
This means that Vect(f, g, h) C Vect (cos,cos®), the inclusion in the other direction is obvious
S0

Vect(f, g, h) = Vect (Cos, cos3) )

Which is obviously a vector space of dimension 2.
Second method
We want to know if the family (f,g,h) is free, if it is, there is not much to say about

Vect(f, g, h) except that it is a space of dimension 3.
Ve € R, «cos(z)+ fcos(z)cos(2x) 4 vsin(x) sin(2x) = 0.
For z = %

(7) + peos (§) cos (3) + vsin (3) sin () =0 2 a9 =0
acos { cos { 7 ) cos { 5 ysin( 7 )sin{g )= a+v=0.

For x =0
acos(0) + S cos(0) cos(0) + vsin(0)sin(0) =0 < a+ S = 0.

Sov=—aand = —a«a
Ve € R, «cos(x)— acos(x)cos(2z) + asin(z) sin(2x) = 0.
Then, no matter what particular values of x we try, we find 0 = 0.

Vo € R, acos(x) — acos(x) cos(2x) + asin(x) sin(2z) =

& Vo € R, acos(z) — cos(z) cos(2z) + sin(z) sin(2z)) =
< Vo € R, a(cos(x)(1 — cos(2z)) + sin(x)2 cos(x) sin(z )
Ve eR, acos(z) (1 — cos(2z) + 2sin’*(z)) = 0.
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Because cos(2r) = 1 — 2sin?(z).
The family is therefore dependent, f and g are not proportional so the family is free and

Vect(f, g,h) = Vect(f,g).

And, dim(Vect(f, g, h)) = 2.

Exercise 8.
c=2a—be Vect(a,b) =F

d=a+ 3b € Vect (a,b) = E.
So F' C E, now a and b are not proportional so (a,b) is a basis of E and dim(FE) = 2, similarly
¢ and d are not proportional so (¢, d) is a basis of F' and dim(F') = 2.

I glossed over the fact that (a,b) is a generating family of £ and that (c,d) is a generating

EcCcF
{ < = FEF=F

family of F.

dim(F) = dim(F)
There are other ways to do it, for example by finding for £ and F a Cartesian equation
characterizing these spaces.

Exercise 9.
1. We have:

xr = ($1,l’2,x3,$4)
r = (x1,20,23,4) EE S a1 — 29 =0

.733—1154:0

xr = (:C27 Lo, Tyg, :C4)

- T = Ty
T3 = T4
r = (x9,x9,m4,74) = x2(1,1,0,0) + 24(0,0,1, 1)

Let a = (1,1,0,0) and b = (0,0,1,1)
E = Vect(a,b) which implies that {a, b} is a generating family of £, and on the other hand

{a,b} is a free family because these vectors are not proportional, so {a,b} is a basis of E.
2. Let ¢ = (1,0,0,0) ¢ E because the components of ¢ do not satisfy the equations charac-

terizing E. {a, b} is free in E and ¢ ¢ E so {a,b,c} is free.

r = (x1,29,13,24) € Vect(a, b, c)
& a,B,7) €R* 2= aa+ Bb+ e,
r = aa+ Bb+yc

= (l'la $2,$37$4) - O[(]., ]-7 07 0) + 6(07 07 1a 1) + 7(17 07 Oa O)
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T o4y
) «
=
r3 =3
\ [E4:/6
( Ty =a+7y
Ty = (X
<~
3= f3
(| 24 —23=0

So Vect(a, b, ¢) = {x = (1,12, 23,74) € R, 24 — w3 = 0}

Let d = (0,0,0,1),d ¢ Vect(a, b, ¢) because the components of d do not satisfy x3 — x4 = 0.
{a,b,c} is free and d ¢ Vect(a,b,c) so {a,b,c,d} is a free family, it has 4 elements, it’s a basis
of R*.
Exercise 10.
1. The zero vector of Ry[X] is the zero polynomial, at 1 this polynomial equals 0 , the zero
vector of Ry[X] is in E.

Let P € Eand P, € E, so Pi(1) =0 and P(1) = 0.

For all A; and Ay two real numbers,

()\1P1+)\2P2)(].):)\1P1(1>+>\2P2(].):)\1XO+/\2X0:0

So M P+ P, e E
FE is a vector subspace of E.
2. Let P=aX?+bX +cc E,

Pl)=0ax1?+bxl+c=0&c=—a—b

So
P=aX’+bX —a—b=a(X*—1)+bX -1)

X?2—1and X —1 are two non-proportional polynomials, they form a free family that generates
E, it’s a basis of £ - dim(F) = 2.
Exercise 11.
1. The zero polynomial © satisfies ©(—1) =0(1) =0,s0 O € E.

Let P, and P, be two polynomials of £ and let A\; and s be two real numbers
(MPL+ XoP) (—1) = M Pi(—1) + MaPy(—1) =0
Because P(—1) =0 and P»(—1) =0,

(MPL 4+ XP) (1) = M Pi(1) + XPy(1) =0
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Because P;(1) =0 and P»(1) =0,
so M Py + AP, € E, which shows that E is a vector subspace of R3[X].

2. —1 and 1 are roots of P so there exists @ such that P=(X —1)(X +1)Q = (X*-1)Q .
The degree of () is 1, so there exist two real numbers a and b such that

P=(X*-1)(aX +b) =aX (X*—1) +b(X%*-1)

(X (X?2—1),X%—1) is a free family (the degrees are different) and it generates E, it’s a
basis of £ and dim(E) = 2.
Exercise 12.

1. Vect (v, v2) + Vect (v3) is a direct sum if and only if Vect (vy, v9) N Vect (v3) = {0}.
Let u € Vect (v1,v2) N Vect (v3), so there exist «, 3,7 such that

u = avy + P = yu3

= (1,0,0,1) + 3(0,0,1,0) = (0, 1,0,0)
j (a70757&> = <O7’.}/7070)

a=0
=0

N Y
p=0
a=20

So u = 0, the sum is direct. But is it a supplementary sum?
dim (Vect (vq,v2)) = 2,dim (Vect (v3)) = 1

dim (Vect (v, v2) @ Vect (v3)) =3 # 4

So no, they are not supplementary in R*%.
2. Let’s show that the sum is direct. Let u € Vect (v, v3,v4) N Vect (vg, v5), so there exist

a, 3,7, 06,n such that
u = avy + Pug + yvg = dvg + Nus

= a(1,0,0,1) 4+ 3(0,1,0,0) +~(0,0,0,1) = 5(0,0,1,0) + 7(0,1,0,1)

= (a,3,0,a +7v) = (0,1,0,n)

a=20 a=0
= f=mn =
at+y=n B=n

So u = nus 4+ nuy = N(vs + v4)
V3 +vg = (0,1,0,0) + (0,0,0,1) = (0,1,0,1) = vs
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So u = nus, and u € Vect (vq, v5), S0 u is a vector of Vect (vg, v5), but we already knew that,
this doesn’t give a contradiction.

So the sum is not direct, in fact vs = vz + vy € Vect (vq, v3,v4) N Vect (vg, v5), and vs # 0.

So the sum is not direct, and a fortiori not supplementary.

3. Let’s show that the sum is direct. Let u € Vect (vq,v2) N Vect (vs, vy, v5), so there exist

a, 3,7, 06,n such that
u = avy + Pug = Y3 + vy + Nus

= «(1,0,0,1) + £(0,0,1,0) = ~(0,1,0,0) 4+ 6(0,0,0,1) +n(0,1,0,1)

= (a,0,8,a) = (0,7 +n,0,6 +n)

a=20 a=20

0= =0
YN N B

5=0 Y=

a=0+n 0=0+n

So u = 0, the sum is direct. Now, is it supplementary?
dim (Vect (vq,v2)) = 2, dim (Vect (v3, v4,v5)) =7
Let’s determine the dimension of Vect (vs, v4, v5)

Y3 + Sug + s = 0 = (0, 1,0,0) + 6(0,0,0,1) +7(0,1,0,1) = (0, +7,0,8 + ) = (0,0,0,0)

=0
_ ot
d+n=0
So v = —n and 6 = —n, so the family (vs, vy, v5) is not free, for example vg + vy — v5 = 0, so

dim (Vect (vs, vy, v5)) < 2.
But v3 and v, are not proportional, so dim (Vect (vs, v4,v5)) = 2.
So the sum of the dimensions is 2 4+ 2 = 4, and the sum is direct, so they are supplementary.
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CHAPTER 2

LINEAR APPLICATIONS

In linear algebra, we are interested in applications that preserve the structure of vector spaces,
that is, applications from one vector space to another that preserve linear combinations. In this
chapter, which is somewhat the focus of the rest of the document, we will essentially provide

basic definitions and elementary results.
The concepts covered in this chapter are:
— Definitions: Linear application, Kernel, image, and rank of a linear application.

29



Definitions Chapter 2. Linear applications

2.1 Definitions

Definition 2.1 Let E and E' be two vector spaces over the same field k and f an application
of £ in E'. We say that f is linear, if:

1. flo+w)= f(v)+ f(w), Yo,w € E,
2. f(w) = Af(v), Yo € E, ¥\ € k.
The set of linear applications from E to E' is denoted Lx(E, E') or, more simply, L(E, E").

If a linear application [ from E to E (same starting and ending space) we say that f is an
endomorphism of E. The set of endomorphisms of E is denoted Endy(FE) or, more simply,
End(E).

If a linear application f is bijective, we say that f is an isomorphism of vector spaces.

Remark 2.1 1. If fis linear, we have: f(0) =0. Just take A =0 in f(Ax) = A f(x).

2. According to 1) and 2), an application f : E — E' is linear, if and only if, for all X\ € k
and for all x,y € E, we have

fQz+y) = Af(2) + fy).

3. In some references an application is also called "map”.

Example 2.1 Let E be a k-vector space and F' a vector subspace of E. We call canonical
injection of I into E, the application i : FF — E defined by,

Ve € F, i(z) =z,
So 1 is a linear application.
Example 2.2
f: R3 — R?
(l’,y,Z) = (21’+y,y—2’),

18 a linear application.
If v=(z,y,2) and w = (2/, y/, 2’), we have:

flo+w) = fle+2y+y,2+72)
Q@+a)+y+y),y+ty —2—2)
2r+y,y—2z2)+ 22 +y,y —2)
f)+ f(w),

f Az, Ay, \z)

= (2Az + My, \y — A\z)

= AN2x+y,y—2)

= M (v).

f ()
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As this example illustrates, the linearity of f stems from the fact that the components x, y, z in
the codomain (here R?) all appear to the power of 1. More precisely, each component in the
codomain is a homogeneous polynomial of degree 1 in x,y,2. We will examine this in more
detail later.

Thus, for example, the application

fioOR S R
(I,y,Z) = (x2—y,y+z)

is not linear neither 1), nor 2) of the definition 2.1 are not satisfied because of the squared term.

Example 2.3 Let C([0,1],R) and C'([0,1],R) wector spaces of applications f : [0,1] — R

respectively continuous and continuous with continuous derivative. The application:

D: CY[0,1],R) — C([0,1],R)
f = f

1s a linear application, since:

D(f+g) = (f+9)'=f+9¢ =Df+Dg
D) = (Af) =Af

if \ €R, and f and g € C*([0,1],R).
Example 2.4 Let vy # 0g a vector of E, the translation application defined by

t: FE — FE
v o= v+

is not linear (note, for example, that: t(0) = vy # Og ).

Example 2.5 Let E be a k-vector space of finite-dimension n and (ey, e, ..., €,) a basis of E.
Then the application f defined by,
t: k"™ — E
(@1, ey an) = flag, . an)) = D0 e

is an isomorphism of vector spaces. We therefore deduce that any k-vector space of finite

dimension n is isomorphic to k™.

Proposition 2.1 i) Let E, F and G be three vector spaces on the same field k. f: E — F

and g : F'— G two linear applications. Then g o f is a linear application.
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it) Let f : E — F be a an isomorphism of vector spaces, then f~' : FF — F is also an

isomorphism of vector spaces.
ii1) Two finite-dimensional vector spaces of the same dimension are isomorphic.

Proof. i) Let x € E,y € E and « € k, then we have

(9o )z +y) =g(f(z +y))

f(y)) (car f est linéaire )
f(@)+9(f(y)) (car g est linéaire )
=(gof)(@)+ (90 f)y).

=
DN

g(
g(

We also have

(g0 f)lax) = g(f(ax

= glaf

)

f(x))

= ag(f(x)) (car g est lincaire )
)

( car f est linéaire )

— algo f)(@).

Then g o f is linear.
i1) Let’s suppose that f : E — F is an isomorphism of vector spaces. Let = € F,y € F and

a €k Let a € Fand b € E, such that f(a) = x and f(b) = y. As f is linear, then we have
fla+0b) =z +y, so we will have

[l e+y) = (fla+b) =a+bd=f""z)+ [ ().

We also have
fHax) = fH(af(a)) = f(f(aa)) = aa = af (z).
Then f~! is linear
iii) Let F and F be two vector spaces of the same dimension n, then according to the
previous example, E' and F' are isomorphic to k. Then if ¢ : E — k™ and ¢ : F' — k" are
two isomorphisms of vector spaces, then ¢y~ o : E — F is an isomorphism of vector spaces.
(I

Proposition 2.2 Let E and E’ be two k-vector spaces. For f and g two elements of Ly(E, E')
and for a element of k, we define f + g and a.f, by

Vo€ B, (f+9)@) = f(x)+g() and (a- f)(z) = a- f(x).

Then (Ly(E,E'),+,-) is a k-vector space.

Proof. Just check that Ly(E, E’) is a vector subspace of E'F the k-vector space of all
applications of F to E'. O
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Theorem 2.1 Let E and E' be two k-vector spaces of finite dimension. Then Ly(E, E') is of

finite dimension and we have

dim (Lg(E, E')) = dim(E) x dim(E).

Proof. Let m = dim(F),n = dim(E’), (e1,es,...,e,) be a basis of F and (¢, ¢€},...,¢€),) a

basis of E'. For (i,j) € N,,, x N,,, where for everything p € N*, we pose N, = {1,2,...,p}, we
define the application f;; : £ — E' by,

Vee E, fijj(zr)=uwxe; wherez = ijej.
j=1
Then, B = {fi; : (1,7) € N,,, x N,,} forms a basis of Li(E, E'). Indeed,
Let f € Ly(E, E'), so for each j € N,, , we have f (e;) = > 1", ayjel.

So for any x € E with o = 27:1 xje;j, we have

f(z) = Z%’f (ej) = Z%’ (Z %BQ)
=Y aymie =Y > aifis(w).

i=1 j=1 i=1 j=1

Then B is a finite generating part of Li(FE, E").
It is easy to verify that B is a linearly independent part, noting that

e; ifk=jy
Vk € Nm, fij (ek) =
0 ifk=#j.
Card(B) = Card (N,,, x N,,) = m x n, then, dim (Lg(E,E’')) =m X n. O

2.2 Kernel, Image and Rank

Proposition 2.3 Let E and F be two k-vector spaces and f : E — F a linear application.
Then,
i) The image by f of a vector subspace of E is a vector subspace of F'. In particular, f(E) is

a vector subspace of F', called the image of f and denoted Im f. Sa dimension est appelée rang
de f et est notée

rg f=dim (Im f).
i1) The inverse image by f of a vector subspace of F is a vector subspace of E. In particular,
F7H({0Fr}) is a vector subspace of E, called the kernel of f and denoted ker(f).
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Proof. i) Let A be a vector subspace of E. Then, f(A) # 0, since 0 = f(0g), then

OFEf(A)
Ifxre A ye Aand a € K, we have

f(@)+ fy) = fle+y) and a- f(2) = fla- ).

asx+y € Aand a-x € A, therefore f(x) + f(y) € f(A) and « - f(z) € f(A).

ii) Now let B be a vector subspace of F. Then f~!(B) # 0, since f (0g) = Op and 0 € B,
then O € f~'(B).

If z € f7Y(B),y € f(B) and a € K, therefore we have f(r) € B and f(y) € B and as
B is a vector subspace of F' and f linear, then f(z +y) € f(B) and f(a-z) € f(B), then
r+ye fY(B)and a-z € f~1(B). Let us remember that

z€ f(B) < f(2) € B.

Remark 2.2 Let E and F' be two k-vector spaces and f : E — F a linear application. So

1.
ker(f) ={x € E: f(x) =0p}

x € ker(f) <= f(z) = 0p.

Imf ={f(z):2z € E}
yelmf <= 3Jr e E:y= f(z).

Proposition 2.4 SLet E and F' be two k-vector spaces and f : E — F a linear application.
So

i) [ is injetive <= ker(f) = {Og}.

i) f is surjetive <= Im f = F.

Proof. i) =) Suppose that f is injective and that = € ker(f). We have f(z) = Op and
as f is linear, then f (0g) = Op, then f(x) = f (0g) and since f is injective, then x = 0g. So,
ker(f) = {0s}.

<) Suppose that ker(f) = {0g}.

Let x € E and y € E, such that f(x) = f(y), do we have z = y?

As f is linear and f(x) = f(y), so we have f(z —y) = Op, then x —y € ker(f), then as
ker(f) = {Og}, then we have = = y and consequently, f is injective.

ii) Trivial, because an application f : ' — F' is surjective, if and only if, f(E) = F. a
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Example 2.6 Let:
Rlz] — R[z]
P - P.

D :

The kernel of D is formed by the constant polynomials. On the other hand, Im D = R]x],
because if P € Rlz],Q(z) := [ P(t)dt is a polynomial and we have Q' = P that’s to say
DQ = P.

Example 2.7 Let:

¥y=x+y—=z
f R — R¥z,y,2) — (2/,y, 7))  where : Y =2x+y—3z
2 =3x 42y — 4z.

ker(f) is the set of triplets (z,y, z) € R® which satisfies the system:

r+y—z2=0
20 4+y—32=0
3z + 2y —4z = 0.

It is easy to find x = 2\, y = —\, 2z = \; that’s to say Ker f is the vector line generated by
the vector (2,—1,1).

Regarding Im f, we have :

(2,9, 2') € Im f, if and only if, it exists (x,vy, 2) € R? satisfies the system:

20 +y—3z2=y3x+2y—4z =2

It is therefore a question of knowing for what values of 2/, 4/, z’. This system is compatible.
By scaling, we find :

r+y—z=1a r—y—z=2ua
—y—z=y =22 =< y+z=22" -y
—y—z=2 —32 20—y + 2 =32 =0,
the compatibility condition is 22" — ¢y’ + 2’ — 32’ = 0 so, ' + 3’ — 2/ = 0. The image of f is
therefore the plan of R? of the équation 2’ + 1y — 2’/ = 0.

Proposition 2.5 Let f € L(E,E') and {v;},.; a family of vectors of E.

1. If f is injective and the family of E{v;},., is linearly independent, then the family
{f (vi)},er of ' is linearly independent.

2. If f is surjective and the family {v;},., is generator of E then the family {f (vi)};c; is

generator of E'.
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In particular if f is bijective the image of a basis of E is a basis of E'.

Proof. 1. Let’s assume the family {v;},.; is linearly independent and let f is injective. For

any extracted family {val, ey Uy q}, the relation

/\1f (Um) +eeet )‘qf (an) =0

implies that f (Ajva, + - 4+ Agla,) = 0, 80, Mvg, + -+ + Agva, € Ker f. But, Ker f = {0},
then
AUy + 0+ Ao, =0

and since the family {v;},., is linearly independent, we have A\; = 0,...,A; = 0. Then the
family {f (v;)},c; is linearly independent.
2. Let y € E' any; since f is surjective, there exists * € F such that y = f(x). On the other

hand, the family {v;},., is a generator, so x is of the form
T = AMUsy ++ + Apla,,

thus : f(z) = Af (Va,) + - + A\pf (va,) -y is therefore a linear combination of elements of the
family {f (vi)},c; and, since it is chosen arbitrarily in £, the family {f (v;)},.; is generator. O

Theorem 2.2 Two finite-dimensional vector spaces are isomorphic if and only if they have the

same dimension.

Proof. Indeed, if there exists an isomorphism f : £ — E’, the image by f of a basis of E'is a
basis of E’, then E and E’ have the same dimension. Conversely, suppose that dim F = dim £’
and let {ey,...,e,},{€}, ..., €, } two bases respectively of E and E’. Consider the application
f: F — E’ constructed as follows:

-for k=1,...,n we pose: f (ex) = €};

-if e =370 wper we pose : f(x) = >0 i f (ex) = D, Tk,

(in other words, we define f on the basis of E and extend it by linearity over the whole of

E). We easily verify that f is linear and bijective (the verification is left as an exercise). O

Remark 2.3 As can be seen from the proof, the isomorphism of E onto E' depends on the

choice of bases in E and in E and in general there is no canonical isomorphism.

Proposition 2.6 Let E and F be two K-vector spaces and f : E — F a linear application.
So
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a) For any vector subspace G of F, we have

(@) = G +ker(f).

b) [ eis injective, if and only if, for any vector subspace G of E, we have

[HG) =G

c¢) For any vector subspace H of F', we have

f(f’l(H)) =HNImf.

d) f is surjective, if and only if, for any vector subspace H of F', we have

Proof.

f(f(H) = H.

a)Let z € E, then we have

v € FUH(G)) = f(x) € f(G)
<= daeG: f(x)= f(a)

< JaeG: flx—a)=0

<= Jae€G:zx—acker(f)

<~ JaeG,Aecker(f):x=a+b
<z € G+ ker(f).

b) =) If we assume that f is injective, then ker(f) = {0}, so, according to a), for any vector

subspace G of F,

@) =G

<) If we assume that for any vector subspace G of E, we have f~!(f(G)) = G, so in

particular, we have

FH(f ({0p}) = {08}

But, f ({0s}) = {f (0s)} = {0}, then

ker(f) = /" ({0r}) = {05} .

¢) C) Let y € f(f~Y(H)). so there exists x € f~1(H), such that y = f(z). As z € f~'(H),
then f(x) € H, thusy € HNIm f.
D) Let y € H N Imf, then we have

yeHNImf=—ye HandyeImf
—ye€Hand Iz e E,:y= f(x)
=z € f1(H)and f(x) € H

= f(z) € f(f7H(H))
=y € f(fH(H)).
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d) =) Suppose f is surjective, then Im f = F', so for any subspace H of E, we have
f(fY(H)=HNF=H.
<) Suppose that for any vector subspace H of F' we have

fO(H) =4,
so in particular, we will have f (f~1(F)) = F. But, f~Y(F) = E, then f(E) = F, consequently,
f is surjective. O

In the case where the spaces E and E’ are finite-dimensional, the dimensions of the kernel
and the image of f are related by the relation given in the following theorem, one of the most

important in Linear Algebra:

Theorem 2.3 (Rank theorem) Let E and E’ be two finite-dimensional vector spaces and
f:E — FE' a linear application. We then have:

dim F = rg f + dim(Ker f).

Proof. Let’s suppose dim F = n, dimKer f = r and show that dim(Im f) = n —
r. Let {wi,...,w,} be a basis of Ker f, and {vy,...,v,_,} a family of vectors such that
{wy,...,w.,v1,...,v,—} be a basis of E. Let B={f (v1),...,f (vn_r)}. We show that B is a
basis of Im f.

- B generates Im f. Let y = f(x) € Imf. As z € E, x is of the form x = ajw; + -+ +

a,w, + byvy + -+ + b,_,v,—,.. Then we have :
Yy = alf (wl) + -+ arf (wr) + blf (Ul) + -+ bnfo (Unfr) )

= blf (U1> +---+ bn—?‘f (Un—r)

which shows that B generates Im f.
- B is linearly independent. Suppose that A\;f (v1) + -+ + Ay f (Vn—r) = 0; we will obtain

f (>\1U1 + -+ /\n—rvn—r) = 07

then:
AU 4+ AU, € Ker f.

Therefore, there is a4, ..., a, € k such that:
AU+ -+ )\n_rvn_r =aqwy + -+ a,w,,

S0,

MU+ Ay Upeyr — Wy — -+ - — a,w, = 0.
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Since the family {vy, ..., vy, wy,...,w,} is linearly independent, the coefficients of this linear

combination are all zero; in particular : \y =0,..., \,_, = 0, so, B is linearly independent. O

To show that a linear map is bijective, it is necessary to show that it is injective and surjective;
however, in the finite-dimensional case, if the dimension of the starting space and that of the
arrival space are the same, it is sufficient to demonstrate one of the two properties - either

injectivity or surjectivity, hence this important corollary.

Corollary 2.1 Let f € L(E,E"),E,E" being two vector spaces of the same finite dimension
(in particular, for example, if f € End E, with E of finite dimension). Then the following
properties are equivalent:

1. f is injective.

2. f is surjective.

3. [ s bijective.

Proof. It is sufficient, of course, to show that 1 is equivalent to 2. As we have seen, f is
injective if and only if Ker f = {0}. Since dim £ = rg f +dim(kerf), f is injective if and only if
dim £ =rg f, so, dim £ = dim(Im f). Now, by hypothesis, dim £ = dim E’, then f is injective
if and only if dim(Im f) = dim E’. Since Im f C E’ this is equivalent to Im f = E’, then f is

surjective. O

Remark 2.4 This result is false in infinite dimension, a counterexample: the application:

Rlz] — R[z]
P = P

D :

15 surjective and not injective.

Theorem 2.4 Let E be a K -finite-dimensional vector space andu : E — E an endomorphism

of E. Then the following propositions are equivalent:

i) E=keru & Imu.
i1) Imu = Im v?.

i11) ker u = ker u?.

iv) keru NImu = {0}.

Proof. i) = i) Let’s suppose that £ = keru @ Imu and show that Imu = Imu?. To
do this, let us first note that everything u € Lg(E), we have Imu? C Imu. So, it is enough
to show that Imu C Imw?. For this, let y € Imu, so there exists # € F, such that y = u(z).
Since E = keru @ Imu, then = x; + u (z3), with z; € keru, then y = u?(z), consequently,

y € Imu?.
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it) = iii) Let’s suppose that Im(u) = Imu? and show that keru = keru?. For this, let
us also note that for any u € Li(F), we have keru C keru?. So, it is enough to show that

ker u? C ker u. According to the rank theorem, we have
dim(E) = dim(ker u) + dim(Imu) = dim (ker v*) + dim (Im u?) .

Since Imu = Im u? then dim(ker u) = dim (ker u?), consequently, we will have ker u = ker u?.
ii1) = iv) Let’s suppose that keru = ker u? and show that keru NImu = {0}. Let y € E,

so we have
y€kerunNImu < u(y) =0and 3z € E: y = u(z)
= u?(z) = u(y) =0 = x € ker u?
=z €keru = u(x) =0 =y=0

iv = 1) Trivial, because we know that

dim(ker u) + dim(Imu) = dim(FE)
E=%kerudImu & et
keru NImu = {0}.
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2.3 Exercises
Exercise 1. Let f: R* — R? be the map defined for any u = (z,v, 2,t) € R* by :

fl(z,y,2,t) = (@ +y,z+t,e+y+2+1)

1. Prove that f is a linear map.
2. Determine a basis of ker(f).

3. Determine a basis of Im(f).

Exercise 2. Let u : R — R3 the map defined by:

u((x1, o, x3)) = (=221 + 4oy + 4y, —21 + T3, —2171 + 429 + 423)

1. Prove that w is linear.
2. Determine a basis of ker(u) and a basis of Im(u).
3. Do we have ker(u) @ Im(u) = R?® ?

Exercise 3. Let 8 = {ey, €2, e3} be the canonical basis of R?. Let u be an endomorphism of R?
defined by :

u(er) =2e; +ey+3e3; ul(ey) =es —3es;  u(ez) = —2ey + 2es.

1. Let = (w1, 2, 73) € R® a vector. Determine the image by u of the vector x. (Calculate
u(z) ).

2. Let E = {zr e R* u(xr) =22} and F = {z € R} u(z) = —x}. Prove that £ and F are
subspaces of R3.

3. Determine a basis of F and a basis of F.
4. Dowe have E@ F =R3 ?

Exercise 4. Let 3 = {ey, €2, e3} be the canonical basis of R®. Let f : R* — R? be a linear map
such that :

f(er) Lot + 26y + e = = (—e1 + 265 + %)

e1) = ——e1+-ex+-e3=-(—e e e

! ERAEE: R - T
2 1 2 1

f(€2) - 561—5624-563:5(261—624-263) and
2 2 1 1

f<€3) = _61+—€2——€3:—(261%262—63).

3 3 3 3

Let E 1 ={ueR| f(u)=—u}and By = {u e R | f(u) = u}.

1. Prove that £_; and E; are subspaces of R3.

2. Demonstrate that e; — ey and e; — e3 are belong to E_; and that e; 4+ e + e3 is belong to
E.

3. What can we deduce about the dimensions of £_; and Fy 7

4. Determine E_; N Ej.
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5. Dowe have E_; ® B, =R3 ?
6. Calculate f2 = f o f and deduce that f is bijective and determine f~!.

Exercise 5. Let 8 = {e1,e2} be the canonical basis of R?. Let u an endomorphism of R? so
that u (e1) = e; + eo with dim(ker(u)) =1

1. Determine u (e3) depending on a parameter a € R.

2. Determine the image of a vector x = (z1,25) € R depending on a.

3. Determine a basis of the kernel ker(u).

Exercise 6 .
Let f:R* — R be the map defined for any x = (xy, 25, 23, 74) € R* by:

fx) =21+ 22 + 23+ 24

Let 8 = {ey, e, €3, 4} be the canonical basis of R%.
1. Calculate the images of vectors of the canonical basis by f. Deduce the dimension of

Im(f).

2. Determine the dimension of ker(f) and give a basis for it.

Exercise 7.
Let u be a linear map from E to E, E being a vector space of dimension n with n even. Show
that the following two assertions are equivalent:
(a) u* = O (o Og is the null linear application) and n = 2 dim(Im(u))
(b) Im(u) = ker(u)
Exercise 8.
Course Question
Let u be a linear map from E to E. Show that: w is injective if and only if ker(u) = {Og}.
Exercise 9.
Let u: E — E be a linear application and A a real.
1. Let Ey\ = ker (u — Nidg).
- Calculate u(z) for z € E),
- Show that is a vector subspace of F.
2. Let F' C E be a vector subspace of F, show that u(F) is a vector subspace of E.
3. If A # 0, prove that u (E)) = E,
Exercise 10.
Let E and F be two vector spaces of respective dimensions n and p. Let v : E — F a linear
application
1. Show that if n < p then u is not surjective.
2. Show that if n > p then w is not injective.
Exercise 11.
Let f: E — F be a linear map. Prove that:

ker(f) Nim(f) = f (ker (fz)) .
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Exercise 12.
Let f and g be two endomorphisms of R". Prove that

f(ker(go f)) = ker(g) N Im(f).

Exercise 13.

Let u be an endomorphism of a vector space E on a field k.
1. Prove that ker(u) C ker (u?).
2. Prove that Tm (u?) C Im(u).

Exercise 14.

Let u be an endomorphism of a vector space E on a field k.
Show that the following assertions are equivalent:
(i) ker(u) Nim(u) = {0g}.
(ii) ker(u) = ker(u o u).

2.4 Solutions

Exercise 1.
1. Let u = (z,y,2,t) and v’ = (2/,y,2,t') be two vectors of R, Let A and ) be two real

numbers.

Au+ Nu' = Nz, y,z,t) + N (2, ¢, 2 8) = De + N,y + Ny, e + N2/ M+ Nt

” fQu+Nu) = fAx+Na',  y + XNy, Az + N2/ A+ Nt

=N+ No')+ Ay +NY), Az +XN2) + (M + X)), (A + Na') + (Ay + NY)
+ Az + N2) + (Mt + Nt)
=MNz+y)+N @ +y), N+ +NE +), MNe+y+2+1)
+N (' +y + 2+ 1)
=MNex+y,z+t,x+y+z+t)+N@ +y, 2+t 2 +y +2+t)
= Af(u) +Af (u)

f is linear.

We have:

u € ker(f) & f(u) = Ogs
S (@+y,z+tr+y+z+t)=(0,0,0)
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r+y=0
& z+t=0
TH+y+z2+t=0

N {f:_w o= (1,2 —2) =2(1,-1,0,0) + 2(0,0,1, -1) .
=—z

Let a = (1,—1,0,0) and b = (0,0,1, —1), a and b span ker(f), moreover these vectors are not

proportional, so they form a linearly independent family, finally (a, b) is a basis of ker (f).
3. First method

Im(f) = Vect (f (e1), f (e2), f (e3) . f (e4))
fler) = (1,0,1); f(e2) = (1,0,1); f (e3) = (0,1, 1); f (ea) = (0,1, 1).

Since f(e1) = f(e2) and f(e3) = f (e4)
Im(f) = Vect (f (e1), f (e3))

f (e1) and f (e3) are not proportional, they form a linearly independent family, and since this
family spans Im(f), it is a basis of Im(f).

Second method

By the rank-nullity theorem

dim(ker(f)) + dim(Im(f)) = dim (R*)
< 2+ dim(Im(f)) =4 < dim(Im(f)) = 2.

Then we look for two non-proportional vectors of Im(f), for example f (e;) and f (e3), they
form a linearly independent family in a space of dimension 2, so it is a basis.

Exercise 2.

1. Let x = (x1,79,23) and y = (y1, Y2, y3) be two vectors of R®. Let A and p be two real
numbers.

Az + py = (Azy + pyn, Ay + pya, \og + pys)

u(A + py) = (=2 (Azy + pyn) + 4 (Awg + pye) +4 (A + pys) , — (Azy + pyr)
+Azs + pys, =2 (Azy + par) + 4 (Azy + pyo) + 4 (Axs + pys))

= (MN[—221 + dxo + dxs) + 1 [—2y1 + 4y + dys] , A [—x1 + 23]

Fp =y 4+ ys), N[220 + das + dag] + [ 2y + dyo + 4ys))

= N (—2x1 + 4xo + 4dx3, —11 + X3, =221 + 429 + 423)

i (=21 + 4yo + dys, —y1 + ys, —2y1 + dya +4ys) = du(z) + pu(y).

So w is linear.
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T
2. Let x = (21,22, 73) € ker(u) and X = | x, | its coordinates in the canonical basis.

x3

—X1 +2$2+2I3 =0

T, = T3

r € ker(u)e § —x1+a3=0
—2x1 +4xs + 423 =10

209 +x3 =0 Ty = —+T3
@ 2
L1 = T3 T = T3
1

r = (ZE37—§Q]3,$3>:%(2,—1,2).

_2131 + 41’2 + 41’3 =0 {

a=(2,—1,2) = 2e; — ey + 2e3 is a non-zero vector that spans ker (u), it is a basis of ker (u).
Im(u) = Vect (u (e1),u (e2) ,u(e3))
By the rank-nullity theorem,

dim(ker(u)) + dim(Im(u)) = dim (R?)
< 1+ dim(Im(u)) =3 < dim(Im(u)) = 2

u(e;) = —2e; — ey —2e3 = (—2,—1,—2) and u (ez) = 4ey + 4ez = (4,0,4), these two vectors
are not proportional, they form a linearly independent family of Im(u) which is of dimension
2, (u(er),u(e)) is a basis of Im(u).

3. ker(u) ® Im(u) = R® & (a,u (e1),u (e2)) is a basis of R?.

It is almost obvious that

u(er) +u(es) = a.

Otherwise, we calculate aa + fu (e1) + yu (e3) = Ogs and we see that « = 1,5 = —1 and
~v = —1 is a non-zero solution.

(a,u(e1),u(ey)) is not a basis, so we do not have ker(u) & Im(u) = R?
Exercise 3.

1.
u(z) = u(xz1e; + roeg + x3e3) = U (€1) + wou (€2) + x3u (€3)

=11 (21 + ea + 3e3) + 2 (€2 — 3esz) + x3 (—2ey + 2e3)
= 2w1e1 + (x1 + xo — 2w3) €3 + (3x1 — 329 + 2x3) €3
= (2x1, 21 + x9 — 223,371 — 329 + 273) .

2. f(OR:s) =0ps =2 X 0ps = Ops € £

Let x and y be two vectors of E, then u(z) = 2x and u(y) = 2y

Let A and p be two real numbers

u(Ar + py) = Au(z) + puly) = A2z) + p(2y) = 2(Az + py).
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So \x + uy € E and E is a vector subspace of R?

f (ORS) = 0Ops = —0Ops = Ops € F

Let z and y be two vectors of F, then u(z) = —z and u(y) = —y
Let A and p be two real numbers

u(Az + py) = Au(@) + pu(y) = AM(—z) + p(—y) = —(Az + py).

So Az + puy € F and F is a vector subspace of R3.

3.
r € Esu(x) =2r < (21,11 + 3 — 223, 3% — 329 + 223) = 2 (21, T2, T3)

2x1 = 214 . ) .
xT To — 4lq = T1 =T
< T+ To — 203 = 224 RN 1 2 3 - 1 9
311 — 322 + 223 = 273
So gz = (371,1'1,133) = 331(1, 17 O) =T (61 + 62) .
e1 + eg # Ops, it is a basis of F.

€ F S ulxr)=—x< (21,11 + 29 — 223,311 — 329 + 223) = — (21, T2, T3)
21’1 = —I
T+ 2105 — 223 =0 1 =10
= T+ T9 — 203 = —T9 = =
31'1 — 3.]32 + 31173 =0 To = I3.

31’1 — 333'2 + 2273 = —X3

So z = (0,z3,23) = x3(0,1,1) = 3 (€3 + €3) .
es + e3 # Ogs, it is a basis of F.
4.
dim(E) + dim(F) =1+ 1 = 2.

So there is no direct sum.
Exercise 4.
1. Let u,u’ be two vectors of E_y, then f(u) = —u and f(u') = —u'. Let A\, X be two real

numbers.
FOu+Nu) = f(u)+ Af (W) = AM~u) + A=) = — Qu+ ).

The first equality because f is linear, the second because v and v’ are in E_q,
The third shows that \u + \Nu' € E_;

f (OR3> - OR?’ - _0R3-

The first equality because the image of the zero vector by a linear map is always the zero

vector, the second equality shows that Ogs € E_.
E_, is a vector subspace of R3.
Let u, v’ be two vectors of Ej, then f(u) = w and f (uv') = u'. Let A\, ' be two real numbers.

FQu+Nu)=Af(u) + Af (u') = Au+ " = Au+ N,
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The first equality because f is linear, the second because v and v’ are in Ej,
The third shows that \u + Nu' € B,

f (ORS) == ORS.

So Ops € Fj.

E, is a vector subspace of R3.

2.
fler—ex) = fler) — fle2) = 5 (—e1 + 2es + 2e3) — 3 (201 — €3 + 2e3)
=1 (—3e1 +3e2) = — (e1 —e2) .

Soe —ey € B_;.

Similarly

f (6’1 — 63) = f (61) — f (63) = % (—61 + 262 + 263) — % (261 + 262 — 63)
=3 (—3e1 +3e3) = — (e1 —e3).

Soe; —e3 € E_y.
And
flen+ea+es)=f(er)+ f(e2) + f(e3)
= % (—e1 + 2e2 + 2e3) + 3 (261 — €2 + 2e3) + 3 (261 + 2e2 — €3)
= 1 (31 + 3ex + 3e3) = €1 + €2 + es.
Soe;+ey+e3€ E.
3. We have two non-proportional vectors in E_;: e; —es and e; —e3 (they are not proportional
because one is not a scalar multiple of the other). So dim(E_;) > 2.
We have a non-zero vector in Ey: e; + es + e3, so dim(FEy) > 1.
Moreover, E_; and E; are in R? which is of dimension 3, so dim(E_;) + dim(FE;) < 3.
We deduce that dim(E_;) = 2 and dim(E;) = 1.
4. Let x € E_; N Ey, then f(z) = —z and f(z) =z, so —x = & = 22 = Ogs = x = Ops.
So E_1NE; = {0R3}-
5. We have dim(E_;) +dim(E;) =2+1=3 =dim (R*) and E_{NE; = {Ogs},s0 E_®E; =
R3.
6.

fAx) = f(f(x))
F2(er) = f(f(er) = f (5 (=1 + 262 + 2e3)) = 5 (= (e2) +2f (e2) + 2f (e3))
% (—% (—61 + 262 + 263) + % (261 — €9 + 263) + % (261 + 262 — 63))
= % (6’1 — 262 — 263 + 461 — 262 + 463 + 461 + 462 — 263)
é (9e1 + Oeg + Oes) = ey.
Similarly, we show that f? (ey) = ey and f2 (e3) = es.
So f? = idgs, so f o f = idgs, which means that f is bijective and f~! = f.
Exercise 5.
1. Let u(e2) = aey + bes.
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We know that dim(ker(u)) = 1.
We have

u(er) =e + e

. 1 a
1 b
We have dim(ker(u)) =1 < rank(u) =2 —1 =1 < rank(A) = 1.
So the two columns of A are proportional, so there exists A € R such that

(3)=3(1) =o=r0s

u(z) = z1u(er) + zau (e2) = 1 (€1 + €2) + x2 (Aeg + Aea)
= (1‘1 + /\Ig) e + (1'1 + /\Ig) €y = (l’l + )\172, T+ /\1’2) .

The matrix of u in the basis (5 is

So u (eg) = Aey + Aes.
2. Let © = (21, 2) € R?

z € ker(u) & u(z) = Oz < (21 + Aza, 1 + Az2) = (0,0)
S+ A =081 = - 1y & 1= (—Av2,22) = z2(—\, 1).
So a basis of ker(u) is ((—=A, 1)) if A # 0 and if A =0 then 27 = 0 and = = (0, z9) = 22(0, 1),
so a basis is ((0,1)).
Exercise 6.
1.
fler) =1 f (e2) = 15 f (e3) = 15 f (ea) = 1.
Im(f) = Vect (f (e1), f (e2), [ (e3), f (ea)) = Vect(1) = R.
So dim(Im(f)) = 1.
2. By the rank-nullity theorem:

I

dim(ker(f)) + dim(Im(f)) = dim (R*) = 4 = dim(ker(f)) = 3.

Let © = (21, 22, x3,24) €E ker(f) © x1 + a2+ 23+ 24 =0 11 = —19 — 3 — 24.

So x = (—mxg — X3 — T4, e, T3, 74) = x2(—1,1,0,0) + 23(—1,0,1,0) + z4(—1,0,0, 1).

Let a = (—1,1,0,0),b = (=1,0,1,0),c¢ = (—1,0,0, 1).

These three vectors are linearly independent, and since dim(ker(f)) = 3, they form a basis
of ker(f).

Exercise 7.
(b) = (a)
Assume Im(u) = ker(u).
Let z € E, then u(x) € Im(u) = ker(u), so u(u(z)) = 0g, so u*(z) = Og for all z € E, so

U2 = OE
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Moreover, by the rank-nullity theorem:
dim(ker(u)) + dim(Im(u)) = n.

But Im(u) = ker(u), so dim(ker(u)) = dim(Im(u)), so 2 dim(Im(u)) = n.

(@) = (b)

Assume u? = Og and n = 2dim(Im(u)).

Let y € Im(u), then there exists € E such that y = u(z), then u(y) = u(u(x)) = v?(z) = 0g,
so y € ker(u), so Im(u) C ker(u).

By the rank-nullity theorem:

dim(ker(u)) + dim(Im(u)) = n = 2 dim(Im(u)).

So dim(ker(u)) = dim(Im(u)).
We have Im(u) C ker(u) and they have the same dimension, so Im(u) = ker(u).
Exercise 8.
Course.
Exercise 9.
1. Let x € E\ = ker (u — \idg), then (u — Xidg) (x) = 0g = u(x) — Az = 0g = u(x) = .
So u(x) = Az.
Let z,y € E) and «, 8 € R, then u(z) = Az and u(y) = A\y.
Then u(az + By) = au(z) + fu(y) = a(Az) + B(\y) = Moz + By).
So ax + Py € E.
FE)\ is a vector subspace of E.
2. Let F be a vector subspace of E.
Let y1,y2 € u(F'), then there exist x1, x5 € F such that y; = u (z1) and yy = u (z9).
Let a, f € R, then ay; + Bys = au (x1) + Pu (x9) = u (axy + Bz3).
Since F' is a vector subspace, azy + fxs € F, so ay; + fys € u(F).
u(F) is a vector subspace of E.
3. Let A #0.
Let y € u(E)), then there exists € E) such that y = u(z) = A\zx.
Then z = %y, and since z € E), we have u(x) = Az, but u(z) =y, soy = A (%y), which is

true.
But we want to show that y € Ey, i.e., u(y) = \y.
We have u(y) = u(u(z)) = u(Ax) = Au(x) = \y.

Soy € E).

We have shown that u (E)) C E).

Conversely, let y € E, then u(y) = \y.

Since A # 0, we have y = u (%y)

Let z = 1y, then u(z) = u (3y) = su(y) = +(\y) = y.

And z € E), because u(x) =y = A\x? We need to check that = € E).
We have u(x) = y and y = Ax? Not necessarily.
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We have y € E) means u(y) = \y.
But u(z) =y, so u(x) = y.
We want to show that x € E), i.e., u(z) = Az.
But u(z) = y and we want Az = y, which is true because x = %y.
So u(z) =y = Az, so x € E,.
So y = u(x) with x € E), so y € u(FE)).
So Ey\ C u(E)).
Therefore, u (Ey) = E.
Exercise 10.
1. Assume n < p.
By the rank-nullity theorem: dim(ker(u)) + dim(Im(u)) = n.
So dim(Im(u)) <n < p.
But Im(u) is a subspace of F' which is of dimension p, so Im(u) # F, so u is not surjective.
2. Assume n > p.
By the rank-nullity theorem: dim(ker(u)) + dim(Im(u)) = n.
But dim(Im(u)) < p, so dim(ker(u)) > n —p > 0, so ker(u) # {0g}, so u is not injective.
Exercise 11.
Let y € ker(f) Nim(f), then f(y) = Op and there exists € E such that y = f(z).
Then f(y) = f(f(z)) = f2(x) = Or, so = € ker (f?).
Andy = f(z),s0y € f(ker(fQ))-
Conversely, let y € f (ker (f2)), then there exists x € ker (f?) such that y = f(x).
Since x € ker (f?), we have f?(x) = f(f(z)) = f(y) = O, so y € ker(f).
And y = f(x) € im(f).
So y € ker(f) Nim(f).
Therefore, ker(f) Nim(f) = f (ker (f?)).
Exercise 12.

Let y € f(ker(go f)), then there exists x € ker(g o f) such that y = f(x).
Since z € ker(g o f), we have g(f(z)) = g(y) = Op, so y € ker(g).
And y = f(x) € Im(f).
So y € ker(g) NIm(f).
Conversely, let y € ker(g)NIm(f), then g(y) = Op and there exists x € F such that y = f(z).
Then g(f(x)) = g(y) = Op, so x € ker(g o f).
And y = f(z), so y € f(ker(go f)).
Therefore, f(ker(go f)) = ker(g) NIm(f).
Exercise 13.
1. Let = € ker(u), then u(z) = 0, so u*(z) = u(u(z)) = u(0g) = Og, so x € ker (u?).
So ker(u) C ker (u?).
2. Let y € Im (u?), then there exists x € E such that y = v?(z) = u(u(z)).
Let z = u(x), then y = u(z), so y € Im(u).
So Im (u?) C Im(u).
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Exercise 14.
(i) = (it)
Assume ker(u) Nim(u) = {0g}.
We already know that ker(u) C ker (u?).
Let = € ker (u?), then u?(z) = u(u(z)) = 0g, so u(z) € ker(u).
But u(z) € im(u), so u(x) € ker(u) Nim(u) = {0}, so u(x) = 0, so x € ker(u).
So ker (u?) C ker(u).
Therefore, ker(u) = ker (u?).
(ii) = (i)
Assume ker(u) = ker (u?).
Let y € ker(u) Nim(u), then u(y) = O and there exists # € E such that y = u(z).
Then u?(z) = u(u(z)) = u(y) = O, so x € ker (u?) = ker(u), so u(x) = Og, but u(z) =y, so
y=0g.
Therefore, ker(u) Nim(u) = {Og}.
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CHAPTER 3

MATRICES

In the case where Ly (F, E’) is finite-dimensional, say of dimension r, by choosing a basis
we can associate to every linear map f an r-tuple of elements of k, the components of f. For
reasons we will see later, these components are arranged not on a line but in a table with a
certain number of rows and columns, which is called the matrix associated with the linear map
f.

The notions covered in this chapter are:

— Matrices associated with linear maps.

— Product of two matrices.

— Matrix of the inverse of a map.

— Calculation of the inverse of a matrix.

— Change of basis.

— Rank of a matrix.

52



Chapter 3. Matrices

Definition 3.1 A matriz of type (p,n) with coefficients in k is a table A of pn elements of k

arranged in p rows and n columns:

ayjpy Q12 ... Qip
Q21 Q22 ... Q2p .

A= or, abbreviated : A = (a;) , or also: A = |la]| -
Gp1 Ap2 ... Qpp

The set of matrices with p rows and n columns is denoted M, (k). If n = p, M, (k) is
denoted: M, (k).

Example 3.1
1 2—9 3+
13 —1 Lot
01 9 S M273(R) 0 1 +1 1 S Mg((C)
—1 2 1

Note that in the notation we have just adopted, a;; denotes the element in the i-th row and

the k-th column.
Another notation that we will also use later is the notation by columns:

A1k

A2k . th
A=|lcr,...,cnll, where ¢ = _ is the k™ column

Clpk

On the set M, ,(k) we define the operations:
- Addition: if A = (a;), B = (bix), we denote C' = A + B the matrix (¢;;) such that:

Cik = Qi + b, Vi k

- Multiplication by a scalar: if A = (a;) and A € k we denote AA the matrix (Aa;;) that
is-to say the matrix obtained by multiplying all elements by .

2 -1 0 3 12 04\ (3107
(1 21—1>+<31—12>_<4301>
5(2—10 3):(10 —5 0 15)
1 21 -1 5 10 5 —5

It is easy to see that, endowed with these operations, M, ,(k) is a vector space over k. The

neutral element is the matrix whose all elements are zero, called the zero matrix, denoted 0 .

Example 3.2

The opposite of the matrix (a;) is the matrix (—az).
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Proposition 3.1 We have:
dikm M, (k) = pn

Proof. One easily verifies that the pn matrices, called elementary matrices

0 --- 0 --- 0
0 --- 0
0 --- --- 0 »
Eq= oo EBy=10 -+ 1 - 0 |« i™ row,...
0 -+ --- 0 :
0 0 - 0
0 --- 0
0 -«- --- 0
Epn: )
0 -+ .- 1
form a basis of M, ,(k) called the canonical basis. a

3.1 Matrix of a linear map

Let E and E’ be two vector spaces over k, of dimension n and p respectively, and f : E — E’
a linear map. Let us choose a basis {ej,...,e,} of E and a basis {¢1,...,£,} of E'. The images

by f of the vectors ey, ..., e, are decomposed on the basis {1,...,¢,}:

f <€k) = a11€1 + @212 + -+ - + Ap1€p
f <6k) = Q12&1 + Q999 + -+ + Ap2Ep

f(en) = ainer + agnea + -+ - + apneyp.

Definition 3.2 We call the matriz of f in the bases {e1,...,e,},{e1,...,e,} the matriz de-

noted M(f)e, e, belonging to M, (k) whose columns are the components of the vectors f (e1), ..., f (en)
in the basis {e1,...,ep}:

a1 Q12 ... Qin
M(f)%aj _ Q21 Q22 ... Q2p
apr Qp2 . Qpp
We will also use the notation: ||f (e1), ..., f (en)l.,-
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If there is no possible ambiguity, we will also write M(f) instead of M(f)e,.,, but it is clear
that the matrix associated with f depends on the choice of bases of E and E’.
In the case where f is an endomorphism, we can choose the same basis in £ considered as

the starting and arrival space. In this case, we will denote M (f)., instead of M(f)e,.e,-
Proposition 3.2 Let E and E' be two vector spaces over k of dimension n and p respectively,
{e;} and {¢;} bases of E and E'. Then the map:
M: Lg(EE) — M,,(K)
f L M(f)€i7€j
18 a vector space isomorphism, that s:
M(f+g)=M(f)+ M(g)
M(Af) = AM(f),

and M 1s bijective.
In particular: dimy £ (E, E") = np.

Proof. We indeed have:

M(f+g)€i75_j = ||(f+g) (61)7' EER (f_l_g) (en)ng
(e + g (er) s f en) + (el
=If(en),-- -, flen)ll, +llger) .- g(en)ll.,

by the definition of matrix addition, that is:
M(f + g)ei,aj = M(f)ei,aj + M(g)ei,rfj'
Similarly, if A € k:

MAf)ee, = IAF) (e1) -y (Afenll,,
=[Af(e), - Af (ea)lle, = Al (ea) - Flen)ll,
So M is linear.
On the other hand M is surjective. Indeed, let:

ayp - Qip
Qg1 -+ Q2p

A= . ] € M, (K)
CLpl apn

and f € L(E, F) defined as follows. First set:

f(e1) =aner +anea+ -+ ape,

f(en) = ainer + agnea + - - - + apnep
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Then, extend f by linearity to E, that is, if:
r=Me +- -+ M\e, €EFE,

set:

(@) =Af(er) +-+ A f (en).
It is easy to verify that f is linear and that A = M(f),.,. Finally M is injective. Let indeed
feKerM:

0 --- 0
0 --- 0
M(f) =
0 --- 0
This means that f(e;) = 0,...,f(e,) = 0. So, if x = A\jeg + -+ + A\e, € E, we will have
flx)=XMf(er)+ -+ \f(en) =0, that is f = 0. By proposition 2.4, f is injective. O

Example 3.3 Let E be of dimension n and:

r =

Consider a basis {e;}. We have: idg (e;) = e;. So:

1 0 0
0 1 0 :
M (id) = (1 is the unit element of k)
E/e; 0 .0
0 0

This matriz is denoted I, or simply I and is called the unit matriz of M, (k).

fer) =aner +anea+ - +ape, f(en) =amer +amea+ -+ apepf (€n) = a1ne1 + a2nca + - -

Example 3.4 Let {€1, €63} be the canonical basis of R? and {ey,eq,e3} the canonical basis of

R3. Consider the linear map:

I R3 — R?
(:an72> = (m—y,z—y)
We have
f(el) = f(l,0,0) = (1’0) =€
f(eQ):f(Oalvo):(_la 1) = —€ — €
f(€3> = f(0,0, 1) = <07 1) = €2
SO
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Example 3.5 Consider the map
w : R — R

(1, Tp) = a1y + ... + apx,

By endowing R™ with the canonical basis {e1,...,e,} and R with the canonical basis {1}, we

have:
f(el) = f(la ---»0) =a; = a6
f(eg) = f(O, 1, ,O) = A2 = Q2€9
flen) = f(0,0,...,1) = a, = aye,
Then

M(w)e;e; = (a1, . an) -

3.2 Product of two matrices

In the previous paragraph, we defined the operations of addition and multiplication by a scalar
on matrices. By virtue of proposition 3.2, these operations correspond to the analogous opera-

tions on linear maps, that is we have:
M(f+g)=M(f)+ M(g)
M(Af) = AM(f).

We will now define a new operation, the product of matrices. As we will see (cf. proposition

3.5), it corresponds to the composition of maps, in the sense that:

M(fog)=M(f) - M(g).

First, note that the composition of maps cannot be done for any pair of maps, but only if
the arrival space of ¢ is included in the starting space of f. This situation will be found for

matrices: the product can only be performed between matrices of a certain type.
Definition 3.3 We call the product of matrices the map:
Mypa(K) X Myg(K) — M, 4(K)

(aji) ; (bmr) — (cjk)
where:

Cjk = aj1big + ajobop + ... 4 ajnbyy.

In other words, the element ¢;; of the j* row and k™ column of the product C' = AB is the
sum of the products of the elements of the j-th row of A by the elements of the same rank of
the k™ column of B. Briefly, we say that the product of two matrices is performed rows by

columns. Here is the diagram of this definition.
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Remark 3.1 The product AB can only be performed if the number of columns of A is equal to
the number of rows of B.

Example 3.6 Let

5 = 2 010
Az( ),B: 1 1 2 2
1 0 2
1 2 10
We have:
2 010
X 1 2 2
1 21 0
B
2 -1 1 B 4 1 1 -2
1 02) \443 o0
A C=AB
Example 3.7 Let
2 3 .
A=1 4 1 andB:<3>
0 2
we have:
1
X
3
———
B
2 3 11
4 1 = 7
0 2 6
—— ———
A AB

The following remarks are important:

Remark 3.2 1. We can have AB = 0 without A or B being zero.

2. AB = AC with A # 0 does not necessarily imply B = C' (that is, in general we cannot
"simplify” by A, even if A #0).

3. In general we have AB # BA (that is: multiplication between matrices is not commuta-

tive).
A:(O 0),]3:(0 0) ando:<0 0).
10 0 1 11
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By performing the products, we find:

AB = (which shows 1.)

_ o O O
o o O O

BA = so BA # AB( which shows 3.)

and AB = AC (which shows 2. since we have B # C').
Proposition 3.3 Multiplication is associative, that is:
A(BC)=(AB)C, (VAeM,,,VBeM,,VC e M,,).
Multiplication is distributive on the left and right with respect to addition, that is:

A(B+C)=AB+ AC, (A+D)B=AB+ DB, (YA, DeM,,,VB,C¢eM,,)

Proof. Left as an exercise. O

Note finally that multiplication is an internal law on the set M,,(K) of square matrices of

order n, that is it is a map:
M (K) x M, (K) — M, (K).

One immediately verifies that the matrix [,, is the neutral element of multiplication, that is:
VAe M, (K): IL,A=AIl,=A.

3.3 Matrix of a vector

Definition 3.4 Let E be a vector space of dimension n,{ei,...,e,} a basis of E and v =
xr1e1 + -+ xpe, a vector of E. We call the matriz of x in the basis {e;} the column matriz of

the components of x in the basis {e;}:

T

(also denoted M(x) ).

Remark 3.3 This definition is consistent with the definition of the matriz associated with a
linear map. Indeed, we can identify any vector of E with a linear map from K into E: to every

x of E we associate the linear map
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If we write the matriz of f in the basis € = 1 of K and {e;} of E, we have:

fle) =x=x161 4+ + zpEY,

s0:
x1
M(f)s,ei =
T
f: ' k — FE
A —> Az
Proposition 3.4 Let E, F' be two vector spaces over K,{ey,...,e,} and {e1,...,e,} two bases

of E and F respectively. For any map f € Lx(E,F) and for any x € E, we have:

M(f('x))éj = M(f)@i,EjM($)€i7

or more briefly:

Proof. Let

M(f)ei,aj = )
ap1 ... Qpn

which means that: f (e;) = aijeq1 + -+ + apje, = > h_; agjcr. We have:

fl@) = f(rier+ - +anepn) = Z%‘f (€5)

n p P n
= ZL‘jE Q€L = E E A Tj | €k
j=1 k=1 k=1 \j=1
N——
Yk

k=1
So:
Y1
M(f(x)e, = | & |
Yp
with i
Y = Z ey
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On the other hand:

ai;y ... QAip X1
M(f)ei,éj ' M(x)ei =

pr .. Qpy Ty,

2?21 15T Y1

Z?:l (pjXj Yp

SO:

O

Example 3.9 Let the plane R? referred to its canonical basis. Determine the image of the

vector x = (3,2) by the rotation with center O and angle 7 /6.
We have:
cosm/6 —sinm/6 3
— M(f)- M(z) =
) (/) - M(z) < sinm/6  cosm/6 ) ( 2 )
3+2v3 |
2 +2

3.4 Product of matrices

M(f(x

~—

1
2

|
N |
wlEfs

Proposition 3.5 Let E, F,G be three vector spaces over K of dimensions n,p,q respectively.
Let {e;}.{e;},{n} be bases of E,F,G respectively. Let f € Lx(E,F) and g € Lk(F,G).
Then:

M(go fem = M(9)e;mM(f)e,.e;-

Proof. Let
M(f)ez',sj = (aji) ) M(g)sjmk = (bkj) .

This means that:

p q
Fle) = aues, g(e5) =) brjii.
j=1 k=1

University of Khemis Miliana 61 Algebra - Dr. M HOUASNI



Matrix of the inverse of a map Chapter 3. Matrices

Then:

=
p p q
= Z ajig (e5) = Z i Z bk
j=1 Jj=1 k=1

p
= Z brjaji | M-
k=1 \j=1

So, the element of the £™ row and i column of M(g o f)e,, is:

p
Z bkjaji7
j=1
which is the element of the & row and i*" column of the product M (Desm - M(f)ese;- a
Example 3.10 Let f : R? — R? and g : R* — R? defined by:

f(z,y) = (x —y,zv +y,2x)
9(x,y,2) = (x+2y — 2,20 —y + 2)

Let us determine the matriz of g o f in the canonical bases.

We have:
bl 1 2 -1
M can — 1 ; M can —
(f) : (9) <2 . 1)

1
0
M(gof)can:M(g)can'M<f)can
1 —1
<1 2-1) L <1+2—2 —1+2—0><1 1)
\l2 -1 1 “\2-14+42 —2—-1+0 /) \ 3 =3/
2 0

3.5 Matrix of the inverse of a map

Proposition 3.6 Let E and F be two vector spaces over K of the same dimension n. Let
[ € Lx(E,F) be an isomorphism. Then the matriz M(f)e, ., is invertible, and we have:

(M(f)ei,sj)_l = M(f_l)aj,ei'

Proof. We have: fo f~! =idp and f~! o f = idg . By proposition 3.5, we have:

M(f)@i,ajM(fil)5j7€i = M(f o fﬁl)fj,é\j - M(idF)aj = In
M(f_1)6j7€iM(f)5i75j = M(f_l © f)ei,ei = M(idE)ei = I,.

S0 M(f)e, e, is invertible and its inverse is M (f~")., ., O
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3.6 Inverse of a matrix

Definition 3.5 A matric A € M, (K) is said to be invertible if there exists a matriz B €
M, (K) such that:
AB = BA = 1I,.

This matriz B is then unique, it is called the inverse of A and is denoted A~'.

1 2 —2 1
Example 3.11 The matriz A = is invertible and its inverse is A~1 = )
3 4 3/2 —1/2

Proposition 3.7 Let E be a vector space of dimension n, {e;} a basis of E and f € Li(F,E)

an endomorphism. Then f is an isomorphism if and only if the matriz M(f)., is invertible.

Proof. If f is an isomorphism, then by proposition 3.6, M(f)., is invertible and M(f)_' =

M(f™ e,
Conversely, if M(f)e, is invertible, let g € Lx(E, E) such that M(g)., = M(f).'. Then:

M(f Og)ei = M(f)eiM(g)ei = M(f)ezM(f>;1 =1,
M(gof)e, = M(Q)&'M(f)ei = M(f);-lMOc)ei = I

so fog=go f=idg, that is f is an isomorphism and f~! = g. a

3.7 Change of basis

Let E be a vector space of dimension n and {ey,...,e,} and {e},..., e/} two bases of E. The
change of basis is the passage from the first basis to the second. It is determined by the matrix
of the vectors of the new basis {€;} in the old basis {e;}, that is:

M(ig)ei,ei =le,....é€

’r n

This matrix is called the change of basis matrix from {e;} to {e}.
If we denote P = (p;;) this matrix, we have:

n

6; = p1je1 + pP2j€2 + -+ + Ppjen = Zpijei'
=1

Proposition 3.8 The change of basis matriz is invertible. Its inverse is the matrixz of the

identity map from the basis {€}} to the basis {e;}, that is:

-1 _ . )
P~ = M(lg)ei,e;
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Proof. By proposition 3.6, we have:

O

Let us now see how the components of a vector and the matrix of an endomorphism are

transformed by a change of basis.
Proposition 3.9 Letz € E and X = M(x).,, X" = M(z).,. Then:

X = PX', thatis: X' = P'X.

Proof. We have:

O
Proposition 3.10 Let f € Lx(E,E) and A= M(f)c,, A" = M(f)e;. Then:
A= P 1AP.
Proof. We have:
A= M(f)e = M(idgof oidg)e e
= ]\/[(idE)ei7€;M(f)eiM(idE)e;,ei = P AP.
O

3.8 Rank of a matrix

Definition 3.6 Let A € M, (K). We call the rank of A the dimension of the subspace of KP
generated by the columns of A. We denote it rg(A).

Proposition 3.11 Let E and F' be two vector spaces over K of dimensions n and p respectively,
{e;} and {¢;} bases of E and F respectively. Let f € Lk (E, F). Then:

rg(f) =g (M(f)ezﬁy) :
Proof. We have:

rg(f) = dimIm(f) = dim [vect (f (e1),..., f (en))]-

But the components of the vectors f(e;),..., f(e,) in the basis {¢;} are the columns of
M(f)e,e;- So the subspace generated by the columns of M(f)e,., is isomorphic to Im(f),

hence the result. O
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Proposition 3.12 Let A € M, ,(K) and B € M, ,(K). Then:
rg(AB) < min (rg(A),rg(B)).

Proof. Let f: K" — KP and g : K? — K" be the linear maps whose matrices in the
canonical bases are A and B respectively. Then AB = M (f o g). But:

rg(fog) <rg(f) and rg(fog) <rg(g),

SO:

1g(AB) < min (1g(A), rg(B)).
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3.9 Exercises

Exercise 1.

Let
1 0 O
A=10 0 1
0 -1 0

1. Compute A% and A%. Compute A3 — A2+ A — 1.
2. Express A7! in terms of A% A and I.
3. Express A% in terms of A%, A and I.

Exercise 2.

Let A be the matrix

3 0 1
A= -1 3 =2
-1 1 0

Compute (A —21)3, then deduce that A is invertible and determine A~! in terms of I, A and
A2,
Exercise 3.

Let B = (ey, €9, e3) be the canonical basis of R3.
Let u be the linear map that associates to a vector x = (1, T9, r3) € R3 the vector

u(r) = (v — 273,221 — 29 + 423, 71 — T2 + 373)

Determine the matrix A of w in the canonical basis.
Determine a basis (a, b) of ker(u — Id).
Give a vector ¢ such that ker(u) = vect(c).
Show that ' = (a,b, ¢) is a basis of R3.
Determine the matrix D of u in the basis 3’
Show that Im(u) = ker(u — Id)
7. Show that ker(u) @ Im(u) = R3.
Exercise 4.
Let u : Ro[X] — R[X] be defined by u(P) = P+ (1 — X)P’
Let 8 = (1, X, X?) be the canonical basis of Ry[X]
1. Show that u is an endomorphism of Ry[X].

AR AN o

2. Determine the matrix of u in f.
3. Determine the kernel and the image of w.
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3.10 Solutions

Exercise 1.

1. We have
0 0 1 0 0 1 0 0
A2=10 0 0 0 =10 -1 0)
0 —1 0 0 —1 0 0 0 -1
1 0 0 1 0 0 10 0
AB=AA=]10 -1 0 ) 00 1 |=]00 -1
0 -1 0 —1 0 01 0
10 0 1 0 0
A—ArA-T=100 -1]|—-[0 -1 0
01 0 0 0 -1
1 0 0 1 00 000
+10 0 1 (o 1ofl=]1000]|=0
0 —1 0 00 1 000
2B A4 A-T=00AA-A+)=Tso A ' =A2—A41]

3. AB3=A? - A+ 150
A= AL A+ =A - A+ A= (A -A+1)-A+A=1]

Exercise 2. We have:

1 0 1
A-2] = -1 1 -2
-1 1 =2
1 0 1 1 0 1 0 1 -1
(A—21)? = -1 1 =2 -1 1 =2 |=]0 -1 1
-1 1 =2 -1 1 -2 0 -1 1
1 0 1 0 1 -1
(A-21P° = (A-2D)(A-20)*=]| -1 1 -2 0 -1 1
-1 1 -2 0 -1 1
000
=000
000

Which implies that
AP —3x 242 +3x224-21=0
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Because A and I commute.
Which is equivalent to
A3 —6A%7 +12A -8 =0

Or again

A? — 6A% +12A =81
Then by dividing by 8 and factoring A

1., 3, 3
A(gA—ZA+§1>_I

Which shows that A is invertible and that

1 3 3
At =-A2 A+ 2]
8 4 2
Exercise 3.
1. The coordinates of u(x) in the canonical basis are
To — 213 0 1 =2 1
25['1 — I9 + 41’3 = 2 —1 4 T
T1 — To + 33 1 -1 3 xs3
So the matrix of v in the canonical basis is
0o 1 =2
A=1 2 -1 4
1 -1 3
T1
2. Let X = | x5 | be the coordinates of a vector x = (x1, 2, z3) in the canonical basis
T3

x = (x1,29,23) Eker(u—1Id) < (A-1)X =0

-1 1 =2 T 0
& 2 =2 4 o | =10
1 -1 2 T3 0

—x1+$2—2x320
& 200 — 200+ 413 =0 21 — 29+ 2203 =0 < 21 = 9 — 273

$1—$2+2$3:0

\
So x = (1 — 213, 22, 23) = 2(1,1,0) + 23(—2,0,1)
Let a = (1,1,0) and b = (—2,0,1), (a,b) is a family of two non-proportional vectors, so

linearly independent, which span ker(u — Id), it is a basis of ker(u — Id).
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T
3. Let X = | 9 be the coordinates of a vector & = (x1,x, x3) in the canonical basis

xs3

x = (r1,22,73) € ker(u) s AX =0

0 1 —2 Iy 0
1 -1 3 T3 0
( I2—2$3:0 1‘2:21‘3
L 1'1—1'2+3LC3:O $1—2l’3+3$3:0
Lo = 2{133
1 — —T3
= 2371 + 2$3 =0 & {
T = 2I3
T+ X3 = 0
So x = (—x3,2x3,x3), if we let ¢ = (—1,2,1) then ker(u) = Vect(c)
4. We have:
b2l 0 2 2 -1
det(a,b,c) = |1 0 2 |= —
11 1 1
0 1 1

= —2—(-2+1)=-1#0

By expanding along the first column, so (a, b, ¢) is a basis of R3.
5. u(a) —a = Ogs = u(a) = a, similarly u(b) = b and u(c) = Ogs so

I
o O =
o = O
o O O

6. According to the matrix of u in the basis ', Im(u) = Vect(a,b) = ker(u — Id)
7. By the rank-nullity theorem

dim(ker u) 4+ dim(Im u) = dim (R?)
It remains to show that the intersection of ker(u) and Im(u) is the zero vector.

x € ker(u)NIm(u) < { @ € Im(u) & { v € ker(u)

x € ker(u) x € ker(u — Id)
o { u(z) = Ogs @{ u(z) = Ogs o 2= Ons

u(z) —x = Ogs u(r) =x
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We thus have ker(u) @ Im(u) = R?
Exercise 4.
1. We have:

u(aP + Q) = aP + BQ + (1 — X)(aP + BQ)

=aP+8Q+ (1—-X)(aP + 5Q")

=a(P+(1-X)P)+8(Q+(1-X)Q) = au(P) + fu(Q)
So w is a linear map

d°P <2=d°u(P) <2

It goes from Ry[X] to Ry[X] so it is an endomorphism of Ra[X].

2. We have:
u(l)=1+(1-X)x0=1
wX)=X+(1-X)x1=1
w(X?) = X2 4+ (1— X) x2X =2X — X2
1 1 0
A=10 0 2
00 —1
3. We have: P € ker(u)
u(P) = 0&u(aX?+bX +c) =au(X?) + bu(X) + cu(1)
= a(2X -X*)+b+c=0
& —aX2+2aX—|—b+c:O<:>{Ca:Ob

P = bX—b=0bX—1)
So ker(u) is the vector line spanned by the polynomial X — 1.

Im(u) = Vect (u(l),u(X),u(X?)) = Vect (1,1,2X — X?)
= Vect (1,2X — X?)

These two polynomials are not proportional so they form a linearly independent family (and

generating) of Im(u) so a basis of Im(u).
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CHAPTER 4

SOLVING SYSTEMS OF EQUATIONS

Determinants provide an efficient and indispensable tool for discussing linear systems: they
allow us to have compatibility conditions in the form of relations linking the coefficients and
also provide formulas that explicitly give the solution (Cramer’s formulas).

The essential notions covered in this chapter are:

— Determinant.

— Permutations.

— Notation convention.

— Systems of linear equations

— Definitions and interpretations.

— Matrix expression and rank of a system.

— Vector expression.

— Interpretation in terms of linear maps.

— Cramer’s systems.

71
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4.1 Determinant

4.1.1 Permutations

To define the determinant of a square matrix, we must start by introducing permutations.
A permutation is a bijection o : S — S, where S is a set. We usually denote a permutation

in the form of a two-row array such that each element in the bottom row represents the image

1 2 3
of the element immediately above it. Using this notation, o = 31 9 is a permutation

such that (1) = 3,0(2) = 1, and ¢(3) = 2. (The notation for permutations should not be
confused with that of matrices.) The set of all permutations of the set {1,2,...,n} is denoted
by S,. Note that |S,| = n!. The elements of Sy are

1 2
and12,
1 2 2 1
1 23 1 2 3 1 2 3
1 23/)J'\132)'\213]
1 2 3 1 2 3 1 2 3
, , and .
(231)(312) (321)

The permutation o € S,, such that o(i) =i for i = 1,...,n is the identity permutation.
Let 0,7 € S,. It is not difficult to see that yoo € S,,.

and those of S are

Example 4.1 Let

What is yoo?

Note that
(yoo)(1) =7(c(1)) =7(3) =1,
(Y0 0)(2) =7(0(2) =~(1) = 3,
(yoo)B3) =7(a(3)) =7(2) =2
1 2 3
Thus, v o ¢ is the permutation
1 3 2
1 2 . . . . . .
If~v= 9 3 1) then yoo is the identity permutation. We call v the inverse permutation

(or simply the inverse) of 0. Every permutation has an inverse.
We will see later that the definition of the determinant of an n X n matrix A is a sum of

terms, each containing a product of the form a; ;(1ya2,5(2) * * * Gn,o(n), for a permutation o € S,,,

where a; ; denotes the (i, j) element of A.
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Recall that we use the first index for rows and the second for columns. Thus, the product
U1,0(1)02,0(2) * * * On,o(n) CONtains exactly one element from each row of A. Since o(1),...,0(n) is

a permutation of the numbers 1,...,n, the product

41,6(1)02,0(2) * * * Un,o(n)
also contains exactly one element from each column of A.

Example 4.2 Let

vhe 12 3
A=|d e f | ando = .
31 2

u v w

Then a1,6(1)02,6(2)33,0(3) = @1,302,1032 = cdv

Exercise 4.1 1. For each of the following permutations, give the inverse permutation.

1 2 3 4 b1234 1 2345
a. . C.
132 4]/ 4 3 2 1) 51 4 2 3

2. Let
6 2 3
A= 0 1 -1
-5 7 4

1 2 3
Let o = ( 5 9 1 ) What value does a1 4(1)a2,0(2)a3,0(3) take?

Solution. 1. a. The inverse permutation is

1 2 3 4
1324/
1 2 3 4
4 3 2 1)
1 2345
2 4531/

2. (1,1,0(1)@270(2)CL370(3) = a1,302,2031 = 3-1- (—5) = —15. O

b. The inverse permutation is

c. The inverse permutation is

Before addressing the determinant, we must also introduce the notion of an inversion of a

permutation.
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Definition 4.1 Let o € S,,. The pair (i, j) is an inversion of o if i < j and o(i) > o(j). (Not

to be confused with the inverse permutation discussed earlier.) The total number of inversions

1 2 3
o= .
3 1 2

The pair (1,2) is an inversion of o because we have 1 < 2 and o(1) =3 > 1= 0(2). The other

of o is denoted by inv(o).

Example 4.3 Consider

inversion is given by the pair (1,3). So inv(o) = 2.

Example 4.4 Let 0 € S,, for which there exist i,j € {1,...,n},i < j such that (i) = j,
o(j) =1, and o(k) = k for all other indices. We want to determine inv(o).

Note that for each k =i+ 1,...,j — 1,(i, k) is an inversion because i < k and o(i) = j >
k=o(k).

Moreover, for each k = i+ 1,...,j — 1,(k,j) is an inversion because k < j and o(k) =
k>i=0o(j).

Finally, the pair (7, 5) is also an inversion. Thus,

inv(e) =2(j—1—-(G+1)+1)+1=2(j—1)—1,

1 2 3 4 5
14 3 25
Definition 4.2 If A = (a;;), the determinant of A, denoted by det(A), is defined by

Z (_1)inv(a)a17g(1) *Upo(n))

O'GSn

which is always odd.
For example, the inversions of

are (2,3),(3,4) and (2,4).

where a; ; denotes the element in the i-th row and j-th column of A.

Calculating the determinant as defined requires the sum of n! terms. Each of these terms
depends on a permutation of S, and the product of n elements of A, and the sign depends on
the parity of the number of inversions of the permutation. (The parity of an integer indicates

whether the number is even or odd.)
Note that even when the size of the matrix is small, the number of terms to compute quickly

becomes too high. For example, if n = 5, there are already 5 x 4 x 3 x 2 x 1 = 120 terms.
Fortunately, there are efficient methods for computing the determinant that do not require so

many terms.
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4.1.2 Determinant of small matrices

In the case of 2 x 2 or 3 x 3 matrices, there are formulas to simplify the calculations.

Let
A= [ @b ] .
c d
The two permutations of S, are

1 2 1 2
o1 = and g9 = )
(13) (0 1)

Since inv (07) = 0 and inv (03) = 1, we have
det(A) = (_1)inV(Ul)a17o_1(1)01270_1(2) + (_1)111"(02)a1702(1)a2702(2) = ad — be.

Let
b1 D2 D3

A=|la ¢ ¢
L T2 T3

The six permutations of Sz are listed in the following table.

i 1 2 3
12 3 12 3 12 3
7i (123) (132) <213>
inv (o;) 0 1 1
(_1)inv(cr¢) 1 -1 -1
i 4 5 6
12 3 12 3 12 3
7 (231) (312) <32 )
inv (0;) 2 2 3
(_1)inv(ai) 1 1 -1

Then ) .
det(A) = 370 (=)™ ay 5. (1)2,6,2)03.0,(3)
= P1G2T3 — P1q3T2 — P2q1T3 + P2G3T1 + P3qiT2 — P3qaT1

4.1.3 Notation Convention

Instead of writing
a b c

det d e f|],
p g T
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we simply write
a b c

d e f
p g r

Exercise 4.2 1. For each of the following permutations, give the number of inversions.

1 2 3 4 b 1 2 3 4 1 2 3 4 5
a. , b. , C.
1 3 2 4 4 3 2 1 5 1 4 2 3

2. Compute the determinant of each of the following matrices:

1 00 0 0 p

2 3

a. ,b.10 a b|,c|lqg 00
1 2

c d 0 r 0

3. Let A and B be n x n matrices such that B is obtained from A by multiplying a row of A

by the scalar a. Show that det(B) = acdet(A).

Solution. 1. a. The number of inversions is 1, b. The number of inversions is 6, c. The

number of inversions is 6.
2. a. 1, b. ad — be, c. pqr.
3. Suppose B is obtained from A by multiplying the i-th row by a. Then

det(B) = Zaesn(_l)inv(a) HZ:1 bp,a(p)

= adet(A).

4.1.4 Special Matrices

Matrices with a zero row or column

Let A be a square matrix having a zero row or column. Then det(A) = 0. Indeed, note

that each term in the definition det(A) is a product of the form a1 ,1)a24(2) " - @n o), for a

permutation o. Thus, each term contains exactly one element from each row and each column

of A, which implies that each term is zero, which implies that det(A) = 0.
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Permutation matrices

A permutation matrix of size n xXn is a matrix obtained from the identity matrix I,, by permuting

its rows. For example,

01 00
0001
100 0
0010
is a permutation matrix.
As its name suggests, such a matrix directly encodes a permutation of the set {1,...,n}. The

interpretation is as follows: if ¢ is encoded by the permutation matrix, then o () is the column

index of the element containing 1 in the i-th row. In the example above, the corresponding

1 2 3 4
241 3

because in row 1, column 2 contains 1; in row 2, column 4 contains 1; in row 3, column 1

permutation is

contains 1; in row 4, column 3 contains 1.
For a given permutation matrix P that encodes o, the determinant of P is simply (—1)™V().
In the example above, there are three inversions. Therefore, the determinant is (—1)% = —1.

This result can be seen directly from the definition of the determinant: each term of the sum
contains a factor (—1)™()which multiplies the product of nelements, exactly one from each
row and one from each column. The only way to obtain a non-zero term is to use a permutation
that extracts the non-zero element from each row. There is only one permutation for which

this is the case, the one encoded by o.

Triangular matrices

Let Abe a square upper triangular matrix (i.e., a; ; = Ofor all ¢ > j). For example, the matrix

o O O =
S O NN
S W ot W
_ J o O

is upper triangular.

In this case, det(A) is the product of the elements on the diagonal. Here, the determinant is
1-2-3-1=6.

Let’s see why this is the case. Let o € S,,. We start by showing that if ¢ is not the identity
permutation, then []7 | a; ;) = 0.

Suppose that o(1) # 1. Then there must be an ¢ > 2 such that o(z) = 1. This gives a; o(; = 0
since A is upper triangular and ¢ > (7). So, [[\"; @i @) = 0if o(1) # 1.

University of Khemis Miliana 77 Algebra - Dr. M HOUASNI



Determinant pter 4. Solving systems of equations

Suppose that o(1) = 1 but ¢(2) # 2. Then there must be an i # 2 such that (i) = 2. But
i # 1 since we already have o(1) = 1. So, ¢ > 3. This again gives a; ;) = 0, since i > (). So,
I17 oy =0if 0(1) =1 and o(2) # 2.

We can continue in this manner to show that if o(i) = ¢ and o(i+1) # i+1, then [ [}, ;) =
0. Thus, the only term in det(A) that can be non-zero is the one for which o (i) = ¢ for all
i =1,...,n, which implies that det(A) = aj1a22 - app-

Using a similar argument, we can conclude that the determinant of a lower triangular matrix
(a matrix where all elements below the diagonal are zero) is also given by the product of the
elements on the diagonal.

Exercise 4.3 1. Compute the determinant of each of the following matrices:
23 o b 2-i 0

a.[02],b. 0 d e andc.[ 321+,

00 f !

Solution. a. 4, b. adf,c. (2—10)(1+4)=3+1. O

4.1.5 Fundamental Properties

Proposition 4.1 Let A, B € S™*" S a ring. Then

det(AB) = det(A) det(B)
An immediate and useful consequence of the previous proposition is that
det (A") = det(A)*
for every natural number k.

Example 4.5 Let A, B € R*3 such that det(A) = 3 and det(B) = —2. Then det(AB) =
det(A)det(B) = —6.
A= [ 2! ] .
-1 1

Then det (A1%0) = det(A)100 = (—1)100 = 1.

Example 4.6 Let

The determinant also satisfies the following properties:
- If B is obtained from A by adding a multiple of one row of A to another row of A, then
det(B) = det(A).
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- If B is obtained from A by exchanging two rows of A, then det(B) = — det(A).
- det (AT) = det(A).

- If A is invertible, then det (A™!) = det(A)~!.

- If a is a scalar and A is of size n x n, det(aA) = o™ det(A).

1 2
Example 4.7 Let A = e Note that det(A) = 3.

- det (AT) = det(A) = 3.

- Note that A is invertible. So, det (A™1) = m = 3.

- det(2A) = 2%2det(A) =4 -3 =12 since A is 2 x 2.

- det(—A) = det((—1)A) = (—1)*det(A) = det(A) = 3. Note that in this case, det(—A) =

det(A).

Exercise 4.4 1. Prove that if A is invertible, then det (A™1) = m.
2. Prove that if A € R*™*, then det(—A) = det(A).

Solution. 1. Note that, in this case,

det (A7) det(A) = det (A7'A) = det(I) = 1

hence det (A1) = m.

2. det(—A) = det((—1)A) = (—1)* det(A) = det(A). O
4.1.6 Determinant of a block matrix

Let A be a square matrix that can be written in block form as

B C
0 D

)

where B and D are square matrices. Then det(A) = det(B) det(D).
For example, the determinant of

o o o =
o o~
o N Ul W
w 1 o e

is1-1-2-3=6.

4.1.7 Computing the determinant by cofactor expansion

Let A be an n x n matrix. Let A;; be the (n — 1) x (n — 1) matrix obtained by removing the
i-th row and the j-th column from A. The (i, j)-cofactor of A is defined by

Ci,j = (—1)i+j det (Ai,j) .
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The determinant of A can be computed by expanding along any row or any column. For
example, expanding along the i-th row gives

det(A) = Z amCi’j.
7=1

Similarly, expanding along the j-th column gives

det(A) = Z ai,jCi,j-
=1

Example 4.8 Let
1 2 3
A=1045
1 06
We can compute det(A) by expanding along the first row. Then

det(A) = CL171C(171 + a1,201,2 + al,SCLS

" 45 g [10P
ot ([ 5] o2 copoan [

=1-(24—0)+2-(=1)(0—5)+3-(0—4)
=24+ 10 — 12 = 22.

We can also expand along the second column. Then

det(A) = a12C1 2+ a22C52 + a3 2C5 9

e 05 g (113
o ([0 2]) oo [ 12

=2-(-1)(0-5)+4-(6-3)+0
=10+ 12 = 22.

)4‘0'0372

Exercise 4.5 1. Compute the determinant of

1 2 3
4 5 6
78 9
by expanding along the first row.
2. Compute the determinant of
1 2 0 O
34 0 0
5 6 7 8
9 10 11 12

by first using the property of block matrices.
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Solution. 1. We have:

det(A) = 1~det([5 6])—2~det([4 0
8 9 79

= 1-(45—48) —2- (36 —42) + 3 - (32 — 35)

1 2
3 4

2. The matrix is of the form
7 8
11 12

4.1.8 The adjugate matrix and Cramer’s rule

0
], where B =
D

. Then det(A) = det(B) det(D) = (4 — 6) - (84 — 88)

Let A be an n xn matrix. The adjugate matrix of A is the nxn
is C;;, where C}; is the (j,i)-cofactor of A.

Jooe([5 2]

=—-34+12-9=0.

, C = > 6 ,and D =
9 10

=(=2)-(—4)=8. O

matrix whose (4, j)-th element

Note the reversal of indices: the element in the (4, j)-th position of the adjugate matrix is

the (j,)-cofactor of A.
The adjugate matrix of A is denoted by adj(A).
It can be shown that

A -adj(A) = adj(A) - A = det(A)LL

If det(A) # 0, then A is invertible and

1
~ det(A)

A adj(A).

This gives a formula for the inverse of A.

Example 4.9 Let

d —b d —b
Then adj(A) = [ ], and A7t = —L [ ] :
a —

—C

Example 4.10 Let
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We have already computed det(A) = 22. The cofactors are:

4 5
Ciq = (—1)"* det = 24,
1= (1) 06
0 5
Cio = (—1)"*2det =9,
12 = (—1) L6
0 4
Ciz = (=1)1*3det = —4,
= (=D det | ]
2 3
Cyy = (1) det — —12,
21 = (=1) 06
1 3
Cho = (—1)*2det =3,
22 = (1) L6
1 2
Cys = (—1)*3det =2,
23 = (=1) Lo
2 3
Cs1 = (—1)3" det =2,
sa= (=D det {
1 3
Cs9 = (—1)3*2det = -5,
52 = (—1) 0 s
1 2
Cs3 = (—1)*T det =4.
ss= (=17 det { |
Then
Cl,l 0271 0371 24 —12 -2
adj(A) = | Cip Coy Cso | =] 5 3 =5
Ciz Coz (33 -4 2 4
So,
1 24 —12 -2
Al =— —
5 5 3 5
—4 2 4
Now, consider the system of linear equations
Ax = b,

where A is an n X n matrix. If det(A) # 0, then the system has a unique solution given by
det (A,(b))
ps = — )
! det(A)
where A (b) is the matrix obtained by replacing the j-th column of A with the column vector

b.

This is known as Cramer’s rule.
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Example 4.11 Consider the system

T+2y+3z2=6

dy+5z2=7
r+6z=8
In matriz form, this is Ax = b, where
1 2 3 T 6
A=|04 5 |,x= b= |7
1 0 6 z 8

We have already computed det(A) = 22. Then

det

co 3 O
O = N
S Ot W

~det(Ay(b))
— det(A) 22

Compute det by expanding along the second column:

2 (=1)"*2 det ( > +4-(=1)*"det < ) +0-Cs2

= 2-(=1)(42—40) +4- (36 —24) =2 (=1)-2+4-12= -4+ 48 = 44.

co 3 O
O =N
S Ot W

) 3

So,x:%zz
Similarly,
1 6 3
det 075
_ det (Ay(b)) 186
~ det(A) 22

Compute det by expanding along the first column:

141 75 3+1 6 3
1-(—1)+det<[8 )—1—0—1—1-(—1) det<[7 5])

— 1-(42—-40)+1-(30—21) =249 =11.

=
co 3 O
S Ot W

1 _ 1
So,y—22—2.
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Finally,

1 2
det 0 4
10

o N O

_det (As(b))
~ det(A) 22

Compute det

=
S =N
co 3 O

by expanding along the second column:
07
2. (—1)"*2det ([ )

>+4~(—1)2+2det<[ ! 6]) +0
8 1 8

= 2. (=1)(0=T)+4-(8=6)=2-(—1)-(=7)+4-2=144+8 =22,

22 _
5 =1
Thus, the solution is x = 2,y =

So, z =
%, z=1.
Exercise 4.6 1. Use Cramer’s rule to solve the system:
20 —y =25
x4+ 3y =—1

2 -1
Solution. We have A = [ . ], b = [ > ], det(A)=6—(—1)=T.

3 _
Then
5 -1
det
-1 3 15—-1 14
z = = == =2,
7 7 7
2
det g
B 1 -1 B —92_5 B __7 _
V= 7 I I
So, the solution is z = 2,y = —1. O

4.2 Systems of Linear Equations

4.2.1 Definitions and Interpretations
A system of m linear equations in n unknowns is a set of equations of the form:

a1 + a1229 + - - - + ATy — bl

a21T1 + A2 + * + + + Aop Ty = bz

Am1T1 + A2l + -+ + QppTn = bm
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where a;; and b; are given numbers (or elements of a field), and 1, ..., z, are the unknowns.
The system is said to be homogeneous if by = by = --- = b,, = 0; otherwise, it is non-
homogeneous.
A solution of the system is an n-tuple (si,...,s,) such that when we substitute z; =
S1,...,Ty = Sy, all the equations are satisfied.

The system is said to be consistent if it has at least one solution; otherwise, it is inconsistent.

4.2.2 Matrix Expression and Rank of a System

The system can be written in matrix form as

Ax =D,
where
aix Q12 A1n 1 by
A— Q21  A22 G?n x= T2 b= by
m1  Am2 Qmn Tn bm

The matrix A is called the coefficient matrix.

The augmented matrix of the system is the matrix [ A ‘ b ] :

The rank of the system is the rank of the coefficient matrix A.

The system is consistent if and only if the rank of A is equal to the rank of the augmented

matrix.
If the system is consistent, then the number of free parameters in the general solution is

n — rank(A).

4.2.3 Vector Expression

The system can also be written as
Tia; + xoa + - -+ + x4, = b,

where a; is the j-th column of A.
This expresses b as a linear combination of the columns of A.
Thus, the system is consistent if and only if b is in the column space of A.

4.2.4 Interpretation in Terms of Linear Maps

If we consider the linear map 7" : R™ — R™ defined by T'(x) = Ax, then the system Ax = b is

consistent if and only if b is in the image of T'.
The kernel of T is the set of solutions to the homogeneous system Ax = 0.
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A system Ax = b is called a Cramer system if A is a square matrix and det(A) # 0.
In this case, the system has a unique solution given by Cramer’s rule.

Exercise 4.7 1. Determine whether the following system is consistent:

r+yt+z=1
20+ 3y +4z2=5
dr + 5y +62=9

Solution. The augmented matrix is

1 11
2 3 415
4 5 6
We reduce it to row echelon form:
111 1 11
012/3|—=1]01 2|3
01 25 0 0 02
The last row gives 0 = 2, which is impossible. So, the system is inconsistent. O

4.3 Exercises

Exercise 1
Without calculating them, explain why the following determinants are zero:

0 —1 10 -1 2 3

Alz 0 2 5) ,AQZ 1 -2 5

0 1 1 1 -2 2

2 -1 3 1 21

Az=| -1 2 =31|,A,=1]00 3

3 2 0 01
1l a b+c 1 cos 2% 2cos’ x
As=11 b c+al, D¢=]1 —cos2z  2sin’z

1 ¢ a+bd cosxsinx cosxsinx sin2zx
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Exercise 2
Show that:
3 00 00 3
04 0(=—]040|=60
0 05 50 0
Exercise 3

The numbers 119,153 and 289 are all divisible by 17. Show, without expanding it, that the

determinant

O~
0 Tl =
© w ©

is divisible by 17.

Exercise 4

Let (a,b,c) € R3. Consider the polynomials P, = (X —a)?, P, = (X —b)? and P. = (X — ¢)%
Determine for which values of (a, b, ¢) the family P = (P,, Py, P.) forms a basis of Ry[X]?

Exercise 5

Show that
cos(a —b) cos(b—c) cos(c—a)
A = | cos(a+b) cos(b+c) cos(c+ a)
sin(a +b) sin(b+c¢) sin(c+ a)
= —2sin(a — b)sin(b — ¢) sin(c — a)
Exercise 6
Let

P=2X?-X+1, P,=X?+2X and Py = X* -1
Show that the family P = (P, P», P3) is a basis of Ry[X].

Exercise 7

Under what condition on the real number a does the family e = (eq, e, e3):
e =(a,1,1) ea=(1,a,1) e3=(1,1,a)

form a basis of R3?
Exercise &

Solve in R? the systems:

r—y+z=1 r—y+2z2=1
1. 3y—2=2 2.0 20 —-3y+z2z=4
22 =28 r—3y—4z=95
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(s +2y+32=1 y+32=0
3.4 —x—3y+52=2 4. x+2y+6z=2
(2 t+yt+z=-1 Tx+3y+9z =14
(24 2y+2=2 27—y +32=1
5.4 2z +y+z=-1 6.4 z+y—z=2
( z—3y+2z2=-1 r—2y+4z=1
r+y—z=1
2r—y+32=0 Y
7. 8.8 20 +2y—2z=2
rT+y+22=0
—r—y+z=-1

Exercise 9

Without attempting to solve the following systems, discuss the nature of their solution set:

r+y—2=0 r+3y+22=1 r+3y+22=1
r—y=20 , 20 — 2y =2 and 20 — 2y =2
r+y+z2=0 T+y+z=2 rT+y+z=3

Exercise 10

Discuss, depending on the value of m, the dimension of the solution space of the following

systems:
1.
r+my+z=0
mz +y+mz =0
2.

r+y+mz=0
rT+my+z=0
mr+y+z=0

4.4 Solutions

Exercise 1

1. A column of A; is zero, so A; = 0.

2. The first two columns of Ay are proportional, so Ay = 0.

3. The first column of Aj is the sum of the other two, so Az = 0.

4. A, being triangular, the determinant A, is equal to the product of its diagonal terms. One
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of these being zero, A, is also zero.

5.
1 a a+b+c

1 b a+b+c
1 ¢ a+b+c

A5 Cs —>gg +C3

and the first and third columns of Ay are proportional. It follows that A5 = 0.
6. The last column of Ag is the sum of the other two, so Ag = 0.

Exercise 2

Easy by column permutations.

Exercise 3

Let A be this determinant. We have:

100 10 9 119 10 9
1000A = | 100 50 3 |“7EETS ) 153 50 3
200 80 9 289 80 9

a 10 9

= 17| b 50 3

c 80 9

where a,b and ¢ denote the quotient of 119,153 and 289 by 17, respectively. We obtain:
A = 17m with

a 10 9
m=|b 50 3
c 80 9

which is an integer. Since 17 is coprime with 1000, applying Gauss’s lemma, 17 divides A.
Exercise 4

The matrix of the family P in the canonical basis (1, X, X?) of Ry[X] is

a? b? c?
M = —2a —2b —2c¢
1 1 1

Using Vandermonde determinants, we find
det M = —=2(b—a)(c —a)(c —b).

The family P forms a basis of Ry[X] if and only if the scalars a,b and ¢ are pairwise distinct.
Exercise 5
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We expand along the first row and recognize the addition formulas:

A = cos(a — b)[cos(b + ¢) sin(c + a) — cos(c + a) sin(b + ¢)]

—cos(b — ¢)[cos(a + b) sin(c + a) — cos(c + a) sin(a + b)]

+ cos(c — a)[cos(a + b) sin(b + ¢) — cos(b + ¢) sin(a + b)]

= cos(a — b) sin(a — b) + cos(b — ¢) sin(b — ¢)

+ cos(c — a) sin(c — a) = $(sin2(a — b) + sin2(b — ¢) + sin2(c — a))

then we use the two formulas

sinp+sinq:2sinp;qcosp;q

and

- .. ptq . p—q
cosp — cosq = —2sin 5 sin 5

= 1(2sin(a — ¢) cos(a + ¢ — 2b) + sin 2(c — a))
(a — ¢)cos(a + ¢ — 2b) + sin(c — a) cos(c — a)

(a — c)(cos(a + ¢ — 2b) — cos(c — a))

= —2sin(a — b) sin(b — ¢) sin(c — a)

>

sin
sin

Exercise 6
Letting e = (X2, X, 1) be the canonical basis of Ry[X], we have:

2 1 1
Mat(P)=1] -1 2 0
1 0 -1

which is invertible. The family P is therefore a basis of Ro[X].
Exercise 7

The family e forms a basis of R? if and only if

£ 0.

—_ Q
R

a
1
1

This determinant is equal to: (a — 1)*(a + 2).
The family e is therefore free if and only if a # 1 and a # —2.
Exercise 8

1. Working backwards, we find successively: z = 4;y = 2;x = —1.

2.
r—y+2z=1 rT—y+2z=1
2c —3y+z2=4 << —y—3z2=2
r—3y—4z=5 —2y—6z=4
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The last two equations are equivalent. The system is of rank 2 and consistent. Taking 2z as a
parameter, the solution set is {(—5z — 1, -3z — 2, 2) | z € K}.
3. Cramer’s system: {(—g, 1, %) }
4. System of rank 2 and consistent. {(2,—3z,2) | z € K}.
5. Cramer’s system: {(—2,1,2)}.
6. System of rank 2 but not consistent. No solution.
20 —y+32=0 . 20 —y+32=0
r4y+2:—=0 3z 452 =0
z as a parameter, the solution set is {(—gz, —%z, z) | z € K}

~

. The system is of rank 2, so consistent. Taking

8. The system is clearly of rank 1 and consistent (we have three times the same equation). The
solution set is the plane with equation x +y — 2z = 1.

Exercise 9

First system: Matrix of rank 3 (invertible) so a unique solution (0, 0,0).

Second system: Matrix of rank 2, system not consistent, no solution.

Third system: Matrix of rank 2, system not consistent, no solution.

Exercise 10

1. If m =1 or m = —1, then the system is of rank 1. The solution space is of dimension 2.
Otherwise the system is of rank 2 and the solution space is of dimension 1. In the latter case,
the solution set is {(x,0, —z),z € R}.

2. If m = 1, then the system is of rank 1. The solution space is of dimension 2. If m = —2,
then the system is of rank 2. The solution space is of dimension 1. Otherwise the system is a

Cramer system. The solution space is of dimension 0.
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